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To the HoNOURABLE 


Sir RICHARD GROSVENOR, 
of Eaton, in the County Palatine 
of Cheſter, Baronet. 


'Þ & 


HEN requeſted by ſome Bookſellers in 
London, to reviſe and prepare this Trea- 
tiſe for a New Impreſſion, and once re- 

ſolved to anſwer their Demands ; I was not long 
conſidering at whoſe Feet to lay it. 

My Memory may indeed be impaired by Age, 
Misfortunes, and Accidents ; nay, I am ſenſible it 
is ſo: But it muſt be entirely loſt, when I am 
forgetful of the great Obligations I lie under to 
Sir Richard Groſvenor. 

Your Hoſpitality and Generoſity make you ſtand 
unenvied in the Abundance of Fortune. Any 
Upſtart may contrive to ſpend a Great Eſtate ; but 
it is a Felicity almoſt peculiar to Great Birth to be- 
come One. 

Were I now to deſcribe Liberality, without Pro- 
fuſeneſs; Steadineſs in Principles, without any pri- 
vate View; Candour and Affability, Good Nature 
joined to ſound Judgment, and a Serenity of Tem- 
per, which your Enemies will always find the Com- 
panion of true Courage ; and then pronounce that 
oh are >” poſſeſſed of all theſe good Qualities in as 

h a Degree as moſt Men living ; No Gentleman 
that knows you well, would think I flattered you. 


A 2 Sir, 


"ER „ 


—— 


The DEDICATION. 


Sir, Give me Leave to ſay, I honour your Cha- 
rater, and love your Perſon ; My Expreflions are 
uncourtly, my Stile unpoliſhed, and therefore more 
proper to be prefixed to a Work wherein the Matters 
related are indeed clad in a plain and homely Dreſs; 
but they are true, and deſigned to propagate Ma- 
thematical Learning among ſuch as deſire to be in- 
troduced into that Sort of Knowledge; and I am N 
extreamly pleaſed they are permitted to be ſent into F 
the World under your Protection. 

That you may long live, to promote the Good 
of your Country, and that City in whoſe Intereſt 
you have ſo heartily engaged yourſelf; and that you 
may ever ſucceed in your own private Affairs, and 
live to enjoy all the Bleſſings that attend a quiet 
prudent Life, is the earneſt Prayer of, 9 


— 


Honoured S I R, 


Your moſt Obliged, Humble, 


and Obedient Servant, 


J. WARD. 


To the R E A D E R. 


Think it needleſs (and almoſt endleſs) to run over all the 
Uſefulneſs, and Advantages of Mathematicks in General; 
and ſhall therefore only touch upon thoſe two admirable Sciences, 


5 | Arithmetick and Geometry ; which are indeed the two grand 
n \ Pillars (or rather the Foundations) bon which all other Parts of 
0 : Mathematical Learning depend. 

As to the Uſefulneſs of Arithmetick, it is well known that no 
d Bufineſs, Commerce, Trade, or Employment whatſoever, even from 
the Merchant to the Shop- keeper, &c. can be managed and carried 
ſt on, without the Q ſiſtance of Numbers. | 
u And as to the Uſefulneſs of Geometry, it is as certain, that no 
d curious Art, or Mechanick-IWork, can either be invented, improved, 
t or performed, without it's aſſiſting Principles; though perhaps the 


Artiſt, or Workman, has but little (nay, ſcarce any) Knowledge in 
Geometry. | | 
Then, as to the Advantages that ariſe from both theſe Noble 
Sciences, when duly joined together, to aſſiſt each other, and then 
applyd to Practice, (according as Occaſion requires) they will 
readily be granted by all who conſider the vaſt Advantages that 
accrue to Mankind from the Buſineſs of Navigation only. As alſo 
from that of Surveying and Dividing of Lands betwixt Party and 
Party. Beſides the great Pleaſure and Uſe there is from Time- 
keepers, as Dials, Clocks, Watches, &c. All theſe, and a great 
many more very uſeful Arts, (too many to be enumerated here) 
wholly depend upon the aforeſaid Sciences. | 

And therefore it is no IVander, That in all Ages ſo many Ingenious 
and Learned Perſons have employed themſelves in writing upon the 
L Subject of Mathematicks ; but then moft of thoſe Authors ſeem to 
>. preſuppoſe, that their Readers had made ſome Progreſs in that Sort o 
| Learning before they attempted to peruſe theſe Books, which are 
generally large Volumes, written in | abſtruſe Terms, that young 
Learners were really afraid of looking into thoſe Studies, | 
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4 3 Theſe Conſiderations firſt put me (many Years ago) upon the 
& 8 Thoughts of endeavouring to compoſe ſuch a plain and familiar Intro- 
: duftion to the Mathematicks, as might encourage thoſe that were 
* 1 willing (to ſpend ſome Time that Way) to venture and proceed on 
| with Chearfulneſs ; though perhaps they were wholly ignorant of it's 


| 3 firſt Rudiments, Therefore 1 began with theig firſt Elements or 
* o [-4 


That 
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The PREFACE. 


That is, I began with an Unit inArithmetick, and a Point in 
Geometry ; and from theſe Foundations proceeded gradually on, lead- 
ing the young Learner Step by Step with all the Plainneſs I could, &c. 

And for that Reaſon I publiſhed this Treatiſe (Anno 1707) by the 
Title of the Young Mathematician's Guide ; which has anſwered 
the Title ſo well, that I believe I may truly ſay (without Vanity) 
this Treatiſe hath proved a very helpful Guide to near five thouſand 
Perſons; and perhaps moſt of them ſuch as would never have looked 
into the Mathematicks at all but for it. | 

And not only fo, but it hath been very well recaved among /? the 
Learned, and (I have been often told) /e well approved on at the 
Univerſities, in England, Scotland, and Ireland, that it is ordered 
to be publickly read to their Pupils, &c. 

The Title Page gives a ſhort Account of the ſeveral Parts treated 
of, with the Corrections and Additions that are made to this 
Fifth Edition, which I hall not enlarge upon, but leave the Book 
to ſpeak for itſelf; and if it be not able to give Satisfaion to the 
Reader, I am ſure all I can ſay here in it's Behalf will never re— 


* 


commend it : But this may be truly ſaid, That whoever reads it 
over, Will find more in it than the Title dith promiſe, or perhaps he 
expefts: it is true indeed, the Dreſs is but Plain and Homely, it 
being wholly intended to inſtruct, and not to amuſe or puzzle the 

euny Learner with hard Words, and obſcure Terms: However, in 
this I fhail always have the Satisfaction; That I have ſincerely aim- 
ed at what is uſeful, ths in one of the meane/t ways ; it is Honour 
enough for me to be accounted as one of the Under-Labourers in 
clearing the Ground a little, and removing ſome of the Rubbiſh that 
lay in the May to this Sort of Knowledge. How well I have per- 
formed That, muſt be left to proper Judges. 


To be brief; as I am not ſenſible of any Fundamental Error in 


this Treatiſe, ſo I will not pretend to ſay it is without Imper fections, 
(Humanum eſt errare) which I hope the Reader will excuſe, and 
paſs over with the like Candour and Good- Mill that it was compeſed 
for his Uſe ;, by his real Mell. wiſber, 


J. WARD. 
London, October ioth, 1706. | h 


Corrected, &c. at Cheſter, 
January 20th, 1722. 
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FART FL 


PRACOGNET AM 
HE Buſineſs of Mathematicks, in all it's Parts, both 
Theory and Practice, is only to ſearch out and determine 
the true Quantity; either of Matter, Space, or Motion, 
according as Occaſion requires. | 
By Quantity of Matter is here meant the Magnitude or Big- 
neſs of any viſible thing, whoſe Length, Breadth, and Thickneſs, 
may either be meaſured, or eftimated. 
By Quantity of Space is meant the Diſtance of one thing from 
another. 
And by Quantity of Motion is meant the Swiftneſs of any thing 
moving from one Place io another. ob To 
The Conſideration of theſe, according as they may be propoſed, are 
the Subjects of the Mathematicks, but chiefly that of Matter, 
Now the Conſideration of Matter, with reſpect to it's Quantity, 
Form, and Poſition, which may either be Natural, Accidental, or 
Deſigned, will admit of infinite Varieties : But all the Varieties 
that are yet known, or indeed pelſible to be conceived, are wholly 
comprized under the due Conſideration of theſe Two, Magnitude 
and Number, which are the proper Subjects of Geometry, Arith- 
metick, and Algebra. All other Parts of the Mathematicks being 
only the Branches of theſe three Sciences, or rather their Application 
to particular Caſes, 
B Geometry 
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2 PRECOGNITA Partl, 
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Geometry , @ Science by which we ſearch out, and come to 
know, either the while Magnitude, or ſome Part of any propeſed 
Quantity; and 1s to be obtained by comparing it with another known 
Quantity of the ſame Rind, which will always be one of theſe, 
viz, A Line (or Length only); A Surface (that is, Length and 
Breadth) ; or a Solid (which hath Length, Breadth, and Depth, 
er Thicknels) ; Nature admitting of no other Dimenſions but theſe 
Three. 7 

Arithmcetick is 4 Science by which we come to know what 
Number of Quantities there are (either real or imaginary) of any 
Kind, contained in anather Quantity of the ſame Kind : Now this 
Cenfideratiin is very different from that of Geometry, which 15 
only to find out true and proper Anſwers to all ſuch Qugſtians as 
demand, haw Long, how Broad, hw Big, Sc. But when we 
conſider either more Quantities than one, or how often one Quan- 
tity is contained in another, then we have recourſe to Arithmetick, 
which is to find cut true and proper Anſwers to all ſuch Ducſtions as 
demand, how Many, what Number or Multitude of Quantities 
there are. To be brief, the Subject of Geometry is that of Quan- 
tity, with reſpect? to it's Magnitude only; and the Subject of Arith- 
metick is Quantities with reſpect to their Number only. 

Algebza 7s Science by which the moſt abjiruſe or difficult 
Problems, either in Arithmetick ar Geometry, are Reſolved and 
Demonſtrated ; that is, it equally interferes with them both; 
and therefore it is premuſcuouſly named, being ſometimes called 
Specious Arithmetick, as by Harriot, Vieta, ard Dr Wallis, &c, 
And ſometimes it es called Modern Geometry, particularly the in- 
genicus and great Mathematician Dr Edmund Halley, Savilian 
Profeſſor. of Geometry in the Univerſity of Oxford, and Reyal 
Al ronomer at Greenwich, giving this following {n/tance of the Ex- 
cellence of eur Modern Algebra, writes thus : 

* The Excellence of the Modern Geometry ( ſaith be) is in 
nothing more evident, than in theſe full and Adequate Solutions 
it gives te Problems; repreſenting all the poſſible Cajes at one 
View, and in one general Theorem many times comprebending 
whole Sciences; which deduced at length into Propoſitions, and 
demonſtrated after the Manner of the Ancients, might well be- 
come the Subjects of large Treatiſes : Fer whatſcever Theorem 
* ſolves the maſt complicated Problem of the Kind, does with a 
© due Reduction reach all the ſubordinate Caſes.” Of which be 
gives a notable Inſtance in the Doctrine of Dioptricks for finding 
the Foci 1 ptick Glaſſes univer/ally. (Vide Philoſophical Tranſ- 

actions, Numb. 205.) 
| Thus 


» 
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Chap. 1. Of Characters. Z 


Thus yu have a ſhort and general Account of the proper Subjects 
of thaje three noble and uſeful Sciences, Arithmetick, Geometry, 
and Algebra. 7 ſhall now proceed to give a particular Account of 
each ; and firſt of Arithmetick, which is the Balis or Foundation 
of all Arts, bath Mathematick and Mechanick ; and therefore it 


cught to be well under/lood before the reft are meddied withal. 


— 


. 


Concerning the ſeveral Parts of Axithmetick, with be De- 
finition of ſuch Characters as are uſed in this Treatiſe. 


YRithmctick, or the Art of Numbering, is fitly divided into 
three diſtinct Parts, two of which are properly called Natu- 
ral, and the third Artificial. 

The firſt, being the moſt plain and eaſy, is commonly called 
Julgar Arithmetick in whole Numbers; becauſe every Unit or 
Integer concerned in it, repreſents one whole Quantiiy of ſome 
Species or thing propoſed, 

The ſecond is that which ſuppoſes an Unit (and conſequently 
the Quantity or thing repreſented by that Unit) to be Broten or 
Divided into equal Parts (either even or uneven) and conſiders 
of them either as pure Parts, viz. Each leſs than an Uniz, or 
elſe of Parts and Integers intermixt. And is uſually called the 
Dodtrine of Vulgar Fractions. 

The third, or Artificial Part, is called Decimal Arithmetick ;; 
being an Artificial Invention of managing Fradians or Broken 
Numbers, by a much more com modious and eaſy Way than that 
of FJulgar Frans: For the ſeveral Operations performed in 
Decimals, differ but little from thoſe in IYÞole Numbers: and 
therefore it is now become of general Ule, eſpecially in Geame- 
trical Computations. | 

Arithmetick (in all it's Parts) is performed by the various or- 

ering and diſpoſing of Ten Arabick Charafters or Numeral 
Figures (which by ſome are called Digits). 


oh 3 One, T wo, Three, Four, Five, Six, Seven, Eight, Nine, Cypher, 
VV 


The Uſe of theſe Characters is ſaid to be firſt introduced into 
England near fix hundred Years ago, vi. about the Year 1130, 
vide Dr Wallis's Algebra, Page 12, 

| B 2 The 
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4 Arithmetick. wy Part I. 


| Thefirſt of theſe Characters is called Unity, and repreſents one 
of any Kind of Species or Quantity. As one World, one Star, 
one Man, &c. 

Viz. Unity is that by which every thing that is, is called one, 
(Euclid. 7. Def. 1.) and is the beginning of all Numbers, That 
is to ſay, Number is a Multitude of Units, Euclid 7. Def. 2. 

For, one more one, makes T'wo; and one, more one, more 
one makes Three, Sc. Which is the firft and chief Poſtulate, or 
rather Axiom to Arithmetick. 


7 That 1+1=2. 1-þ1+1=3. 3 
I+1+1+1+1=5. And ſo on to q. 


Nine of theſe Figures were thus compoſed of Units, and dif- 
ferently form'd to repreſent ſo many Units put together into one 
Sum, as was intended each ſhould denote : Nine being the greateſt 
Number of Units that was then thought convenient to be expreſſed 


by one ſingle Character; the laſt of the Ten is only a Cypher, or 


(as ſome phraſe it) a Nothing, becauſe of itſelf it ſignifies no- 
thing; for if never ſo many Cyphers be Added to, or Subſtracted 
from, any Number, they can neither increaſe nor diminiſh that 
Number; but yet, as a Cypher (or Cyphers) may be placed, the 
other Figures will become of different Values from what they 
were before, as will appear further on. 

For the more convenient ordering of the aforeſaid Numeral 
Figures, according to the ſeveral Varieties that happen i in Compu- 
tations; I do adviſe the young Learner to acquaint himſelf with 
the Signification of the following Algebraick Signs or Characters, 
which he will find of excellent Uſe, as being a much ſhorter, 
better, and more ſignificant Way of denoting what is to be done 
(in moſt Operations) than can otherwiſe be expreſſed in Words 
at length, 


Significations. 


Signs Names, The Sign of Addition ; as 847 is 8 more 7, 

(and ſignifies that the Numbers 8 and 7 are to 

be added into one Sum. The like is to be un- 

£ Plus or { derſtood when ſeveral Numbers are connected 
T more. together with the Sign +. 


As 34+22+9+45, &c. denotes theſe are 
all to be added into one Sum. 


The 
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rt I. Chap. 1. Of Characters. 5 
we The Sign of Suh fracfi 6 is 9 lef 
Star | e dign Of Suëſtradlion; as 9-0 18 9 leis 
: _ 42 ys, and ſignifies that 6 is to be ken Goat 95 
one, or 4%. (that fo their Difference may be found. 
Tha | 
4 : Tnt The Sign of Multiplication; as 9x6, is q in- 
more | « +3 : of F 6, and ſignifies that 9 is to be 1 
e, or wil into or with 6. 
The Sign of Diviſion; as 8 2, is 8 by 2, 
=4 : : ; B 15 ſignifies that 8 is to be Divided by 2, alſo 
* = thus 2) 8 (4 or thus 2 each ſignifying the ſame 
thing, to wit, 8 Divided by 2. 
| dif- 
one | The Sign of Equality or Equation, viz. when- 
ateſt 7 ever this Sign S is placed betwixt Numbers (or 
eſſed = ; ace Duantities) it denotes them to be Equal, as 
, or 15 9==9, or 9-+b=1s5, or 9 -=, Cc. That 
no- is, 9 is Equal to 9, or ꝙ more 6 is Equal to 15, 
Red and 9 leſs 6 is Equal to 3, &c. 
that ' ; 
the f The Sign of Proportion, or that commonly 
they [ called the Golden Rule, or Rule of Three, and 
; 7 . $ & ; : is always placed betwixt the TWO middle 
eral = TIN Terms or Numbers in Proportion, Thus 
pu- a 2:8 :: 6: 24. To be read thus; as 2, is to 83 
with 1 ſo is 6, to 24. 
ers, ; 
ter, ” Theſe Signs and their Significationt, being perfectly n 
lone > will help to the Work. 
ords 4 
We C HAP. II. 
e 7, 4 Concerning the Principal Rules in Axithmetick, and how 
2 to 4 they are performed in Whole Numbers, 
un- FN 
Red I i HE Rules by which Numerical Operations are perform'd 
v in all the Parts of Arithmetick, are many and various, 


ſeveral of them being form'd and raiſed as Occaſion requires, 
when applied to Practice; yet they are all comprehended within 


the due Conſideration of theſe Six, viz. Numeration (or Notgs 
on 


6 Arithmetick. Part I, 
tion) Addition, Dubſtraction, Wultiplication, Diviſion, and 


Evolution, or Extraction of Roots. 
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Sect. 1, Of Numcration or Notation, 


Numeration or Notation, teacheth to Read or Expreſs the 
true Value of any Number when writ down; and conſequently 


to write down any propoſed Number according to it's true Value 
when it is named: And this conſiſteth of Two Parts. 


1. The due Order of placing down Figures. 
2. T he true valuing of each Figure in it's Place. 
Both which are plainly exhibited in the following Table, 


— 


, . 7 
S we 
8 8 
>] 
S2 Q 
YA 
DS = D 
12S 8 = * 
WV S,D.D S yz No 
188 DV V.8 
Q 2 = 
SESS S 2 8 8 
=. 3 28 
62 S828 J | 
DQ. © DY IQ VO 
388 ens 3 
* SP B WW 
ILY DER DEIDSI,NVO ff 
HE SS ERS ESSEN 2 
8.8 — Aar X bg 
SSN SUS SN SN 5 
6780 8 76 5 43 2 1 
Period of | Perind o; Period of | Period of 
Thouſands Millicns. | Ibou- Units, 
2 Millions. ſands, 


By this Numeration Table it is apparent, that the Order of 


Places is reckoned from the Right-hand towards the Left; the 


firſt Place of any Number being always that which is the out- 
moſt Figure to the Right-hand: and whatever Figure lands in 
that Place, doth only ſignify it's own ſimple Value, viz. ſo 
many Units as that Figure repreſents. 

The ſecond Place is that of Tens, and any Figure ſtanding in 
that Place ſignifieth ſo many Tens as that Figurg repreſents Units. 


The 


Se 


* 
— ö 2 __ 4 * 1 
— oxi i ane on» 
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The third Place is Hundreds, the fourth Place Thouſands, &c. 


That is, cach Place towards the Left-hand is Ten Times the 
Value of that next it, towards the Right. 

For Inſtarice, ſuppoſe 759 were propoſed to be read or pro- 
nounced according to the Value of each Figure as they now 


- ſtand. The firſt Figure in this Sum is 9, becauſe it ſtands in 
the Place of Units, and therefore ſignifies but it's own ſimple Va- 


lue, to wit, 9 Units, or 9. The ſecond Figure 5 ſtands in the 
Place of Tens, and therefore ſignifies Five Tens or Fifty, The 
Figure 7 ſtands in the third Place, or Place of Hundreds, and 
therefore it ſignifies Seven Hundred; and the whole Sum is to be 
read or pronounced thus, Seven Hundred Fifty Nine. 

Note, Although the Figure 7 ſtands in the third Place (accord- 
ing to the Order of Numbering) yet when the whole Sum comes 
to be read, it is firſt pronounced; the reading of Numbers being 
performed like that of Letters or Words, always beginning with 
the outmoſt Figure towards the Left-hand, and ſo many Figures 
as are placed together without any Point, Comma, Line, or other 
Note of Diſtinction between them, are all but one Sum, and 
muſt be read as ſuch. 

For Example, 763596 is but one entire Sum or Number, not- 
withſtanding it conſiſts of fix Places of Figures, and is thus 
read ; Seven Hundred Sixty Three Thouſand, Five Hundred 
Ninety Six. | 

The like is to be obſerved in reading or expreſſing the true 
Value of any Sum or Rank of Numbers conſiſting of Seven, Eight, 
Nine, or more Places of Figures, each Figure being to be valued 
according to it's Diſtance from the Place of Unity : As in the 
foregoing Table. | | 

Now ſuch Values may as well ariſe by Cyphers, as by other 
Figures; for Inftance, 6 ſtanding by itſelf, repreſents but Six 
Units: But if a Cypher be annext to it thus, 60, then it becomes 
Siæty; for the Cypher poſſeſſing the Place of Units, bath thereby 
removed the 6 into the Place of Tens; and another Cypher more 
would make it 600, Six Hundred, &c. 

Whence it may be noted, that although a Cypher of itſelf 
ſignify nothing (as hath been ſaid before) yet being placed on the 
Right-hand of any Figure, it augments the Value of that Figure 
by advancing itinto a higher Place than otherwiſe it would have 
been, had not the Cypher been there. 

Take one Example more in Numeration (if you pleaſe, that 

in the Table) viz. 67 898765 4321, which is, according as is 

there ſignified, 8 
Ix 


— — - — — — — — 


— 
— —_— — —— 
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Six Hundred Seventy Eight Thouſand Millions, 

Nine Hundred Eighty Seven Millions, 

Six Hundred Fifty Four Thouſand, | 

Three Hundred Twenty One Units, Of any propoſed Species 
or Quantities whatſoever, 

And here it may be obſerved, that every third Figure from the 
Place of Units, bears the Name of Hundreds; which ſhews that 
if any great Sum be parted, or rather diſtinguiſhed into Periods, 
of Three Figures in each Period (as in the foregoing Table), it 


will be of good Uſe to help the young Learner in the eaſier 
valuing and expreſſing that Sum, 


3 


1881 


Sea. 2. Of Addition. 
Poſtulate or Petition. 


That any given Number may be increaſed or made more, by putting 
another Number 10 it. 


Addition is that Rule by which ſeveral Numbers are collected 
and put together, that ſo their Sam or Total Amount may be 
known. | | 

In this Rule T wo things being carefully obſerved, the Work 
will be eaſily performed. 

1. The firſt is the true placing of the Numbers, ſo as that 
each Figure may ſtand directly underneath thoſe Figures of the 
ſame Value, v:z. place Units under Units, Tens under Tens, and 
Hundreds under Hundreds, &c. 

Then underneath the loweſt Rank (always) draw a Line to 
ſeparate the given Numbers from their Sum when it is found. 

Example. If theſe Numbers 54327, and 2651, were given 
to be added together, they muſt be placed 


54327 
Thus, 28471 
2. The ſecond thing to be obſerved is the due Collecting or 
Adding together each Row of Figures that ſtand over one ano- 
ther of the ſame Value: And that is thus performed. 


Rule. 


Always begin your Addition at the Place of Units, and Add 
together all the Figures that fland in that Place, and if their Sum 
be under Ten, ſet it down below the Line underneath it's own 
Place; but if their Sum be more than Ten, you muſt ſet down 


only the overplus, or odd Figure above the Ten (or Tens) and ſo 


many Tens as the Sum of thoſe Units amount to, you muſt carry 
| | | 10 


_ 
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to the place of Tens; Adding them and all the Figures that 
fland in the place of Tens together, in the ſame manner as thoſe 
of the Units were added; then proceed in the ſame order to the 


| m1} 


es place of Hundreds, and /o on to each place until all is done. 
The Sum ariſing from thoſe Additions will be the Total 
» Amount required. 
a 
Sz . KXAMPLELE £5 
it 8 2 
* Let it be required to find the Sum of the aforeſaid Numbers, 
3 54327 
4 5 


56978 the Sum required. 
Beginning at the place of Units, I ſay 1 and 7 is 8, which 


s being leſs than 10, I ſet it down (according to the Rule) under- 
neath its own place of Units; and then proceed to the place of 

d Tens, ſaying 5 and 2 is 7, which being leſs than 10, I ſet it down 
E underneath its own place of Tens, and proceed to do the like at 
the place of Hundreds, and then at Thouſands, ſetting each of 

k their Sums underneath their own reſpective places: Laſtly, be- 
cuauſe there is not any Figure in the lower Rank to be added to 

it the Figure 5, which ſtands in the place of Ten Thouſands, in 
e the upper Rank, I therefore bring down the ſaid 5 to the reſt, 
d placing it underneath its own place, and then I find that 


54327 +2651=56978, the true Sum required, 


0 
EXAMPLE 2. 
1 
Suppoſe it were required to find the Sam of theſe Numbers, 
3578 ＋496＋742＋-184＋95. Theſe being placed, as before di- 
rected, will ſtand as in the Margin. Then beginning (as before) 
at the place of Units, ſay 5 and 4 is 9, and 2 is 11, and 
1 6 is 17, and 8 is 25; ſet down the 5 Units underneath its 3578 
own place of Units, and carry the 20, or two Tens, tothe 496 
| 4 place of Tens (at which place they are only 2) ſaying, 2 742 
and is 11, and 8 is 19, and 4 is 23, and 9 is 32, and 7 184 
4 is 39; ſet down the ꝙ underneath its own place of Tens, 95 
l and carry the 30, or three Tens (which indeed is 300) —— 
Z to the place of Hundreds, at which place they are but 3, 5095 
; 3 ſaying, 31 carry and 1 is 4, and 7 is I1, and 4 is 15, and 
a 9 5 is 20; here becauſe there is no Figure overplus (as before) I ſet 
p -* down a Cypher underneath the place of Hundreds, and carry the 
} * 


2 Tens (or rather the 2000) to the place of Thouſand;, 22 


a 
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(as before) 2 I carry and 3 is 5, which being the laſt, I ſet it fo 
| down underneath its own place, and all is finiſhed. And find the at 
Sumor Total amount to be 5095=359584+496+7424+184+95,. 


If this Example be well conſidered, it will be ſufficient to 
ſhew the uſual Method of Addition in whole Numbers; but to 
make all plain and clear, I ſhall ſhew the young Learner the 
Reaſon of carrying the Tens from one Degree or Row of Figures, 

| to the next Superior Degree, which is done purely to ſave 
; Trouble, and prevent the uſing of more Figures than are really 


| neceſſary, as will appear by the following Method of adding 
| together the ſame Numbers of the laſt Example. 


Thus, add together each ſingle 3 50708 1 
Row of Figures by itſelf; as if there 41916 

| were no more but that one Row, 71412 

; ſetting down the Sum underneath its 1184 5 
| own place. | 0 5 

| The Sum of the Row of Units, is [2 5 

| The Sum of the Row of Tens, is 311 TC agg 

! The Sum of the Row of Hund. is iy 1 
ö The three Thouſand brought down [30910 

ö The Sum or Total Amount as before, is 5095 


From hence I preſume it will be eaſy to conceive the true 

Reaſon of carrying the aforeſaid Tens; and alſo that Cyphers do 
| not augment or increaſe the Sum in Addition, (See Page 4.) 
f 1 might have here inſerted a Lineal Demonſtration of this 
f Rule of Addition ; but I thought it would rather puzzle than 
b improve a young Learner, eſpecially in this place; beſides the ix 
| Reaſon of it is ſufficiently evident from that Natural Truth of 
| the I hole being Equal to all its Parts taken together, Euclid 1. | 
: Axiom 19. % 
ö That is, the Numbers which are propoſed to be added toge- 
| ther, are by that Axiom underſtood to be the ſeveral Parts, and 1 

their Sum or Total Amount found by Addition is underſtood to be 1 
the Whole, ; 


| 
| And from thence is deduced the Method of proving the 
| 


Truth of any Operation in Addition, viz. By parting or ſeparating af 
the given Numbers into Two Parcels (or more, according to the & 
Largeneſs of it) and then adding up each Parcel by itſelf: For \ 
if thoſe particular S ums ſo found, be aaded into one Sum, and 
that Sum prove Equal or the ſame with the Total Sum firſt 


found, 
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* 


found, then all is right; if not, care muſt be taken to diſcover 
and correct the Error. 


EXd4MPLE. 
5047 
( 3289 The Sum of theſe Parts is, 12952 


4016 
4 Bo. 
2900 
5007 The Sum of theſe, is 9513 
1606 —— 
The 72 Sum of The Sum of each 
all theſe Parts 122405 Parcel put together * 85 


Sect. 3. Of Subſtraction. 


Paſtulate or Petition. 


That any Number may be diminiſhed, or made leſs, by taking 
another Number from it. 


Subſtraction is that Rule by which one Number is deducted 
or taken out of another, that ſo the Remainder, Difference, or 
Exceſs may be known. 

As 6 taken out of 9, there remains 3. This 3 is alſo the 
Difference betwixt b and 9, or it is the Exceſs of ꝙ above 6. 

Therefore the Number (or Sum) out of which Sub/tradion is 
required to be made, muſt be greater than (or at leaſt equal to) 
the Subtrahend or Number to be ſubſtracted. 

Note, This Rule is the Converſe or Dire contrary to 
Addition. 

And here the ſame Caution that was given in Addition, of 
placing Figures directly under thoſe of the ſame Value, viz. Units 
under Units, Tens under Tens, and Hundreds under Hundreds, &c. 
muſt be carefully obſerved ; alſo underneath the loweſt Rank 
there muſt be drawn a Line (as before in Addon) to ſeparate 
the given Numbers from their Difference when it is found. 

Then having placed the leſſer Number under the greater, the 
Operation may be thus performed. 

RULE. | 

Begin at the Right Hand Figure or place of Units (as in 
Addition) and take or ſub/ira the lower Figure in that place 

:: We $ from 


„ — = — we . — — 


— 
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from the Figure that lands over it, ſetting down the Remainder 
or Difference underneath its own place, If the Two Figures 
chance to be Equal, ſet down a Cypher: But if the upper Figure 
be leſs than the lower Figure, then you muſt add 10 to the upper 
Figure, or mentally call it 10 more than it is, and from that Sum 
ſubſtract the latber Figure, ſetting down the Remainder (as before 
directed). Now becauſe the tro thus added, was ſuppos'd to be 
borrotbed from the next ſupertor place (viz. of Tens) in the upper 
Figures, therefore you muſt either call the upper Figure in that 
place from whence the 10 was borrowed, one leſs then really it is, 
or elſe (which is all one, and moſt uſual) you muſt call the lower 
Figure in that place one more than it really is, and then proceed 
to Subſtraction in that place, as in the former; and ſo gradually 
on from one Row of Figures to another until all be done. 


EXAMPLE I. 
Let it be required to find the Difference between 6785, and 
4572, That is, let 4572 be ſubſtracted from 6788. 
Theſe Numbers being placed down, as before directed, will 


ſtand 


6785 
Thus 4572 


| 2213 

Beginning at the place of Units, take 2 from 5 and there 
will remain 3 which muſt be ſet down underneath its own place, 
and then proceed to the place of Tens, taking 7 from 8, and 
there will remain 1, to be ſet down underneath its own place; 


again, at the place of Hundreds, take 5 from 7, and there re- 


mains 2, which ſet down, as before; laſtly, take 4 from 6 and 
there will remain 2, which being ſet down underneath its own 
place, the Work is finiſhed, and the Difference ſo found will be 
2213=6785 — 4572, as was required. 


EXAMPLE 2. 

The Difference between 5849, and 7496 is required. 

Having placed the Numbers as in the Margin, begin 
at the place of Units (as before) and ſay ꝙ from 6 cannot 7496 
be, but q from 16 and there remains 7, to be ſet down 5849 
under its own place; next proceed to the place of Tens, ——— 
where you muſt now pay the 10 that was borrowed to 1647 
make the 6, 16, by counting the upper Figure q in that 
place one leſs than it is, ſaying 4 from 8 and there remains 4 


or elſe (which is the moſt practiſed) ſay 1 I borrowed and 4 is 5 
from 
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from 9 and there remains 4, to be ſet down under its own place 
(as before); again, at the place of Fundreds, ſay 8 from 4 that 
cannot be, but 8 from 14 there will remain 6 to be ſet down; 
and here I have borrowed 10 (as before) which muſt be paid in 
the ſame manner as the other 10 was, viz. either by calling the 
7 in the upper Rank but 6, ſaying 5 from 6 there remains 1, 
or elſe by ſaying 1 borrowed and 5 is 6 from 7 and there remains 
1, which being ſet down under its own place all is done, and the 
Difference required will be 1647 =7496— 5849. 


EXAMPLE z. 


From 830476 
Take 741068 


Remains 89408 


By this Example you may perceive that Cyphers in the Sub- 
trahend, viz. in the Numbers to be ſubſtracted, do not diminiſh 
the Number from whence Subſtraction is made, See Page 4. 

Theſe Three Examples, I preſume, may be ſufficient to ſhew 
the young Learner the Method of Subſtracting whole Numbers; 
as for the Reaſon thereof it is the ſame with that of Addition, 
Page 10, viz. of the I hole being Equal to all its Parts taken 
together. 

That is, in this Rule the Number from which Subhſtraction is 
required to be made, is underſtood to be the Whole, and the 
Subtrahend or Number to be ſubſirafted, is ſuppoſed to be a part 
of that Whole ; conſequently if that Part be taken from the 
Whole, the Remainder will be the other part. 

From hence is deduced the common Method of proving Sub- 
fraction, by adding together the Subtrabend and the Remainder. 
For if the Sum of thoſe Two (which are here called Parts) be 
equal to the Number from whence Sulſtraqtion was made (which 
is here called the Whole) then the Work is right; if not, care 
muſt be taken to diſcover and correct the Error, 


1 EXAMPLE. 
rom 59435 
Take 47608 

——— Add 


11827 ) 
Proof —-— The Sym which is equal to the Number from 
59435 whence Sub/ſtratftion was made. 


Oc 
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Or from the aboveſaid Reaton, it will be eaſy to conceive 
how to prove the Truth of Sub/traim by Subſtraftion. 


For if from 59435 being here the whole, 

there be taken 47608 as part of that whole; 

there will remain 11827 the other part (as before) 

And if from 59435 the whole, there be /ub/rafed the 
laſt part, viz, 11827 

there will remain 47608 the firſt part, or Number which was 
required to be firſt Sub/tratted, 


From 75643 From 7000000 
Take gooo Take 986432 


— — — —— — — — 


Remains 66643 Remains 6013568 


Sect. 4. Of Multiplication. 


Multiplication! is a Rule by which any given Number may be 
ſpeedily increaſed, according to any propoſed Number of Times. 
That is, One Number is ſaid to Multiply another, when the 


Number multiplied is % often added to itſelf, as there are Units 


in the Number multiply ing; and another Number is produced. 
(Euclid 7. Def. 15.) 


To perform Multiplication, there is required two given N m- 


bers, called Fadtors. 

The Firſt is the Number to be multiplied, which is generally 
put the greater of the Two Numbers, and is commonly called 
the Multiplicand. 

The other is that Number by which the Firſt is to be multi- 
plied, and is uſually called the Multiplicator or Multiplier; and 
this denotes the Number of Times that the Multiplicand is required 
to be added to itſelf, For ſo many Units as are contained in the 
Multiplier, ſo many times will the Multiplicand be really added 
to itſelf (as per Euclid above). And from thence will ariſe a 
Third Number, called the Product. But in Geometrical Ope- 
rations it is called the Rectangle or Plain. 

For inſtance; ſuppoſe it were required to increaſe 6 four 
times, that is, to multiply 6 into or with 4. Theſe two Numbers 
are to be ſet (or placed) down as in Adattion or Subſtrafion. 


T hus 


C1VC 


the 


WAS 


— 
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Of Multiplication. 


Tha 


Product 24 viz. 4 times 6 is 24, as 
by Addition, viz. By ſetting down 6 four 


6 MAAultiplicand, 
4 Multiplier, 


Cor Fattors. 


plainly appears 
116 


times, and then adding them together into one 26 Add 
6 
Sum, 


From hence it is evident, that Multiplication 


Thus 3 


is only a Conciſe or Compendious Way of ad- 24 


Times may be propoſed. 
Before any Operation can be readily performed in Multipli- 
cation, the ſeveral Products of the ſingle Figures one into ano- 
ther muſt be perfectly learn'd by Heart, viz. That 2 times 2 is 


4, that 3 times 3 is 9, and 3 times 6 is 18, Cc. 


ding any given Number to itſelf, ſo often as any Number of 


According as 


they are expreſſed in the following Table; wherein I have 
omitted multiplying with 2, it being ſo very eaſy that any one 


- — 6 F p *— 
Fr 


en * N . 8 22 
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may do it. | | 

Multiplication Table. 
| 3x 3= 9] 4x4==16|5x5=25|0x0=36 j7x7==4915x8=064 
3x4=12|4x5=20|5x6=30]6x7=42 |7x8=56|8x9=72] 
3x5=15| 4x6=24| 5x7=35| 0x8=48[7x9=03|gxg9=81 
3x6=18] 4x7 =28|5x8=40[0x9=5 4. 
23x7=21|4x8=32|5x9=451 nn 
Zx8=24|4x9=306 
3x9=27| | 


is the ſame with 7 times 5, Oc. 


I think it needleſs to give any Explanation of this Table ; 
for if the Signs and their Significations be well underſtood, (vide 
page 5) it muſt needs be eaſy. Only this may be noted, that 
4XZ=3x4, or 7x5=5x7, &c. | 
That is, 3 times 4 is the fame with 4 times 3, or 5 times 7 


of all the reſt in the Table. 
And when all theſe ſingle Products are fo perfectly learn'd 
by Heart, as to be ſaid without pauſing ; you may then proceed 
(but not ' till then) to the Buſineſs of Multiplication z which will 
be found very eaſy, if the following Rule (and Examples) be 
Carefully obſerved. 


The like muſt be underſtood 


RULE. 

Always begin with that Figure which flands in the Units place 

with the Multiplier, and with it multiply the Figure which andt 
| in 


. 
i 
| 
y 
1 
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in the Units place of the Multiplicand; if their Product be leſs 


than Ten, ſet it down underneath its own place of Units, and 
proceed to the next Figure of the Multiplicand. But if their 
Product be above Ten (or Tens) then ſet down the Overplus only 
(or odd Figure, as in Addition) and bear (or carry) the ſaid 
Ten or Tens in mind until you have multiplied the next Figure 
of the Multiplicand, with the ſame Figure of the Multiplier; 
then to their Product add the Ten or Tens carried in mind, ſet- 
ting down the Overplus of their Sum above the Tens, as before : 
and ſo proceed on in the very ſame manner, until all the Fi- 
gures of the Multiplicand are multiplied with that Figure of the 
Multiplier. 


EXAMPLE: I. 
Suppoſe it were required to multiply 3213 into or with 3. 
3213 Multiplicand 5 Fun 
3 Multiplier, tad 2 
Product 9639 

Beginning at the Units place, ſay 3 times 3 is 9, which, be- 
cauſe it is leſs. than Ten, ſet down underneath its own place ; 
and proceed to the next place of Tens, ſaying 3 times 1 is 3, 
which ſet down underneath its own place; then to the next place, 
viz, of Hundreds, ſaying 3 times 2 is 6, which ſet down, as 
before; laſtly, at the place of Thouſands, ſay 3 times 3 is 9, 
which being ſet down underneath its own place, the Operation 
is finiſh'd; and the true Product is 9639 = 3213 x 3, as was 


required, 
| EXAMPLE 2. 
Let it be required to multiply 8569 into 8. Set down theſe 
Numbers as before, 


8569 
Thusg 8 


68552 

Beginning at the Units place, ſay 8 times 9 is 72, ſet down 
the 2 underneath its own place of Units, and bear the 70, or 

Tens in mind, and proceed to the next Figure of the Multi- 
plicand (at which place the 7 Tens are only 7) ſaying 8 times 
6 is 48, and the 7 carried in mind is 55; ſet down the odd 5 
underneath its own place of Tens, and carry the 50 (which is 
really 500) to the next place (viz. of Hundreds) at which 
place it is only 5, where ſay, 8 times 5 is 40, and the 5 car- 
ried in mind is 45; ſet down the 5 underneath its own place, 


and carry the 40 or 4 Tens (which is really 4000) to the 
| next 


be- 


de; 
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next place, vi. of Thouſands, ſaying, 8 times 8 is 64, and 4 
carried in mind is 68, (Now this being the laſt Place or Figure 
to be multiplied) Set down the whole Product 68, and the Wotk 
is done. Te 
1 15 that, 8569 x 8 868552, the Product required, 

Now the Reaſon of this and all other the like Operations, may 
be eaſily conceived from this which follows. 


85 6 2 C The ſame Factors as before; 


» 


\ (_| Here 8 times g is 72, as before, becauſe the q 
27 ſtands in the Units place. 

Now here it is not really 8 times 6 = 48, but it 

55 8 times 60 = 480, becauſe the 6 ſtands in the 

place of Tens. 

And here it is not 8 times 5 =40, but it is 

410]0j04 really 8 times 500 =4000, becauſe the 5 ſtands 
in the place of Hundreds. 


Laſtly, becauſe the 8 in the Multiplicand ſtands 
6|4]0[9 8 the place of the Theuſands, it is therefore 8 
| times 8000= 64.000, and not 8 times 8== 64. 
ry re ; The Sum of the particular Produf#s, which gives 
33 the true Product, as before. 


By what hath been already ſaid, with a little Conſideration 
had to the Examples, I preſume the Learner may eaſily under- 
ſtand how to multiply whole Numbers with any ſingle Figure. 
And when it is required to multiply with more than one; then 
ſo many Figures as there are in the Multiplier, ſo many particu- 
lar Products there mult be. | 

That is, all the Figures of the Multiplicand muſt be multi- 
plied with every ſingle Figure of the Multiplier, as if there were 
but one ſiogle Figure: and the Sum of all thoſe particular Pro- 
duct, will be the true Product required. But in thoſe Opera- 
tions, great Care muſt be taken in ſetting down the particular 
Products (which ariſe by each multiplying Figure) in their proper 
places. hich will be eaſily done, if the following Directions 
be carefully obſerved. | 


particular Product, directly underneath the multiplying 

(Figure. Or thus: 
De Firſi Figure (or Cypher) of the ſecond particular Product 
muſt fland direct) under the ſecond Figure (or place) of the 
Firſt Product; and the Firſt Figure (or Cypher) of the Third 
D particular 


1 f Always place the firſt Figure (or Cypher) of every 
12. 


— 
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inſtead of Cyphers, 


546658... 


459984 
344988 


As in theſe: 


500624022 


3450339984 


particular Product, muſt tand direftly underneath the Third 
Figure of the Fir/t Product: And ſo on until all is done, 

Now the Reaſon of placing the firſt Figure of every particular 
Product in their Order, will be very obvious to any one that 
conſiders the laſt Example; wherein the Cyphers are only ſet 
down to ſhew the true Diſtance of the firſt Figure in each 
particular Product from the Units place. And altho' it is not 
uſual to ſet down Cyphers in this manner; yet they are always 
ſuppoſed to be there: That is, their Places are always left void, 
as in the two following Examples; wherein I have placed Points 


EXAMPLE 3. 


Let it be required to multiply 78094, into or with 7563, 


79094 
750 c Factors. 
234282 The Firſt particular Product with 3 
468564. The Second particular Product with 60 
300470. The Third particular Product with 500 


The Fourth particular Product with 7000 


The Total, or true Product required. 
EXAMPLE 4. 


Suppoſe it be required to multiply 57498 into booos. 


* 


The Produf with 8 
The Product with 6009 


57498 x 6000S, as was required, 


Here you may obſerve, that I paſs over the Cyphers, and only 
take care of placing the firſt Product of the laſt Figure, viz. of 
60000 according to the foregoing Directions. 

When there is a Cypher or Cyphers, to the Ripht-hand either 
of the Multiplicand or Multiplicator, or to both; in that caſe 
multiply the Figures as before; neglecting the Cyphers until 
the particular Products are added together; Then to their Sum 
annex ſo many Cyphers as are in either or both the Factors. 


EXAMPLE 


144 


8 | 
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=p 
ird EXAMPLE 5, EXAMPLEG68 EXAMPLE 7, 
cular 9538 87600 795000 

thas 4600 79 56900 
7 ſet — * „ TY hs 
ek 57228 7884 7065 

not 38152 6132 4710 
vays * — 209 3925 
ond, ' 43874800 0920400 Sp any; 
1 | 44066500000 


Take a few Examples without their Work at large. 


75649x579==43590771 
1 687000x 356 24457 2000 
5 3067 4x 45007 223884044718 
7901375 * 30000 23704 12500 


3 fp 537084000x590700==317255518800000 
60 102030405 50403020125 142540 5540261405 
oo | 987054321x123456789=121932641112635269 
00 ; 


Note, If it be required to multiply any Number with ro, 
100, 1000, 10000, &c. it is only annexing the Cyphers of the 
\ #| Multiplier to the Figures of the Multiplicand, and the Work is 
dune. 
578K 10 5780. 578K lo =578000 
Te 578x100==57800. 578x10000==5 7 So, &c. 


, Theſe Examples (being well underſtood) are ſufficient to 

= inſtruct the Learner all the Varieties that can happen in multiply- 
:ng of whole Numbers, according to the Method generally prac- 
tiſed: However it may not be amiſs to ſhew here how Multipli- 

cation may be performed (with many Figures) by Addition only, 


* K 
8 


ly . A 
of 1 EXAMPLE. 
N 
er Let it be required to multiply 879654 into 79863. 
ſe 2 In order to perform this (or any Operation of this kind) 
til z by Addition only; you muſt make a Tariffa or ſmall Table of 
m the given Multiplicand, in this manner: 
5. Ui, Make a ſmall Column, and in it place gradually down- 


ward the Nine ſingle Figures; viz, 1, 2, 3, 4, 5, Oc. 


D 2 Then 


1 . a > =—Y = 
— » * 
rr Cad — 
* 
_ — £ * 
, — > A — — 


0 , 


—_ — 
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— — 


'Then againſt the Figure 1, ſet down the Multiplicand 
(which in this Example is 879654) and againſt the Figure 2, 
ſet down the double of the Multiplicand, found by adding 
it to itſelf; To this double add the Multiplicand, ſetting 
down their Sum againſt the Figure 3. And | 
ſo proceed on by a continued Addition until | 1| 879654 


there be Ten times the Multiplicand in the 21759308 


Table; which if the Work is true, will be the 3 2638962 
Multiplicand itſelf with a Cypher to the 4 3518616 


Right-hand of it, as in the annexed Table. 5 4398270 
This being done, it will be eaſy to conceive, | 6 5277924 
that the F/2wures in the ſmall Column of the 7 6157578 


Table, do reſpectively repreſent thoſe of the 87037232 
Multiplier: And that the Numbers againſt 9 7916886 
any of thoſe Figures in the ſmall Column, will 10 8796540 
be the true Product of the Multiplicand agree- = . 
ing to any Figure of the Multiplier; as plainly appears by the 
Work of this Example | 


Then 8 796548 The Factors as before. 
3, in the Table is 2638962 =879654x3 
6, is 5277924 2879654 O 
Againſt 4 8, is 7037232 87965 45800 
9, is 7916880 287954 o 
7, is 6157578 =—879054x70000 


— 


The Produd? required 710251807402 =879654x79863 


Note, This Method of Tabulating the Multiplicand, is both 
eaſy and certain; being neither ſubject to Errors, nor burden- 
ſome to the Memory, and therefore in large Calculations it may 


be ſound very uſeful. But for common Practice the uſeful 


Method (as in Page 18, &c.) is beſt, and to be preferred before 
this. : | 

Moſt Mafters that teach (and ſeveral Authors that write of) 
Arithmetick, do teach to prove the Truth of Mulliplication, by 
caſting away all the Nines that are contained in both the Factors, 


and their Product; but becauſe that Method is very erroneous, . 


as might be eaſily ſhewed ; I ſhall therefore omit inſerting it, 
and leave the Proof of Multiplicatian to the next Section, where- 
in (I preſume) the Reaſon and Proof, both of it, and Diviſion, 
will plainly appear. 
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89 v ill. 


Sect. 5. Of Diviſion. 


Diviſion is a Rule by which one Number may be ſpeedily 
ſubſtrafted from another, ſo many times as it is contained 
therein. 

That is, It ſpeedily diſcovers how often one Number is con- 
tained (or may be found) in another: And to perform that there 
are required Two Numbers to be given. 

1. The one of them is that Number which is propoſed to be 
divided, and is called the Dioidend. 

2. The other is that Number by which the ſaid Dividend is to 
be divided, and is called the Diviſor. 

And by comparing theſe Two, viz. the Dividend and the 
Divifor together, there will ariſe a Third Number, called the 
Duntient; which ſhews how often the Diviſor is containod in the 
Dividend, or into what Number of Equal Parts the Dividend is 
then divided. T herefore, 

Diviſion is by Euclid fitly termed the meaſuring of ene Number 
by another, viz. one Number is ſaid to meaſure another by that 
Number, which when it multiplies, or is multiplied by it, it pro- 


* duceth. Euclid 7, Def. 23. 


And, if a Number meaſuring another, multiply that Number 
by which it meaſureth, or be multiplied by it, it produceth the 
Number which it maaſureth. Euclic 7. Axiom 9. 

That is to ſay, If that Number which divides another (called 
the Diviſor) be multiplied with the Number which is produced 
by Diviſion (called the Quotient) their Product will be the Num- 
ber divided or Dividend. W hence it follows, that Diviſion and 
Multiplication are the Converſe and Direct Contrary one to ano- 
ther (as Subſtraction is to Addition) and do mutually prove the 
Truth of each other's Operations, 

I ſhall therefore make choice of the foregoing Examples in 
Multiplication, in order (as I preſume) to render the Buſineſs of 
Diviſion more plain and eaſy. 

Firſt, Let it be required to find how often 6 is contained in 24. 
That is, to divide 24 by 6. 

N. B. Always place down the given Numbers in this Order; 
Firſt ſet down the Diviſor, and to the Right-hand of it draw a 
crooked Line; then ſet down the Dividend, and to the Right of 
it draw another crooked Line, in which muſt be placed the 
Quotient Figure, or Figures as they become found, 


Thug 


— 


— dt. All... —— 
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Dividend. . 

Thus Diviſer 6) 24 (4 the Quotient. 

Here I conſider how many times 6 there is in 24, and find 20 
it 4, viz. 4 times 6 is 24, therefore 4 is the true Quotient or Bi. 
Anſwer required. | 70 

This is apparent by Subſlraction, = 24 Fo 
as in the Margin; where 24 the 2 1 | t 100 
Dividend is ſet down, and from 8 > 1188 wy 
it 6 the Driver continually »& 26 2 
ſubſtracted ſo often as it can be, 2 — 7 
which is juſt 4 times. Therefore 4 2 "> th 
is the true Quotient or Anſwer SE * 75 
required. 8 6 1 

— K. T 
* I 


Corollary. 


From hence it is evident; that Divi/ion is but a conciſe or 
compendious Method of ſubſtrafting one Number from another, 
ſo often as it can be found therein; for if the Diviſar be con- 
tinually /ub/irafed from the Dividend, accounting an Unit 
(or 1) for each time it is /ubfratted (as above) the Sum of thoſe” 
Units will be the Quotient. 


All Operations in wits do begin contrary to thoſe of 
Multiplication, viz. at the Firſt Figure to the Left-hand, or that 
of the higheſt Value, and decreaſe the Dividend by a repeated 
Subſtraction of each Product ariſing from the Diviſor when mul- 
tiplied into the Quotient Figure. And the only difficulty in Di- 
viſon of whole Numbers (or indeed of any Numbers) lies in 
making choice of ſuch a Quotient Figure, as is neither too big, 
nor too little; and that may be eaſily obtained by obſerving the 
following Rule, which hath two Caſes. 


RULE, 


Caſe 1. A. often as the Firſt Figure of the Diviſor is taken 
from the Firſt Figure of the Dividend : So often muſt the Second 

Figure of the Diviſor be taken from the Second Figure of the 
Dividend, when it is joined with what Remains of the Firſt, 
And as often muſt the Third Figure of the Diviſor be taken from 

the Third Figure of the Dividend, Oc. | 

But if the Firſt Figure of the Diviſor cannot be taken from 
the Firſt Figure of the Dividend, Then; 5 
Ale 


— 
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Caſe 2. So often as the Firſi Figure of the Diviſor is taken 
from the Two Firſt Figures of the Dividend, ſo often muſt the 


Second Figure of the Diviſor be taken from the Third Figure of the 


Dividend, when it is joined with what remained of the Second : 


And fo often muſt the Third Figure of the Diviſor be taken from the 


Fourth Figure of the Dividend, &c. 
That is, the Quotient Figure muſt be ſuch, as being multiplied 


into the Diviſor, will produce a Product equal to ſuch a part of 


the Dividend as is then taken for that Operation: But if ſuch 
a Product cannot be exactly found, then the next leſs muſt be 
taken, and ordered, as in the following Examples of which let 
that in Page 16 be the firſt, wherein there was given 8569 the 


: AMultiplicand, and 8 the Multiplier. To find the Product 68552. 


Let us here ſuppoſe the ſaid Product 68552, and 8 the Mul- 
7iplier, both given; thence to find the Multiplicand. That is, 
Let it be required to divide 68552 by 8. 


Dividend 
Diviſor 8) 68552 ( Quotient when found, 


According to the Rule, Caſe 1. I compare 8 the D:iviſor with 
6 the Firſt Figure of the Dividend, and finding I cannot take it 
from that, I then conſider (by Caſe 2.) how often 8 can be 
taken from 68, the two firſt Figures of the Dividend, and find 


it may be taken 8 times; for 8 times 8 is 64, being the greateſt 
Product of 8 (into any Figure) that can be taken from 68, I 


therefore place 8 in the Quotient, and with it multiply 8 the 


» Diviſer, ſetting down their Product underneath the ſaid T'wo 


6 5 > 
8 3 * 


beſore. Then the Work will ſtand 


Firſt Figures of the Dividend, ſubſtracting it from them, and 
then the Work will ſtand 


Thus 8) 68552 (8 
64 


4 


In order to a Second Operation, I make a Point under the next 
Figure of the Dividend, viz. under the 5, and bring it down 
underneath in its own place to the Remainder 4, which will by 
that means become 45. Then ] conſider how many times 8 can 
be taken from 45, and find it may be 5 times; for 5 times 8 is 


40, I therefore place 5 in the Quotient, and with it multiply 8 


the Divifor, ſetting down and ſub/rafing their Produd?, as 
Thus 


is in ͤnéñ—ß—3ß og Ae 


—_— _ 


** Arithmetick, 
Thus 8) 68552 (85 
---"OS« 


45 
4.0 


5 
For a Third Operation, I make a Peint under the next 
Figure of the Dividend, viz. under the 5, and bring it down, 
as before, proceeding in all reſpects, as before; and then the 
Work will ſtand | 
Thus 8) 68552 (856 
64. 
45 
40 


55 
48 


. p 


Laſtly, I point and bring avon the 2, viz. the laſt Figure 
ot the Dividend to the Remainder 7, which will then become 
72, and proceeding as in the other Operations, I find that 8 the 
Diviſor can be taken juſt 9 times from 72, and the Work is 
finiſhed, and will ſtand 

Thus 8) 68552 (8569 
he's 


0 
The true Quotient is found to be 8 569, being exactly the 
Eighth part of 68552, or the Multiplitand of the propoſed 
Example of Multiplication, As was required. 
The Reaſon of the Operations will be very plain to any one 
that will a little conſider of it, as follows: 


Diviſer 
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——_— 


Diviſor 8) 68552 (Sooo. The Firſt Quotient Figure. 


ee Tbis Produd of the Diviſor into the 
Ductient is 64000, viz. 8 times Booo the 

Sulſtract |61410.0]04 Quotient Figure being always of the ſame 
| | Value or Degree with that Figure under 

| Cwyhichthe Unit's place of its Product ſtands, 


6 


2 (500. The Second Quotient Figure. 


Diviſar 8 4455 
N = And here the Product is 4000, viz. 8 
Sub/traet les times 500, not 8 times 5. 
Diviſor 8) - 5512 (60. The Third Qusctient Figure. 
8 5 Alſo here the Product is 480, wiz. 8 
Sulſtract 41122 times 60, for the Reaſons aboveſaid, 
Diviſor 8) 712 (9. The Fourth Quotient Figure, 
Now here the Product is but 72, viz. 
Subſtract 7 2) q times 8, becauſe the g ſtands in the place 
of Units. 
Remains (00) Now the Sum of all the ſeveral Duotients, 


vi. Bo00 + 500 + bo+9g =8569, as before. 


If the Proceſs of this Example be well conſidered and compa- 
ted with that of Multiplication, Page 17, it will evidently ap- 

pear to be only the Converſe of that; for the particular Pro- 

ducts are alike in both, only that which is 4% there, is fir/? 
here; there they are added, here they are ſubſlracted. So that 
* whoever underſtands the true Reaſon of the one, muſt needs 
- underſtand the Reaſon of the other, and then Diviſion will be- 
come very eaſy, although the Diviſer conſiſts of ſeveral places 
of Figures. | 


Fo EXAMPLE. 

b Let it be required to divide 590624922 by 7563. 
4 Dividend. 

5 Diviſar 7563) 590624922 ( 


TDi plain at the firſt ſight, that 7563 the Diviſar, cannot be 
taken from 5906, the like Number of Figures in the Dividend. 
> Therefore, by the Second Caſe of the Rule (Page 23.) there 


pf muſt be allowed Five Figures of the Dividend, viz. 59062 for 
the Fir? Operation or Quotient; that ſo the Firſt Figure 7 of 


LS 


the Diviſor may be taken out of the two Fir/t Figures, viz. 59 


k 


5 of the Dividend, &c. 


E Then 


— 8 


26 Arithmetick. Part J. 

Then I proceed (per Caſe 2.) and conſider how often 7 may 
be taken from 59, and find it may be taken 8 times, for 8 
times 7 is but 56, which I mentally tract from 59, and 
there remains 3; to this 3 | mentally adjoin the Third Figure 
of the Dividend, viz. o, which makes it 30, out of which I 
muſt take the Second Figure of the Diviſor, viz. 5, ſo often as 
I took the 7 from 59, which was 8 times : But that cannot be, 
for 8 times 5 is 40, which is more than 30, thereſore & is too big 
a Figure to be placed in the Quotient; yet, hence I conclude, 
that the next Jeſs, viz. 7 may be taken without any further 
Trial, I therefore place 7 in the Quotient, and with it multiply 
the Diviſor, ſetting down their Product under the Dividend, 


and ſubſtract it from thence, as in the other Example, and then 
the Y/ork will ſtand 


Thus 7563) 590624922 (7 

52941 

6121 
In order to a Second Operation, I make a Point under the next 
Figure of the Dividend, viz. under the 4, and bring it down 
to the Remainder 6121, which will then become 61214, with 
which I proceed in all reſpects as I did before with the 59062, 
and find the next Quotient Figure will be 8, with which I mul- 


tiply the Diviſor, &c. and ſub/traft their Product from the ſaid 
61214. Then the /York will ſtand | 


7563) 590624922 (78 


710 


To this Remainder 710, I point and bring down the next 
Figure of the Dividend, viz. 9, which makes it 7109; now 
becauſe the Diviſor 7563 cannot be taken from 7109, I there- 
fore place a Cypher in the Quotient. ? 

And this muſt always be carefully obſerved, viz. That for 
every Figure or Cypher, which is brought down from the Divi- 
dend, in order to 4 new Operation, there muſt always be either 


4 Figure or Cypher, /et down in the Quotient, Then the Work 
will ſtand N N 


Thus 


— 

* 

* 
, 
* 
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 #Figure 2 of the Dividend, which makes it 30252; then pro- 


— * 
—— 
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Thus 7563) 590624922 (780 Y 
| 52941. | 9 
61214 1 

80504 Mt 

— A 

7109 4 


To this 7109, I bring down another Figure of the Dividend, 
vz. 2, and then it will become 71092; then I conſider how 
often 7 can be taken from 71, &c. (juſt as at the firſt Operation,) 
and find it may be taken 9 times, therefore I ſet down 9 in the 
Quotient, and with it multiply the Diviſor, ſetting down and 
ſubſtracting their Product, as before; Then the Work will ſtand 

Thus 7563) 590624922 (780g 
52941... 
61214 
60504 


71092 
68067 
3025 

To this Remainder 3025, I point and bring down the laſt 


ceeding in all reſpects as before, I find the Quotient Figure to 
be 4, with it I multiply the Diviſor, ſetting down and ſubſtracqting 
their Product as before, and then the Work will ſtand 
Thus 7563) 590624922 (78094 
52944. 


00000) 

Here the Work is ended, and I find the Quotient to be 7 8094, 
being the true Multiplicand of the propoſed Example of Multi- 
plication, Page 18. 

That is, 7563 is contained in $90024922 juſt 78094 times, * 

2 | 
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If the Work of this Example be conſidered and compared 
with the Rule (Page 22.) the whole Buſineſs of Diviſion will 
be eaſy ; for indeed the only Difficulty (as I ſaid before) lies in 
making choice of a true Quotient Figure, which cannot well 
be done according to the Common Method of Diviſion, without 
Trials, yet thoſe Trials need not be made with the whole Diviſor, 
(as appears by this Jaſt Example) for by the two Firſt Figures 
of the Diviſor all the reſt are L regulated; except the 
Second Figure chance to be 2, 3, or 4, and at the ſame time the 
Third Figure be 7, 8, or 9, then indeed reſpe&t muſt be had to 
the Third Figure, according as the Rule directs. 

However, if thoſe Trials are thought too troubleſame, they 
may be avoided, and the ſame Quotient Figure may both eaſily 
and certainly he. tound by heip of ſuch a ſmail Table made of 
the Diviſer, as was of the Multiplicand i in Page 20, 


EXAMPLE 4- 


Let it be required to Jude 70251807402 by 79863. See 
the Example of Multiplication, Page 20, and « as there Arecled 
make a Table of the Diviſar 79803, „ 
Thus, 


Diviſr. 8 Outient. 
J 79863) 70251807402 (879654 
21159726 6383904. The Work of this Operation 
31239589 630140 U preſume may be eaſily under- 
14319452 $5904 1 ſtood, . For thoſe Figures in the 
$1399315 © xz 57 Table are the Product of the Di- 
61479178 E444 6. | viſor into all the Figures; con- 
71559041 — — ſequently thoſe Figures in the 
8638904 py us ſmall Column do ſhew what 
91718707 479172, Figure is to be placed in the 
— 431200 Quotient; without any doubtful +» 
1101798630 _399315 Trials of the Diviſor, with the 
— 4319432 Fee, as 0 | 
210482 
(000000) 


T his Method of Tabulating the Diviſor may be of good Uſe 
to a Learner; eſpecially until he. is well practiſed in Diviſian; 
yea, and even then if the Diviſor be large, and a Quotient of 
many Figures be required; as in reſolving of high Æquations, 


and n of Afirenomigal Tables, or thoſe of Intereſt, He. 
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Hitherto I bave made choice of Examples wherein the Divi- 
dend is truly meaſurgd or divided off by the Diviſor, without 


| Teaving any Remainder, being exactly compoſed of the Diviſor 


and Quotient. But it moſt uſually falls out, that the Divi = 
will not exactly meaſure the Dividend; in which caſe the 
mainder (after Diviſion is ended) muſt be ſet over the Diviſor 
with a ſmall Line betwixt them adjoining to the Quotient. 


EXAMPLE 5. 
Suppcſe it were required to divide 379 by 5. 


5) 379 (755 te Deer 
35 


Remains (4) 
r 
Again, Let it be required to divide 43789 by 67. 


67) 43789 (6520 the true Quotient required 
402. 


358 
335 
239 
201 
Remains (38) 

How ſuch Remainders thus placed over their Diviſors (which 
are indeed Vulgar Fractiont) may be otherwiſe managed, ſhall 
be ſhewed farther on. 

VN. B. When the Diviſor happens to be an Unit, viz, 1, with 
a Cypher or Cyphers annexed to it, as 10, 100, 1000, Cc. Divi- 


ion is truly performed by cutting off with a Point or Comma, fo 
many Figures of the Dividend as there are Cyphers in the Diviſer ; 


then are thoſe Figures ſo cut'off to be accounted a Remainder, and 
the reſt of the Figures in the Dividend will be the true Quotient 
Fequired, becauſe an Unit or 1 doth neither multiply nor divide. 
EXAMPLE 7 

Let it be required to divide 57842 by AY The Work may 
ſtand thus, 100) 578,42 the Quotient required; or thus 100) 
57842 (578 tos the ſame as before, 

Hence it follows, that if any Diviſor have Cyphers to the 


Right-hand of it,; ou may cut off ſo many of the laſt Figures 
*. * 
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in the Dividend, and divide the other Figures of the Dividend, 
by thoſe Figures of the Diviſor that are left when the Cyphers 
are omitted. But when Diviſion is ended, thoſe Cyphers ſo 


omitted in the Diviſar, and the Figures cut off in the Dividend, 
are both to be reſtored to their own places. 


EXAMPLE 8. 
Suppoſe it were required to divide 675469 by 5400, 
5400) 675469 (125 


54 
135 
108 
274 
560 
Remains (4) But the true Remainder is 46. 
Conſequently the true Quotient is 125 88. 

As to the manner of proving the Truth of any Operation, 
either in Multiplication or Diviſion, I preſume it may be eaſily 
underſtood, by what is delivered in Page 21, compared with 
the three firſt Examples of Diviſion; for from thence it will 
be eaſy to conceive, that if the Diviſor and Quotient be 
multiplied together, their Produ (with what Remains after 
Diviſion being added to that Product) will be equal to the 
Dividend. As in the Fifth Example, where the Dividend is 


379, the Diviſer is 5, the Quotient is 75, and the Remainder 


IS 4. 
I fay, 75x5=375, to which add the Remainder 4, it will 
be 379. - 


Again, in the Sixth Example, the Diviſor is 67, the Quotient 


is 653, and the Remainder is 38. 

Then 653 x 67 = 43751, and 437514-38 = 43789 the Di- 
wvidend, &c. 

There are ſeveral uſeful Contrafions, both in Diviſion and 
Multiplication, which have purpoſely omitted until J come to 
treat of Decimal Arithmetick. Allo I have omitted the Buſineſs 
of Evolution or Extracting of Roots, until further on; and fo 
ſhall conclude this Chapter with a few Examples of Diviſion 
unwrought at large, leaving them for the Learner's Practice, 


579) 43800771 (75649. 
Or 75649) 4300771 ( 579. 
45007) 


woe | 99 
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45007) 23884044718 (530674. 
Or 530674) 23884044718 ( 45007. 
356) 244572000 (687000. 
59600) 57659066400 (967434. 
10000) 679543820000 (67954382. 
79) 252016 ( 356975. 


—_— 
i... 


CHA EF. 1, 


Concerning. Addition and Subſtraction of Numbers of 


different Denominations, and how to reduce them from 
ene Denomination 10 another. 


el. . 


1. Of Engliſh Coin. 


72 leaſt Piece of Money uſed in England is a Farthing, 
and from thence ariſeth the reſt, as in this Table. 


Farth, | 5 J. is a Crown. 
4= 14. Pen, And 19% is an Angel. 
48= 12 = 7 5. Shill nd) 6s, 84. a Noble. 
l960=240 = 20= 1/7. Pound Sterling. 1%. 4d. a Mark, 


Note, When J. 5. d. 9. are placed over (or to the Right-hand 
of) Numbers, they denote thoſe Numbers to ſignify Pounds, 
Shillings, Pence, and Farthings. 


1 
As 35 10 6 4 Or 35 J. 10s. 64d. Either of theſe 
do ſignify 35 Pounds, 10 Shillings, 6 Pence, 2. Farthings. 
The ſame muſt be underſtood of all the following Characters, 
belonging to their reſpective Tables, viz. Of Weights, Mea- 
ſures, &c. 1 


3: Troy Weight. 

The Original of all Meigbts uſed in England, was a Corn of 
beat gathered out of the middle of the Ear, and being well 
dried, 32 of them were to make one Penny Weight, 20 Penny 
Weights one Ounce, and 12 Ounces one Pound Troy, Vide 
Statutes of 51 Hen, III. 31 Edw. I. 12 Hen, VII. K 

us 
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2 i : 1 
But in later Pimes it was thought ſufficient to divide the fy bots 
aforeſaid Penny Weight into 24 equal Parts, called Grains, 1 P. 
being the leaſt Height now in common Uſe ; and from thence 3 Ti 
the reſt are computed as in this Table, {2 : 
2 4 
(Gr. Grain. 5 By Troy Weigbt are bz 
. 24== 1 P: W. PemyWeght, i, weighed Fewel:, Gold, 1 
/ - 480= 20= 1 0z. Ounce. Silver, Corn, Bread, — 2 
75 240 = = = Pound. and all Liguors. * * 
725 
HBeſides the common Diviſiens of Trey Meigbt, T find in Angliæ 5 A 
Notitia, or, The Preſent State of England, Printed in the Year 


1699, that the Moneyers (as that Author calls them) do ſubdivide 
the Grain. : 


24 Blanks = 1 Peri}, 
Thus 29 Periots = 1 Draite. 
24 Droites = 1 Mite. 
20 Mites = 1 Grain, &c. as before. 


3. Apothecaries Weights. 


The Apotbecaries divide a Pound Troy, as in this Table, 
Gr, Grain, 


20= 1 I Scruple 

6bo= J= 1 5 Dram 
480= 24= 8= 15 Ounce 
5760=288=96=12=1 I Trey, the ſame as before, 


By theſe Wieighis the Apothecaries compound their Medicines : 
but buy and ſell their Drugs by Averdupois Weight. 


4. Averdupois Weight. 


When Averdupois Weight became firſt in Uſe, or by what Law 
it was firſt ſettled, I cannot find out in the Statute Books ; but on 
the contrary, I find that there ſhould be but one Weight (and one 
Meaſure) uſed throughout this Realm, viz. that of Troy, (Vide 
14 Ed. III. and 17 Ed. III.) So that it ſeems (to me) to be firſt 
introduced by Chance, and ſettled by Cuſtom, vix. from giving 
good or large Weigbt to thoſe Commodities uſually weighed 
by it, which are ſuch as are either very Coarſe and Droſy, or 

very 


. 4 2 - 15 
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very ſubject to waſte; as all kind of Grocery Wares. And 
Pitch, Tar, Reſin, Wax, Tallow, Flax, Hemp, &c. Copper, 
Tin, Steel, Iron, Lead, &c. Alſo Fleſh, Butter, Cheeſe, Sali, &c. 
To theſe and the like (I preſume, it was thought convenient to 
allow a greater Weight than the Laws had provided, which 
bappen'd to be about a Sixth part more: For I found by a very 
nice Experiment, that one Pound Averdupois is equal to 14 
Ounces, II Penny Weights, and 154 Grains Trey. And it is 
now computed as in the following Table: 


— 16221 Oz. Ounces. * 497 x" 1 4=a Stone 
256= 16=1 1b Pounds. And 28=3 of C. 
28672= 1792= 112= 1 C. Hundred. 56=2 of C. 


57 3440=35840=2240=20= 1 Tun. $4=3 of C. 


5. Long Meaſure, 


As the leaſt part of Weigbi came at firſt from a IVheat Corn, 
ſo (it is generally ſaid) the leaſt part of a Long Meaſure was at 
firſt a Barley Corn, taken out of the middle of the Ear, and being 
well dried, three of them in length were to make one Inch; and 
thence the reſt, as in this Table. 


| Barley Corns. 4 Nails — of a Tard. 
=I In. Inches. And] I Yard = El. 
1 25251 #« Peet. 2 Yards = 1 Fathor. 
108 36 3=17. Tard:. 


594= 198= 16:= 5 21 P. Poles. 
237060= 7920= 660= 220= 40=1 Furlong, 
199080=63360=5280=1760=320=8=1 Alle. 


Note, That forty Poles (or Perches) in Length, and four in, 
Breadth, do make a Statute Acre of Land. 

That is, 220 Yards, multiplied into 22 Yards = 4840 Square 
Yards are a Statute Acre, 

And according to the Tranſactions of the French Acadeny, 
Anno 1687, a Paris Foct Reyal is == 12,8 Inches Engliſh ; Six 
of thoſe Feet make a Teiſe ; and 57060 Toiſes = 365184 Engliſh 
Feet, are the Meaſure of one Degree of a great Circle upon the 
Surface of the Earth, So that one Degree is 69 Miles and 288 
Yards, which is very near to our Country- man Mr Norwaed's 
Experiment made betwixt Londen and York, Anno 1635 ; who 
found that 367196 Feet = bg Miles, and 958 Yards do make a 

F Degree 


Degree. And not 60 Miles, according to the common received 
Opinion and Practice of the Nxvigators or Seamen, 
Hence, according to the French Account, the Circumference 


of the Earth (ſuppoſing it to be a true Spherical Figure) is 
24899 Engliſh Miles. 


6. Of Liquid Meaſures. 


All Meaſures of Capacity, both Liquid and Dry, were at firſt 
made from 77% Fright, Vide Statutes ꝙ H. III. 51 H. III. 12 
H. VII. Sc. wherein it is enacted, that eight Pound Troy IVeight, 
of J/heat, gathered out of the middle of the Ear, and well dried, 
ſhould make one Callan of Fine Meaſure: And that there ſhould 
be but one Meaſure for Niue, Ale, and Corn, throughout this 
Realm. (Lid. Stat. 14 Ed. III. 15 Rich. II.) But Time and Cuſtom 
hath altered Meaſures, as they have done Weigbts (and perhaps for 
one and the ſame Reaſon) for now we have three different Mea- 
fares, viz, one for Mine, one for Ale or Beer, and one for Corn. 

I have inferted Tables of each, as they are now computed by 
Cubic Inches, and practiſed in the Art of Gauging, &c. 

The common Line Gallon ſealed at Guild: Hall in London; by 


which all V ines, Brandies, Spirits, Strong-waters, Mead, Perry, 


Cyder, Vinegar, Oil, and Honey, &c. are meaſured and ſold ; is 
ſuppoſed to contain 231 Crb:c& Inches, and from thence the reſt 
are computed, as in this Table. 


Gallons. 
Cubick Incher. 18=1 Rundlet, and 
231=1 C. Gallons, 31z makesa V ine or 
9702= 42==1 Yerce. Notes Vinegar Barrel. 
14553= 63==1;=1 Hog/head. (Vide 1 K. III.) 


Bag: « A 
19404= 84 22 Der Puncion, 
29 106 12623 =2 =11=1 Butt or Pipe. 
$8212:=252:20; =4 =73 =2==1- Tov. 


But Dr P/bard in his Tectometry, Page 289, doth ſuppoſe 
the ine Gallon to contain but 224, or 225 Cubick Inches at 
the moſt, and purſuant to this Account an Experiment was made 
by Mr Richard Walker and Mr Philip Shales, two General 
Officers in the Exciſe, They cauſed a Veſſel to be very exactly 
made of Braſs, in Form of a Parallelopipedon, each Side of its 
Baſe was 4 Inches, and its Depth 14 Inches; ſo that its juſt Con- 
tent was 224 Cubick Inches. This Veſſel was produced at Guild- 
Hall in London (May 25, 1688.) before the Lord- Mayor, the 
Commiſſioners of Exciſe, the Reverend Mr Flam/tead, Aſtr. * 

r 
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Mr Halley, and ſeveral other ingenious Gentlemen, in whoſe 
Preſence Mr Shales did exactly fill the aforeſaid Brazen Veſſel 
with clear Water, and very carefully emptied it into the old 
Standard Vine Gallon kept in Guild- Hall, which did fo exactly 
HI it, that all then preſent were fully ſatisfied the Vine Gallon + 
doth contain but 224 Cubick Inches. (This notable Experiment 1 
ſaw tried.) However, for ſeveral Reaſons, it was at that time 
thought convenient to continue the former ſuppoſed Content of 
231 Cubick Inches to be the Mine Gallon, and that all Computa- 
tions in Gauging ſhould be made from thence, as above. 

The Beer or Ale Gallon (which are both one) is much larger 
than the Vine Gallon ; it being (as I preſume) made at firſt to 
correſpond with Averdupars Weight, as the Wine Gallon did with 
Troy Weight For (as I ſaid before, Page 33.) one Pound 
Averdupais is equal to 14 Ounces 12 Penny Meigbis Troy, very 
near, 

And, as one Pound Trey is in proportion to the Cubick Inches 
in a Wine Gallon, ſo is one Pound Averdupois to the Cubick 
Inches in an Ale Gallon. That is, 12: 231 :: 1435: 2814, very 
near the Cubick Inches contained in an Ale Gallon, as appears 
from an Experiment made by one Nicholas Guntin, General 
Gauger in the Exciſe, about 41 Years ago, who, by ſuch a Veſſel 
mentioned before in the laſt Page, did find the Standard Ale Quart 
(kept in the Exchequer, Vid. 12 Car. II.) to contain juſt 704 Cubick 
Inches, conſequently the Ale Gallon muſt contain 282 Cubick 
ſnches, and from thence the following Tables are computed. 


Ale- Meaſure. 
Cubic Inches. 
| 282= 1 Gallon. A Firkin of Saap and of 
2256= 8=1 Firkin. | Note Herrings are the ſame 
| 4512=16=2==1 Kilderkin. | C with that of Ale, 


9024=32=4=2=1 Barrel. 
135 26=48=6=3=12=1 Hogſhead. 5 


ow, | 


Beer Meaſure. . 
| Cub. Inches. 1 
282 1 Gallon. 


25 38= 9g=1 Firkin. 
5076=18=2=1Kilderkin. 
1015 222.3684221. 1 Barrel. | 
1 5228=54=6=3=14=1 Hogſhead. 


F2 N. N 
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N. B. T his Diſtinction or Difference betwixt Ale and Beer- 
Meaſure, is now only uſed in London, But in all other Places of 
England the following Table of Beer or Ale, whether it be ſtrong 
or ſmall, is to be obſerved, according to a Statute of Exciſe made 
in the Year 1689 
Cub. Inches, 

282=1 Gallon. 

2397=84=1 Firkin. 

4794=17=2=1 Kilderkin. 

9508=34=4=2=1 Barrel. | 
| 14382=5 I=b=3=14=1 Hogſhead. 


7. Of Dry Meaſure. 

Dry Meaſure is different both from Mine and Ale Meaſure, be - 
ing as it were a Mean betwixt both, tho” not exactly ſo; which 
upon Examination I find to be in proportion to the aforeſaid old 
Standard Vine Gallon, as Averdupors Teight is to Troy Weight ; 
That is, As one Pound Trey is to one Pound Auerdupois, ſo is the 
Cubick Inches contained in the old Vine Gallon, to the Cubick 
Inches contained in the Dry or Corn Gallon. 

Viz. 12: 1455: : 224 : 2725, Which is very near to 2724, 
the common rece.ved Content of a Corn Gallin : Altho' now it is 
otherwiſe ſettled by an Act of Parliament made in April 1697, 
the Words of that Act are theſe : 

Every round Buſhel with a plain and even Bottom, being made 
eighteen Inches and a half wide throughout, and eight Inches deep, 


 ſhauld be eſteemed a Legal Wincheſter Buſhel, according to the 


Standard in his Majzity's Exchequer. 

Now a Veſſel being thus made will contain 2150,42 Cubick 
Inches, conſequently the Corn Gallon doth contain but 2655 
Cubick Inches. 1 


Cub. Inches. | 4 Buſhels = a Comb. 
Note, 


268.82 1 Gallan. 10 Duarters =a Na, and 
$37,0= 2= 1 Peck. 12 Weys =a Laſt of Corn, 
2150,4= B= 4=1 Babel. 
17203,2=64=32=8=1 Quarter. 


I obſerved amongſt the Lead-Mines in Derbyſhire, (Anno 1692) 
that the Miners bought and fold their Lead Ore, by a Meaſur- 
which they call'd an Ore Diſh ; whoſe Dimenſions J carefully 
took, and found it 


T.ength 21.3. 
+ Thus J Breadth 6. { Inches, 
| Depth 8.4. 


Conſe- 
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Conſequently its Content is 107 3,52 Cubick Inches, which is 
very near equal to 4 Corn Gallons, according to the above-men- 
tioned Settlement. 

Nine of thoſe Diſhes they call a Load of Ore, which if it be 
pretty good, will produce about 3 hundred Weight of Lead, 


8. Of Time, 


It is not an eaſy Thing to give a true Definition of Time; fort 
(according to the Philaſaphicꝶ Poet) 


Time of itſelf is nothing, but from Thought 
Recerves its Riſe, by labouring Fancy wrought 

% From Things conſider d, whilſt we think on ſome 
£ As preſent, ſome as paſt, or yet to come. | 

p No Thought can think on Time, that's flill con feſt, 
But thinks on Things in Motion or at Ref}, 


And ſo on, Vide Lucretius, Book I. 


That is, Time only ſhews the Duration or Mutation of Things, 
a Year being the Standard or Integer, by which ſuch Continuance 
or Change is computed. And a Year is that Space of Time in 
which the Sun (apparently) compleats its Revolution from any 
one Point in the Ec/iptick (an imaginary Circle in the Heavens) 
to the ſame Point again, which, according to modern Ob/erwations, 
is performed in 365 Days, 5 Hours, 48 Minutes, 57 Secands, 
21 Thirds, &c. But a Second being the leaſt part of Time that 
can be truly meaſured by the Motion of any Mechanical Engine, 
as a Clock, &c. (a Third being leſs than the T winkling of an Eye) 
I begin the following Table with Seconds. 


| Seconds. 
60=1! Minute, 

3600= 550 = ® Hour. 

86400 1440=> 24=4 Day. o Fo 
31556937=525949=8765=305+5-+48-þ57=1 Yar, called 
— — - i Solar Tear. 


But the common Year, uſually called the Julian Year, doth 
conſiſt of 365 Days and 6 Hours, and is divided into twelve 
unequal Months, called Calendar Months, whoſe Names and 
Number of Days are the Subject of every Almanack. 


s To 
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To theſe Tables it may not be amiſs to give a brief Account of 
ſuch Coins, Weights, and Meaſuret, as are frequently mentioned 
in the Scriptures, As I have deduced them from thoſe which 
ſeem to be the moſt Correct, inſerted in the Index to the large 
Bible, Printed Anno 1702, and compared with thoſe uſed in 
England, by the Lord Biſhop of Peterborough [Cumberland]. 


Troy Weight. 


The Hebrew Wiights, compared with 8 Pw... Or 


md _—- 


# Grerab=1 0+ 0: 1012 
10 Gerahi=a Bekah=| O. 4, 13: 
2 Bekahs=a Shekel=| O. g. 3 
100 Shekels=a Menah=| 45 . 12 . 12 
Note, A Shekel is ſaid to be their Origlnal Weight. 


Their Cein $ | "LES. 


— 
— od 


A Silver Menah 7. 1. $4 Weight 60 Shekel. 
Talent of Silver S] 357 . 11 , 103 Weight is 300 Shehel:. 
Talent of Geld = 5075 . 15 . 7+ The ſame Weight men- 
The Geld Dram = 1. ©. 4 tioned Ex. ii. 19. 


The Roman Money mentioned in the New Teftament. 


A Denarius, or Silver Penny=7 d. 3 Farthings. 
Aſſes of Copper So. 3 Farthings. 
Aſſarium=0 . I Farthing. 

uadran o. 5% of a Fartbing. 


A Mite=o , 5 of a Fartbing. 


Their Long Meaſure, compared with 1 5 = "1p fag th 52 
A Finger's Breadth=j\ O. 0. 0, 912 
4 Finger Sa Hand's Breadth= 9 . 0 3648 
2 Hands=the leaſt Span o. 0. 7,296 
3 Hands Breadth=the longeft Span=| O. © . 10, 944 
| 2 Spans=the longeſt Cubit=| o. 1. 9,888 
4 Cubits=a Fathom= 2 „„ "GEES 
6 Cubits=Ezekiel's Reed] 3 1. 11,328 
400 Cubits=a Stadium 243.0. 7,2 
10 Stadiums=a Mile=|2432 .0 . © 
Miles=a Paraſang=|7296 .0 . © 
Which is 4 Engli/h Miles and] 256 . 
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Engliſh Wine. 
J. Pints. Inch, 


Their Meaſures of Capacity, compared with 1 


A Cotyla =| 

A Log = 

4 Logs = a Cab= 

10 Catyla's = an Omer = 


s 000 0 


3 Cabs = a Hlin= 2,5 
2 Hin = a Seab 5, 
Seahs = an Epha= 15, 
Io £pha's = a Chomer 7 „ 35626 


— 


Sect. 2. Addition of Weigbis, &c. 


The ſoregoing Tables being ſo well underſtood, as that you can 
readily tell (without pauſing) how many Units of any one Deno- 
mination, do make one of the next Superior Denomination (eſpe- 
cially in thoſe Tables which are moſt uſeful: for your Buſineſs) it 
will then be as eaſy to add or ſubſtract them, as to add 17 wag 
flraft whole Numbers, due Cate being taken in placing all Num- 
bers that are of one Denomination exactly underneath each other. 
That is to ſay, in Maney, place Pounds under Pounds, Shillings 
under Shillings, Pence under Pence, &c. Underſtand the like 
in Heights and Meaſures, &c. according to their ſeveral Deno- 


 minations ; Then in Addition obſerve this Rule. 


RU L. 

Always begin with thoſe Figures of the loweſt or leaſt Denomi- 
nation, and add them all together into one Sum, then conſider haw 
many of the next Superior Denomination are contained in that 
Sum, ſo many Units you muſt carry to the ſaid next Superior Deno- 
nomination fo be added together with thoſe Figures that ſtand 
there; and if any thing remain over or above thoſe Units ſo car- 
ried, that Overplus muſt be ſet down underneath its own Deno- 
mination : And ſo proceed on from one Denomination to. another 
until all be finiſhed. | | 

Example in Coin. : 

Loet it be required to add 351. 145. 064d. and 27 J. o25. 
10 d. and 54/7. 13s. 044. and 10/. 175. 09d. into one Sum. 

The particular Sums being placed, as before directed, will ſtand 
as in the Margin following. 

Then according to the Rule, I begin with the Pence (being 
here the loweſt or leaſt Denomination) and adding them all 
together, I find their Sum to be 29 d. that is 2 s. and 5 d. ne 

| 24 d. 
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24 2 2. and 2 29—24 5) the 548. I ſet down: . . . £ 
underneath its own Denomination, and carry the 35. 14 . 06 
25. to the Place of SHillings, adding them and 27 , 02. 10 
all the Shillings together, I find the Sum to be 54. 13. 04 
48 s. viz. 21, 8s. I ſet down the 8s. under- 10. 17 . og 
neath its own place of Shilling, and carry the — — 
2 /. to the Place of Poun dt, adding them and all 128. 08. 05 
the Pounds together, I find their Sum is 128 J. 

conſequently the Total Sum required is 128 J. o8 5. 05 4. 

Now, for as much as it often happens in keeping Books of 
Accounts, (and in other Buſineſs) that it is required to add up 
large Sums of Money, conſiſting of 30, 40, or more ſeveral par- 
ticular Sums, nay, perhaps, filling up the whole length of a Sheet 
of Paper, I humbly conceive in thoſe Caſes the beſt and eaſieſt 
way will be to part them into Parcels, not exceeding above 10 
er 12 particular Sums in each Parcel; that done, add together 
all the Sums of thoſe Parcels into one Sum, and that will be the 
Total Sum required. 

Alſo to avoid the making of Points, or other Marks amongſt 
your Figures, it will'de convenient to get the following Tables 
by heart, 


The Pence Table. || The Shillings Table. 
ny” OY „ 4. 1 
12=1 72 6 2021 120 6 
2422 84 = 7 402 I40= 7 
36=3 g6= 8 6bo=3 160= 8 
48=4. 108= 9  80=4 180= 9 
6o=5 120=lo || I00=5  200=10 


The Uſe of theſe Tables is fo obvious, that I preſume it is 
needleſs to explain them. 


Examples in Addition of Weights. 


Troy I, eight. | Averdupdis 4 eight. 

Ib. Oz. Pw. Gr. Tun. C. V 1b. Oz. 
3.09 . o. 10 FT 
„ 5 
„ 8 n 

O . 11. 19 23 R . $9 16 
Sum 21 - Ot - 09 « 04 Sum 23. 05. 0. 05 . 05 


Examples 


r —— + wk 


7 * 
3 Fs 8 * * . | ; 
. AY 1 wg 2 
1 = * * 6 4 : | 
. Na Bo a r. . x 1 - 4 . 5 
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. 


| Examples in Addition of Long- Meaſure. 

Yards rs. Nails Miles Fur. Poles Yards Feet Inch. 
1 „ % ᷣ-ͤ 54.4 
I / d 

)))) ( 


ck. — — = 


7} Rs Pm: 7 HL OR ß 

T think it needleſs to ſet down more Examples of this kind, 
for if theſe 5 (eſpecially the laſt) be well underſtood, they will 
be ſufficient to ſhew how any other may be performed. 


— 


Set. 3. Subſtraction of Weights, &c. 


| QUIrattion is but the Converſe of the precedent Work, and 
o may be performed by obſerving this Rule. 
RULE. | 
Begin with the Loweſt or Leaſt Denomination (as before in 
Addition) and Take or Subſtract the Figure (or Figures) in that 
Place of the Subtrahend, from the Figure (or Figures) that 
ſtand over them of the ſame Denomination ; ſetting down the 
Remainder. (as in Page 12.) But if that cannot be done, then 
you muſt increaſe the upper Figure (or Figures) with one of the 
next Superior Denomination, and from that Sum make Sub- 
tration ; and ſo proceed to the next Superior Denomination, 
where you muſt pay the one borrowed, by adding Unity to the 
Subtrahend in that place, &c. as in whole Numbers, 


Examples in Coin. 


. „ . 3 

From 386. cg . 08 From 569 . 10. ob 
Take 173 04 86 Subſt. 389 . 15 . 08 

| Remains 213. O5 . 02 179 . 14. 10 


The Firſt of theſe Examples is ſelf-evident. In the Second 
Example, beginning at the place of Pence (being here the Leaſt 
Denomination) J am to take 8d. from 64. but becauſe that 
cannot be done, I muſt (according to the Rule) borrow one of 
the next Denomination, Viz. 1s. and add it to. the 6d. which 
makes it 18 d. (for 15. =124. and 124. ＋ 6 d. 218 d. then I 
take 8 d. from that 184. and there remains 104. to be ſet 
down underneath the place of Pence; that done, I proceed to 
the place of Shillings, where I muſt now pay the 15. ſaying 
one borrowed and 15 makes 16 from 10 cannot be, * 
1 
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16 from 30 and there remains 14. That is, I borrow one of the 
next Denomination, Viz. 11. and add to it the 105. which 
makes it 20s. for 1 I. og. and 205.-+10==30) having ſet down 
the Remaining 14s. underneath its own place of Shi/lings, I pro- 
ceed to the place of Pounds, where paying the 1/1. borrowed, it 
will be 1 borrowed and 9 is 10 from 9 cannot be, but 10 from 
10 and there Remains q, and fo on as in whole Numbers until all 
be finiſhed ; and the Remainder will be 179 J. 145. 10 d. 

I his Example being a little conſidered will render all others in 
this Rule eaſy. 


Examples in Meigbts. 


Troy TVeaght. Averdupois eight. 
. 5. .  pwt. gre 6-0. a 
From q. 10. 16 . 18 $74 30, 10 
"I ake-F"-.. 09 18. 22 W 
Refls 4. 00. 17 . 20 2 2 24 14 
Examples in Long Meaſure. 
yds. grs. nails miles fur, pol. yas. feet inches 
From 78. 3. 2 22. 3:20. $3. 0:5 9 
Take 209 33 r 
Reſts 48. 3. 3 0 
Example in Time. 
days y 


From. 27. 1 35 A 
Subſirac! 16 . 21 . 46 . 36 


Remains 10. 20 . 48 . 45 


The Proof of Addition and Sub/tra#ion in theſe Numbers of 
different Denominations, is the very ſame with that of whole 


Numbers in Page 13. I ſhall therefore refer you to that place, 
and omit repeating it here. 


8 


. — 
— 
_— — —— — 


Sect. 4. Of Reduction. 


Y Reduftion, Numbers of different Denominations are brought 
into one Denomination. 


That is, it alters or changes any . Denomination pro- 
poſed, into any Inferior or Leſſer Denomination 3 ; 
| ill 
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Rill keeping them equivalent i in value. And by that means they 
become fitly prepared for Multiplication and Divifion ; which 
otherwiſe could not ſo conveniently be performed. Therefore the 
Buſineſs of Reductian is very uſeful in the Rule of Proportion, 
(commonly called the Galden Rule, or Rule of Three) eſpecially 


to thoſe who do not underſtand either /u/gar or Decimal Fractiens. 
And it is thus performed : 


R U LE. 


Conſider hot many Units of the Denomination Required, make 
one of that Denomination prepiſed to be Reduced (which is eaſily 
known by its reſpective Table) and with that Number of Units, 


Multiply the Denomination propoſed, and their Product will be the 
Number Reguired. 


Example in Coin. 


Let it be Required to Reduce or Change 3571. into Shillings, 


and thoſe Shillings into Pence, which ſhall ftill be equal in value 
with the 357 1. ; 


| 357 
Multiply with 20 the Shillings in one Pound. 


7140 = the Shillings in 3571. 
Multiply with 12 the Pence in one Shilling, 


1428 
714 


85680 = the Pence in 357 l. as was Required. 
Or 3571, may be reduced into Pence, at one Operation; 


Thus, 
. 3 
Mulliph with 240 the Pence contained In one Pound. 
| 1428 
114 | 
85680 = the Pence in 3571. as before, 


But when the Numbers propoſed to be Reduced are of ſeveral 
Denominations, and it is required to bring them all to the Loweſt ; 
you muſt Reduce the higheſt or greateſt Denomination to the 
next leſs, Adding the Numbers that are of that leſs Denomination 
together, then Reduce their Sum to the next lower Denomination, 
Adding together all the Numbers that are of that Denomination, 
and ſo proceed gradually on till all is done. 
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EXAMPLE. 


Let it be required to Reduce 375 J. 17 5. 10 d. 3 9. into one 
Denamination, viz. into Farthings. 


3751. 175. 10 d. 39. 
20 


750 S the Sbillings in 375 /. 
+ 175. 


7517 = the Shillings in 355 l. 17 5. 
12 


15034 
7517 


90204 = the Pence in 375 l. 175. 
+ io. | 


90214 = the Pence in 375 l. 176. 10 d. 
4 | 


30850 = the Farthings in 375 l. 17 5. 104. 
+ 37. 


360859 Farth,=375 1. 17 5. 10d. 39. as was required, 


The Work of this Example, and all other Operations of this 
kind, may be ſomewhat ſhortened by obſerving the following 
Method, 


375 J. 175. 10d. 3. 
20 Multiply and Add in the 17 6. 


7517 
12 Multiply and Add in the 10 d. 


15934 

7517 

90214 | 
4 Multiply and Add in the 3 gr:. 


300859 the Farthings as before. 
1 xample in Troy Weight. 


Suppoſe it be Required to Reduce 29 lb. 8 o. 18 prot, 21 gr. 
into the Leaſt Denomination, viz, into Grains. 
2 | Thus, 


nc 
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Thus 29 1b. 8 cz. 18 pwt. 21 gr. 
Multiply with 12 the oz. in 1116, and add in the 8 oz. 


66 
29 | 


i 350 S the oz. in 29 55. 8 oz. 
Aultiply with 20 the prots in 1 c. and add in the 18 fut. 


=P 7138 = the pꝛots in 2916. 8 oz, 18 prot. 
Multiply with 24 the grs in 1 put. and add in the 21 grs. 


28553 
14278 


171333 the grez= 29 lb. 8 oz. 18 pots, 21 gre. 


Theſe two Examples at large being well underſtood, may ſuf- 
fice to ſhew how all Operations of this kind are performed ; ei- 
ther in /Yeights, Meaſures, or Time, I ſhall only inſert a ſew 
Examples of each ſort for the Learner's Practice. 

1. In 23C. 3qrs. 21146, gez. Averdupois Weight; How 
many Ounces * Anſw. 42905 Ounces, 

2. In 252 Eng. Miles, How many Yards, Feet, and Inches? 
Anſw. 443520 yds. = 1330560 Feet = 159667 20 Inches. 

3. In 1692 common Years, How many Days, Hours, and 
Minutes ? Anſw. 618003 Days, 14832072 Hours, 889924320 
{Ainutes. 

Note, a common Year = 365 Days, 6 Hours, ſee Page 37. 

4. In 5786 Pounds, 17 Shillings, g Pence, Sterling; How ma- 
ny Shillings, Pence, and Farthings? Anſw. 1157375. 13888534. 
or 5555412 Farthings, That is, 57861. 175: 9d. =115737 s. 
9 d. = 1388853 d. &c. 

The next Thing will be to ſhew how to bring Numbers from 
a leſſer to a greater Nenomination, which by moſt Authors is 
called (tho very improperly) 


Reduction /cending. 


This Work is the Canverſe of the laſt, and is performed by 
Diviſion, Thus, | 
RULE. 
Conſider how many of the Denomination propoſed make one of the 
Denomination required, and make that Number your Divifor, by 
which divide the Denomination propoſed ; and the Quotient twill be 


te Number required, 
EXAMPLE. 
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RE #7 57 
Let it be required to find how many Shillings and Pounds are 
contained in 85680 Pence. 
The Pence in 15. are 12) 85680 (7140s = 85680 d. 


Again the Shillings in 11. are 20) 7140 (357 1. the Anſwer re- 
quired, 


Another Example in Coin. 
How many Pence, Shillings, and Pounds, are contained in 
264859 Farthings. 
x 12) 20 
4) 264859 (66214 d. (5517s. (275 J. 


24 62 151 


— ꝗ — 


— êl —k—ʒ—.—ñ— 


08 21 117 


05 94 (17) 5. 

19 (10). | 

Remains (3) q. 5 Note, the Remainder is always of the ſame F 
1 Denomination with the Dividend. 


The laſt Quotient 275 l. together with the ſeveral Remainders, 3 
give the Anſwer required. 


Viz. 2751. 175. 10 d. 3g. = 204859 Farthings. & 
Example im Troy Weight. © 
Suppoſe it were required to find how many Prwts. Ozs. and lbs. 12 
are contained in 171333 Grains. q 
20) 12) T 
24) 171333 gr. (7138 pw. (356 (29 56. . 
168 113 24 bi 
33 138 116 
24 — 108 
— (18) pws. —— 
93 (8) oz 
72 
213 
192 


Remains (21) gr. 


Anſw. 29 1b, 8 oz. 18 pwt. 21grs, This and the laſt Ex- 
ample are the Reverſe or Proof of thoſe in Pages 43, 45. 


1. In 42905 Ounces, Averdupois weight; How many Pounds, 
& Thus, 


re- 


in 


5. 


=” $f het 
Rl ra. > W0 
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28) 4) 
Thus 16) 42905 (2681 6. (95 rs. (23 C. 
109 252 . 
. 
25 140 


(9) (21) Anſw. 23 C. 3 rs. 2116, gox, 
2. In 15966720 Inches; How many Engliſh Miles, &c. 


Anſw. 252 Miles, &c. as occaſion requiies, 

There ate many uſeful Queſtions may be anſwered by the help 
of Reduction only: As the changing of one ſort of Coin for ang- 
ther; and comparing one ſort of Meaſure with another, &c. 

For Inſtance : Suppoſe one had 347 Riædollars, at 45. 6 d. per 


Dollar; and deſired to know how many Pounds Sterling they 


make, 
347 ; 
54=the Pence in one Dollar, viz. 45. 64, = 544, 
1388 
Tm 
12) 18738d. (1561s. (787. 
67 161 
73 (1) 5. 
18 
(6) 4. 


Anſw. 7581. 15s. 6d. Sterl. are = 347 Rixdellars. 

Quęſt. 2. In 645 Flemiſb Ells; How many Ells Engliſh ? 

Note, 3 Quarters of a Yard Engliſh make one Ell Flemiſh, and 
1 4, or 5 Quarters of a Yard, is an Engliſh Ell, 


Therefore, 645 
3 = thegrs of a Yard in 1 Ell Flemiſb. 


grs in 1FEll=5) 1935 (387 Engliſb Ells for the Anſwer. 
Dueſt. 3. Suppoſe a Bill of Exchange were accepted at London, 
for the Payment of 400 J. Sterl. for the Value delivered at Amfter- 
dam in Flemiſh Money at 17. 13s. 64. for 1 Pound Sterl. How 
much Flemiſb Money was delivered at Amſterdam © 
Fir, 11. 13s. 64, = 4024. the Value of one Pound Sterl. 
at Amſterdam, | 
Then, 402 d. x 400 = 1608004, = 6701, Flemiſh, and fo 
much was delivered at Amſterdam. 


CHAP. 
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CHAP; IV. 

Of Uulgar Fractions. 5 
3 5 4 
Sect. 1. Of Notation, WE 

Fradtion, or Broken Number, is that which repreſents a Part E 

or Parts of any thing propoſed, (vide Page 3.) and is expreſ- 5 
ſed by two Numbers placed one above the other with a Line x 4 
drawn betwixt them: | 

3 Numerator, 

TY J Denominator, I 
The Denominator, or Number placed underneath the Line, 8 


denotes how many equal Parts the thing is ſuppoſed to be divided 
into (being only the Diviſor in Diviſion). And the Numerator, 
or Number placed above the Line, ſhews how many of thoſe 
Parts are contained in the Fraction (it being the Remainder after 
Diviſion). (See Page 29.) And theſe admit of three Diſtinctions: 


Proper or Simple 
Viz. Improper Fractions. 
ö Compound { 

A proper, pure, or Simple Fraction, is that which is leſs than 
an Unit. That is, it repreſents the immediate Part or Parts of 
any thing leſs than the whole, and therefore it's Numerator is 
always leſs than the Denominator. 


4 is one Fourth Part. 1s one Hale 
As 53; : is one Third Part. And 34 is two Te, &c. 


An Improper Frattion is that which is greater than an, Unit. 
That is, it repreſents ſome Number of Parts greater than the 
whole thing; and it's Numerator is always greater than the 
Denominator. 


As 4 or or 2 &c. 


A Compound Fraction is a Part of a Part, conſiſting of ſeveral 
Numerators and Denominators connected together with the t 
Word [of]. 

As ; of + of 5, Sc. and are thus read, The one Third of 
the three Feurths of the two Fifihs of an Unit. 

That is, when a Unit (or whole thing) is firſt divided into 
any Number of equal Parts, and each of thoſe Parts are 

ſubdivided 
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ſubdivided into other Parts, and ſo on: Then thoſe laſt Parts are 
called Compound Fractions, or Frattions of Fractions. 

As for inſtance, ſuppoſe a Pound Sterling (or 20 s.) be the Unit 
or Whole; then is 8s. the ; of it, and 65. the 4 of thoſe two 
Fifths, and 23. is the 4 of thoſe three Fourths ; viz. 25. of 
3 of + of one Pound Sterling, | 

All Compound Fractions are reduced into ſingle ones, Thus, 


% 
E 
* 

* 
= 
A 


rt R:U L E. 
f # Multiply all the Numerators into one another fir a Numerator, 
e i and all the Denominators into one another for the Denominator, 
| Thus the 3 of 4 of J will become . Or . 
For 1x 3 x 2 = 6 the Numerator, and 3 x 4 x 5= 60 the De- 
nominator, but Js or s of al. Sterl. is 2s. As above. 
d . * 
; Sect. 2. To Alter or Change different Fractions into 
- one Denomination retaining the ſame Value, 
g 


N order to gain a clear Underſtanding of this Section, it will 
be convenient to premiſe this Propoſition, viz. If a Number 
multiplying two Numbers produce other Numbers, the Num- 
bers produced of them ſhall be in the ſame proportion that the 
Numbers multiplied are, 17 Euclid 7. 
T hat is to ſay, If both the Numerator and Denominator of 
any Fraction be equally multiplied into any Number, their Pro- 
ducts will retain the ſame Value with that Fraction. | 


As in theſe, 2x2 2 4. Ori*3= 4 1 Se. 
3921 6 THY © 2 

That is, 2 and +. Or 3 and g. Or 3 and 42 are of the ſame 
Value, in reſpect to the Whole or Unit. | 

From hence it will be eaſy to conceive, how two or more 
Fractions that are of different Denominations, may be altered or 
changed into others that ſhall have one common Denominator, 
and ſtill retain the ſame Value, 


Example. Let it be required to change 3 and & into two other 
Fractions that ſhall have one common Denominator, and yet re- 
tain the ſame Value, 


According to the foregoing Propoſition, if 4 be equally multi- 
plied with 7, it will become 53, viz. 2X17 — 12. Again, if 3; be 
* | 3x7 21 
equally multiplied with 3, it will become 21, viz. 323 = 4, 
| 7 3 271 
© And 
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And by this means I have obtained two new Fractions, 2+ and n, 


that are of one Denomination, and of the ſame Value with the 
two firſt propoſed, viz. 41 = 42 and 7; = 3 | 


— 75 © 


And from hence doth ariſe the general Rule for bringing all 
Fractions into one Denomination. 


RU L E. 

Multiply all the Denominators into each other for a new (and 
common) Denominator. And each Numerator into all the Deno- 
minators but it's own, for new Numerators. 


Example. Let the propoſed FraQtions be 4, 2, 3, and $. 
| Then, by the Rule, 


A new Denominator And the new Numerators will 
will be thus found. be thus found, 

3 I, 2. 3. 6 

= A 5 3 3 3 
15 5 6 9 18 

4 4 4 5 5 

60 20 24 45 90 

2 —. — ymuner 

420 140. 1068. 315. 300 


Hence 420 is the common Denominator; and 140. 168 . 315. 


360, are the new Numerators, which being placed Fraction- wiſe 
are 428 + 428 . 448 . 128, the New Fractions required. 


That is, 240 =L 08 2. 315 —3, and 399. ® 
420 3 420 5 420 4 420 7 


——_ 


Sect. 3. To bring mix'd Mumberg into Fractions, and 
Ihe contrary. ; 


M IX' D Numbers are brought into improper Frans by the 
following Rule, 
| RULE. 


Multiply the Tntegers, or whole Numbers, with the Denomina- 
tor of the given Fradtion, and to their Product add the Numerator, 
the Sum will be the Numerator of the Fraction required. 

Example. 9 * by the Rule will become . For * 5 = 4. 

And, * ++ = , the improper Fraction required. 
Again, 13 x5 will become 22, For 13 x 15 = 181. 

And g. And ſo for any other as occaſion requires. 

To find the true Value of any improper Fraction given is only 
the Converſe of this Rule, For if Þ = 9 , as before is m_—_ : 

en 


8902 21081 


S el 


W 


4 
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Then it follows that if 49 be divided by 5, the Quotient will 
give 9 F. And if 206 be divided by 15, it will give 13 i, Sc. 
bay it follows, that 

If the Numerator of any improper Fraction be divided by it's 
Denominator, the Quotient will difcover the true Value of that 


Fraction. 
EXAMP L E 8, 
N= 5. And , =45, And 28: Or T = 3 4, &c. 
Whey whole Numbers are to be N Fraction- wiſe, it is 
but piving them an Unit for a Denominator. Thus 45 is * 
9 is 7, and 25 is *, &c. 


— — — »„— 


Sect. 4. To Abbꝛeviate r Reduce Fractions 11 
their Loweſt or Leaſt Denomination. 


HIS is done, not out of any neceſſity, but for the more 

convenient managing of ſuch Fraetons as are either propoſed 
in large terms; or ſwell into ſuch, either by Addition or other- 
wiſe: beſides it is moſt like an Artiſt to expreſs or ſet down all 
Fradtions in the loweſt terms poſſible; and to perform that, it 
will be neceſſary to conſider theſe following Propoſitions. 


Numbers are either Hꝛime or Compoſed. 


1. A Prime Number is that which can only be meaſured by | 
an Unit. Euclid 7. Defin. 11. 

That is, 3, 5, 7, 11, 13, 17, c. are ſaid to be Prime Num- 
bers, becauſe it is not poſſible to divide them into equal Parts by 
any other Number but Unity or 1. 


2. Numbers Prime the one to the other, are ſuch as only an 


Unit doth Meaſure, dein their common Meaſure. Euclid 7. 


Defin, 12. 

For inſtance, 7 and 13 are Prime Numbers to each other, 
becauſe they cannot be divided by any Number but an Unit. 
And 9 and 14 are alſo Prime Numbers to each other, for altho” 
3 will meaſure or divide ꝙ without leaving a Remainder ; yet 3 
will not meaſure 14 without leaving a Remainder : Again, altho' 
2 Will meaſure 14 without any Remainder, yet 2 will not mea- 
ſure 9 without leaving a Remainder, c. 


3. A compoſed Number is that which ſome certain Number 

meaſureth. Euclid 7. Defin. 13 
For inſtance, 15 is a ompales Number of 3 and 5, for 5 x 3 
= 15, conſequently 3 or 5 wo 1 juſtly meaſure 15. Alſo 20 
19 


— 


at en 1 _—_- 
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is compoſed of 5 and 4, viz. 5 * 4 = 20, therefore 5 and 4 will 


each juſtly meaſure 20. 


4. Numbers compoſed the one to the other, are they which 
ſome Number, being a common Meaſure to them both, doth mea- 
ſure. Euclid 7, Defin. 14. 

That is, if two or more Numbers can be divided by one and 
the ſame Diviſor; then are thoſe Numbers ſaid to be compoſed 
one to another, 

For Inſtance, 14 and 21 are Numbers compofed the one to 
the other, becauſe they can both be meaſured or divided by 7. 
For 7x 2 =14, and 7x 3 2 21; therefore 7 is a common Mea- 


ſure to 14 and 21. So that if 45 were propoſed to be abbrevi- 
ated, it will become 3. 


Thus f / ——_— 


And how thoſe greateſt common Meaſures may be found 
comes from Euclid 7. Prob. 1, 2, 3, and is thus: 


RU LE. 


Divide the greater Number by the liſſer, and that Drvifor by the 
Remainder (if there be any), and jo on continually until there be no 
Remainder lift : Then will that laſt Diviſor be the greateſt common 
Meaſure (and if it happen to be 1, then are thiſe Numbers Prime 
Numbers, and are already in their loweſt Terms; but if otherwiſs) 
Divide the Numbers by that laſt Diviſor, and their Ouotients will 
be their leaſt Terms required. 


EXAMPLE. 


Let it be required to find the greateſt common Meaſure of 72 
and 108, viz. of s. | | 


72) 108 (1 
72 
736 77 (2 f Here becauſe there is no Remainder; 
1 36 is the greateſt common Meaſure. 
(6) 
| 36) 72 =2 7 Hence vas is abbreviated 
T herefore, 0 36) 10 = JF to 5 the loweſt Terms. 


Again, to find the greateſt common Meaſure of 744 and 899. 
Thus, 
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\ Thus, 744) 899 (1 Fo 
3 
155) 744 (4 
620 
124) 155 (1 
. 
31) 124 (4 
124 
(o) 


Here 31 is found to be the greateſt common Meaſure by which 
744 oe 899 may be abbreviated to 24 and 29 their loweit "Terms, 
Thus, 43) 282 (= 7, Ec. 

Note, If the propoſed Numbers be even, they may be brought 
lower by a continued halfing of them, ſo long as they can be 
halfed, viz. divided by 2. 

EXAMPLE... 
It is required on Reduce 455 to it's leaſt Terms. 
Firſt, 2) 45 (= 233. Again, 2) 42 (211. 

This done, you * perceive that 7 will be the common Meaſure 
to 14 and 21, wiz. 5) 21 (3, &c. 

Tf the Numbers propoſed to be reduced have each a Cypher, 


or Cyphers annexed to them, they will be abbreviated by cutting 
off a like Number of e from both. 


Thus, 8 will be 155 And 329 will be 3, Cc. 


O — IS — 200 —2 G O — 5 — 8 — 
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Sect 5. Addition / Fractions. 


HAT hath been done by the Rules in this Chapter, is 
chiefly to prepare and fit Fractions of different Denomina- 
tions for Addition or Subtrattion, as Occaſion requires, viz. If 
they are Compound Frattions, they muſt be reduced to Simple or 

Pure Fractions, per Rule, Sect. 1. 

If they are of different Denominations, they muſt be altered or 
changed, per Rule, Sect. 2. 

That is, all Fra&ions muſt be brought into one Denomination 
before they can either be added or lubtracted; and that being 
done, Addition is thus performed. | 


RULE. 
Add together all the Numerators, and their Sum will be a New 
Numerator, under which ſubſcribe the Common Denominator. 
| 2 xamples 


— A_ _ 
— — 
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Examples in Simple Fractions. 


Let it be propoſed to add 3, 2, and + together, Firſt, £ 
= 385 and 4 — — ST» per Sea. 2. 


Then 32 oÞ 2: 5 + 55 = #2, the Sum required, which according to 
Section 3, is 1 29, VIZ, £2 = 1 32, 


Examples in Compound Fractions, 


Let it be n to add 5 and 3 of 4 into one Sum. FN 2 of } 
becomes 7 TE or + per Se. 1. And (per Sect. 2.) q and 4 is £; nd Yas 


wiz. 3 A, and 4 =7;; but V5 + £5 = Ii the Sum required, Dix. 
3 +3 of 1 = 14 


Examples in mixed Numbers. 

It is required to add 5 2 to 7 A, theſe per Sect. 3. will be and . 
But g and A will become 5; and 4 per Sect. 2. Then 14 + 23 = 
2.6.1, and fr = 13 Ft; the Sum required. 

Or you may bring only the Fradtions to one Denomination, 

Thus, 5 4 and 7 2 will become 5 1 and 7 . 

Then 5 4; +7 4; =12 47. That is, 13 1. As before. 


*— 


e ST 


Sect. 6. Subtraction / Fractions, 
| R UL. E. 


| CUB TRACT one Numerator from the other (according as the 


Queſtion requires) and their Difference will be a new Nume- 
rator, under which ſubſcribe the Common Denominator, as in 


Addition. 
ES MELEE 8: | 
Let it be required to take 3 out of 3. Firſt 3 and 5 per SeR. 2. will 


become 34 and 34 ; then 27 — — ++ = 43, that is, 7 — 3 2 54. As 


was ani. 
E * A MP L ZE 2. 
It is required bo ſubtract 3 of 5 from 41. Firſt, 3 of 5 = 45 per 


Sect. 1. Again 27 and 43 will bond 35 and $76" per Sect. 2. 
Then 455 — 755 = N. 


EXAMPLE . 

From 63 ſubtract 3 29. Firſt, 0 Fog = 'Y: , and 3 2 per 
Rule Sect. 3. Again, 4 45 — 2352, and u = 422+, per Rule Set. 2. 
Then, 3% — £224 = n = 2 353 = 2 35, Or otherwiſe 5 

Un, 


C 
S 


8 
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Firſt, 6 5 5 2, then bring $ and 33 into one Denomination, vix. 
5$=55zz and 33} 3385. 

Then 5 43% — 435i 2 238512 2413. As before. 

ERS MEPLE:; 

Let it be required to ſubtract 3 of 5 of 5 from 7. 
Firſt, 3 of of =. And 7 =6 432. 
Then 6 452 — , = 6 1g = 6 = 7 — of 5 of 3. As was 
required. 

If theſe few Examples be well underſtood, the whole Buſineſs 
of adding and ſubtracting Yulgar Fraims will be eaſy ; which 
is really much more difficult to perform than either Multiplica- 
tion or Diviſion ; as will appear in the next Section. 


© "PAY 


ite Aud. * 4 —_ 
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Sect. 7. Multiplication / Fractions, 


N order to perform either Multiplication or Diviſion, you muſt 
prepare the Terms to be multiplied (or divided) thus; reduce 
Compound Fractions to Simple ones, per Sect. 1. Bring mixed 
Numbers into improper Fractions, and expreſs whole Numbers 
Frafion-wiſe, per Seft. 3. Allo it will be convenient to abbre- 
viate-them to their ſmalleſt Terms, when it can be done. Then 
Multiplication may be thus performed, 
Multiply the Numerators one into another for a new Nu- 
Rule. Ur, ; and the Denominators one into another for a new 
Denominator. As in theſe 


EXAMPLES. 


1. The Product of 2 into 4 =-*;. That is, 5 : = 5 
2. And the Products of , into 375 = 159. Or 12 


3. Again, the Product of Jr into 4 of 5 , Or Fr · 
For 2 of 5 = 353. Then 7; x 33 u = Fro 
4. Let it be required to multiply 6 with 3 3. Theſe prepared for 
the Work will ſtand thus, T x g. | 1 
vix. 6 =$ and 34 l. Then r x „ 134, or 203. 
Or, otherwiſe thus 6 x 3 2 18. And q * G = = 23. 
Then 18 ＋ 25 203. As before. 
5. Let it be required to multiply 7 + with 5 3. 
Firſt 7 # N and 53 = . Then * N = 243% = 40 33. 
Now the Reaſon of this Rule for multiplying of Fractions, 
and conſequently of theſe Operations, and all others performed by 
it; will be evident from this following. * 
12. 


[ 
| 
(| 
| 
j 
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Viz. If + be multiplied with 4 acccording to the Rule, their Pro- 
duct will by 41. But 1 =8. 


Now : 2, ind 24 = 4 per fot: 3. But4x2=8. Ergo, &c. 


Set, 8, Diviſion of Fractions, 


HE 7ra#:ns being firſt prepared as before directed, Divifion 
may be thus performed : 


Mulliply the Numerator of the Dividend into the Deno- 
Rul minator of the dividing Frattion for a new Numerator : and 
multiply the other Numerator and Denominator together for a 

new denominator. 


EXAMPLES. 


1. Let , be divided by 3, wiz. 3) Y, (7 = + the Quotient. 
That is, according to the Rule 6 x 7 = 42 the new Numerator, and 
35x3 =105, the new Denominator, Sc. as above. 
2. Let it be required to divide 39 by . vizi Ii) 17 (452 =1 4» 
For 12 x 20 = 240 the new Numerator, and 27 x 5 =135 the new 
Denominator. 
3. Suppoſe it were required to divide r by 3 of 5. 
. Firſt, 2 of 5 = g. Then ) Fr ( 
4. Let 20+ be divided by 3 +; wiz. 
For 20 3= 141, and 31 = g. Then +7) 54 (= 6 the Quotient. 
5. Let it be required to divide 40 34 by 5 3. | 
Firſt, 40 35 z, and 5 3 = N. Then ) 237 (L732z 
But *Z= = 7 5 the true Quotient required. 
6. Suppoſe it were required to divide 13 by 5. 
Firſt, 13 = . Then 5) + (+ =18 4, the Quotient. 
7. Again, let it be 3 to divide + by 6. 
Viz. ) + (1 for the Quotient required. 


— 


SK. 
1 


N. B. From hence you may obſerve, that when any whole 
Number is divided by a Fraction leſs than Unity or 1, the Quo- 
tient will be greater than the Number propoſed to be divided: 
But if any Fraction be divided by a whole Number, greater 


than 1, then the Quotient will be leſs than the Dividend: As in 
the two laſt Examples. 


As 
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As to the Reaſon (or Proof) of this Rule for dividing Fractions: 
It is only the Coreg to that of Multiplication, and will be very 
evident from this following. | 

Let #* be divided by $. Which according to the Rule is 
thus, ) 4 (3% = 4. The true Quotient. Now $$ = 8. And 

= 2. per Set. 3. Conſequently divided by & is but the 
ſame with 8 divided by 2; viz, 2) 8 (4; The Quotient as 
before. | | 

I could have inſerted Geometrical Demonſtrations, for the Rules 
of Multiplication and Diviſion of Fractions; but ſuppoſing the 
Learner purely unacquainted with thoſe kind of Demonſtrations, 


TI thought theſe might be more intelligible to him, eſpecially in 
this place. 


CHAP: . : 
Of Dectmal Fractions. 


HEN, or by whom, this excellent Invention of Decimal 
Arithmetick, was fir/t introduced is uncertain ; but doubtleſs 
it's Improvements, and the Perfections it is now in, is owing to lat» 


ter Years, 
| Sect. 1. Of Notation; 


JN Decimal Frafions, the Integer or whole Thing (whether it 
be Coin, Weight, Meaſure, or Time, &c.) is ſuppoſed to be 
divided into Ten equal Parts; and every one of thoſe Ten Parts 
are ſuppoſed to be ſubdivided into other Ten equal Parts, &c. ad 
infinitum. | : 
The Integer being thus divided (Ly Imagination) into 10, 100, 
F000, 10000, Ec. equal Parts, becomes the Denominator to the 
Decimal Fractionl. | 


* Thus, 10 rs · 70 8 10· TY 608» S 
Now theſe Denominators are ſeldom or never ſet down, but 


only the Numerators ; and thule are either diſtinguiſhed, or ſepa- 
rated from whole Numbers by a Point or a Comma. 


Thus, 5,4 is 5 15. and ©,7 is W. 35,05 is 35 188, Ce. 
But before we proceed further in Notation, it will be conveni- 
ent for the Learner to conſider the following Table, (taken out of 
the learned Mr Oughtred's Clavis Mathematica) which ſhews the. 
very Foundation of Decigzal Fractians. Fo 
L Whats 


825 _— — :v—— , 
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Iihole Numbers, Decimal Parts. 
JJ. ͤ $$ -0 
S8 & V S 
SES EYSS SLES 
y & & Y D © 
F . wg 2-0 
Babs F 
> 1 
8 „ ß 
EC KN OD 
8 A 


By this Table it is evident, that as in whole Numbers or Inte- 
gers, every Degree from the Units Place increaſes towards the 


left-hand by a Ten- fold Proportion : So in Decimal Parts every 


Degree is decreaſed towards the right-hand by the fame Propor- 
tion, viz. by Tens. 


Therefore theſe Decimal Parts or Frattions, are really mare 


Homogeneal, or agreeing with whale Numbers, than Vulgar Frac— 


tions; for indeed all plain Numbers are in effect but Decimal Parts 


one to another. 


That is, ſuppoſe any Series of equal Numbers, as 444, Cc. 


The firſt 4 towards the Left is Ten times the Value of the 4 in 
the middle, and that 4 in the middle is Ten times the Value of 
the laſt 4 to the Right of it, and but the Tenth Part of that 4 on 
the left, Ec, : 


Therefore all or any of them may be taken either as Integers, 


or Parts of an Integer: If Integers, then they muſt be ſet down 
without any Comma or ſeparating Point betwixt them thus, 444 
But if Integers, and one Part or Frafiom, put a Comma betwixt 
them thus, 44,4 which ſignifies 44 whole Numbers, and 4 Tenths 
of an Unit : Again, if two Places of Parts be required, ſeparate 
them with a Comma thus, 4,44 viz. 4 Units, and 44 hundre 
Parts of an Unit, Oc. | 

From hence (duly compared with the Table) it will be eaſy to 
conceive that Decimal Parts take their Denomination from the 
Place of their laſt Figure. 


55 = 10 


That is, ö „56 = 18 f Paris of an Unit, &c. 


5056 es 


Cyphers 


3 


1 * 1 
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© Cyphers annexed to Decimal Parts, alter not their Value. As 
„50, and ,500, or ,5000, Cc. are each but 5 Tenths of an Unit. 


For n = n And $355 = % -’ Or v = 1e · Per Sect. 4. 


of the laſt Chapter. | | 
But Cyphers prefixed to Decimal Parts decreaſe their Value, by 
removing them further from the Comma. 


5 = 5 Tenth Parts. 
,05 = 5 Parts of a Hundred. 
,005 = 5 Parts of a Thouſand. 
,0005 = 5 Parts of Ten Thouſand, &c. 


Conſequently the true Value of all Decimal Parts are known by 
their Diſtance from the Unzts Place; the which being once right- 
ly underſtood, the reſt will be eaſy, - 


Thus, 


1 
— —— 


Sect. 2. Addition and Subſtraction «f Decimals. 


I ſetting down the propoſed Numbers to be added, or ſub- 
tracted, great care muſt be taken in placing every Figure di- 
rectly underneath thoſe of the ſame Value, whether they be mix'd 
Numbers, or pure Decimal Parts, and to perform that you muſt 
have a due regard to the Comma's, or ſeparating Points, which 
ought always to ſtand in a direct Line one under another; and to 
the Right-hand of them carefully place the Decimal Parts, accord- 
ing to their reſpective Values, or Diſtances from Unity. Then 


and from their Sum, or Difference, cut off ſo many Decimal 


Add or ſubtract them, as if they were all whole Numbers; 
Rule 
| Parts as are the moſt in any of the given Numbers. 


EXAMPLES in Addition. 
Let it be required to find the Sum of theſe following Numbers, 


viz. 34,5 + 65,3 ＋ 128,7 ＋ 95 f 87,8 + 7,9, which being 
wuly placed, will ſtand 


779 
Their Sum required, 41,2 


I 2 EZFXAMPLE 
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EXZAI#MEFLE 2. 
Let it be required to find the Sum of 25,854 ＋ 34,578 + 
9,076 ＋ 13,907. 


_ Li T 


„6 — 2 


25,854 
34,578 
9,76 
13.907 
83, 415 The Sum required. 


When the Decimal Parts propoſed to be added (or ſubtracted) 
have not the ſame Number of Places, you may for convenience 
of Operation ſupply or fill up the void Places, by annexing Cy- 
phers. As in theſe Examples. 


EXAMPLE 3 EXAMPLE4 EXAMPLE 5. 


45,0700 574078953 0,975042 
50,75 80 95˙796430 745257 
123,057 78, 5 4600 „000598 
74,7020 54,7 89000 „8007 oo 
24,8000 8,9000c0 56405 30 
318, 3357 812,218983 3,1062727 


EXAMPLES in Subſtraction. 


Let it be required to find the Difference between 45,375 and 


74,284. ä 
EXAMPLE1T. EXAMPLE2, EXAMPLE 3. 


n : From 74,284 From 437,5 From 75,0034 
That is, Tate 75 275 Take 89,605 Take <7,875 


Remains 28, 909 347,047 "IT 
EXAMPLE 4. 
Let it be required to find the Exceſs between 562 and 93,578 4 


EXAMPLE4L EXAMPLE 5. 


. From 562, From 345, 7578 
That is, Take 93.884 Take 157, 
The Exceſs 408, 4210 188.757 


Note, The two laſt Examples are ſuppoſed to be ſupplied with 
Cyphers, ge if actually done would fland thus, 
562,0000 34537578 
93,5784 I 57,0000 


Remains 468,4216 As before, 188,7 578 
Nemains 40, 4210 4 | EXAMPLE 


- 
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, ͤ &  #X#MPLE: x5. 
+ From 0,547893 From 1,000000 
D Take 92439788. Take _0,997543_ 
By: 0,108135 0, 002457 
4 The Proof of Addition and Subtraction in Decimals, is the 
ſame with that of whole Numbers, page 13, Sc. 
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Sect. 3. Multiplication / Decimals. 
WI ETHER the Factors or Numbers to be multiplied are 
pure Decimals, or mixed. Multiply them as if they were 
aul whole Numbers, and for the true Value of their Product ob- 
ſerve this 


5 Cut off (viz. ſeparate with a Comma) ſo many Places 
Rule 


1) 
-E 
= 


9 1 — 66 9 * 


n 
wo as. ERS, 


of Decimal Parts in the Product, as there are in both 
the Factors accounted together. As in theſs : 


EXAMPLE 1. EXAMPLE 2, 


3,024 32,12 
2,23 24.3 
— —— — 
90 72 9030 
*Y 604 8 | 128 48 
d i 6 048 | 6424 
I 0,743 52 780,51 6 
3 The Reaſon why ſuch a Number of Decimal Parts muſt be 
4 cut off in the Product, may be eaſily deduced from theſe Ex- 
| 4 amples. Thus, 
In Example 1. It is evident, that 3, the whole Number in 
the Multiplicand, being multiplied with 2, the whole Number 
in the Multiplier; can produce but 6 (viz. 3 x 2 = 6). So that 
of neceſſity all the other Figures in the Product muſt be Deci- 
mal Parts; according as the Rule directs, 

Or, the Rule is evident from the Multiplication of whole Num- 
bers only: Thus, ſuppoſe 3000 were to he multiplied with 200, 
their Product will be 696000p; That is, there will be ſo many 
Cyphers in the Product, as are in both the Factors. (Vide page 18.) 
Now if, inſtead of thoſe Cyphers in the Factors, we ſuppoſe the _ 
like Number of Decimal Parts ; then it follows, that there ought 
to be the ſame Number of Decimal Parts in the ProduR, as there 
were Cyphers in the Factors. | MEAT LEM 

Again, the Rule may be otherwiſe made evident from 
Vulgar Fractions, thus: Let 32, 12 be multiplied with 34-3, 
29 7 | an 
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and their Product will be 780, 516 as in Example 2, above. 
Now 32,12 = 32 rc. and 24,3= 24 Fe. which being brought 
into Improper Fractions ( per Se. 3. page 50. ) will become 
32 ies = D. and 24 1 = 22, 

Then Fu x 7% = "$8836, per Sect. 7, page 55. 


But 2188ü = 780 188. viz. 780,516, as before. 


62 


Any of theſe three Ways do, I preſume, ſufficiently prove the 
Truth of the aboveſaid Rule, &c. 


EXAMPLE z. EXAMPLE 4. 


5 5745 
90075 
471270 28725 
235638 40215 
1. 1 
34246,056 387, 7875 


N. B. It ſometimes falls out in multiplying Parts with Parts, 
that there will not be ſo many Figures in the Product, as there ought 
to be places of Decimal Parts by the Rule: In that Caſe you muſt 
ſuppiy their Defect by prefixing Cyphers to the Product; as in theſe 
Examples. | | 


EXAMPLE 5, EXAMPLE 6. 
52365 0347 
2435 0236 
11825 r 
7095 1041 
9460 3 
. 50008 1892 
505758775 


When any propoſed Number of Deeimals is to be multiplied 
with 10 ; 100. 1000. Io0000, Oc. Tt is only removing the 
ſeparating Point in the Multiplicand, ſo many places towards 
the Right-hand, as there are Cyphers in the Multiplier, 


Thus, „578 x 10 = 5,78. And, ,578 x 100 = 57,8. 
Again, ,578 x 1000 = 578. Or, ,578 x 10000 = 5780. 


| "+. "Theſe 


_ 
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63 
1 Theſe things. being conſidered, it will be eaſy to multiply 
t Decimals, and determine their true Products. As in theſe fol- 
c lowing Examples, 


57,056 multiplied-into 0,578 will produce 32,978368 
7,65 43 into 5,4246 will produce 41,52151578 
o, 56879 x 0,05674 = 0,03227 31446 
0 0,032460 x 0,02304 = GOO 903544 
87649 x 0,03687 = 3231,61863 
94,35786 x 6,57869 = 620,7511100034 
3141592 x 52, 7438 = 165, 6995001296 


Now it oftentimes happens, that it will be needleſs to expreſs 
all the Figures of the Product at large, (eſpecially, when the 
Factors have each of them many places of Decimal Parts, as in 
the two laſt Examples) only ſo many of them as may ſuffice for 
the intended Deſign ; and yet the Product may be as true to ſo 
many Figures as are retained, as if the Factors had been multi- 
plied at large. And ſech compendious Contractions are not on- 
ly of Curioſity, but may alſo be found of great Eaſe and Uſe to 
the ingenious Practitioner; eſpecially in reſolving adfected Equa- 
tions, or in calculating of Trigonometrical Problems by the 
Natural Sines and I angents, Fc. All which may be thus per- 
formed. | 


Viz. Set the Unit's Place of the Multiplier diradily underneath 
that Figure of the Multiplicand, whoſe Place you iutend to keep in 
the Product; and place all the other Figures of the Multiplier in a 
= guite contrary Order to the uſual way. Then in multiplying, always 
begin at that Figure of the Multiplicand which ſtands over the Vi- 
= grre wherewith you are then a multiplying, ſetting down the firſt 
+ Figure of each particular Product, direfly underneath one another; 
= yet herein you muſt have a due Regard to the Increaſe which would 
= ariſe out of the two next Figures to the Right-hand of that Figure in 
= the Multiplicand which you then begin with, 


* 
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2 EXAMPLE. 

2 Let it be required to multiply 3, 141592 with 52,7438 and 
let there be only four Places of Decimal Parts retained. in th 
Product, 


If the propoſed Numbers were to be multiplied at large they 
Z- muſt ſtand in a direct Order as uſual. 


8 @ 8. 


Thus 35141592 And would produce ten Places of 
hs 52,7438 Parts, as in the laſt Example. 


. But 


_—_— — 
ih. Afi. 


Part I. 
But ſeeing it is required to have only four Places of thoſe Parts 


in the Product, ſet them down as before directed, and they will 
ſtand 


Thus 3 3141592 The Multiplicand placed as before, 
C5347,25 The multiplier in a reverſe Order. 
1570796] The Product with 5, regard had to 5; times 2. 
62832] The Product with 2, increaſed with ꝙ x 2. 
2199i} Product with 7, increafed with 5 x 7 +9 x 7. 
1257 Product with 4, increaſed with ix 4＋5 X44. 
94 Product with 3, increaſed with 4 * 3. * , 
225 Product with 8, increaſed with 4x & TIXx 8. 
105, 095 The true Product as was required, 4 
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8 


ky kd Wwd ww kc; . 


The Reaſon of this Contraction is very obvious from the whole 
Operation' wrought at large. 


wm HO; 

t 52,7438 From hence it is evident, that all the 
2532730 Figures in the Square to the Right- hand, ' 
94124770 | are wholly omitted in the former Contrac- | 

12566368 tion; and that the laſt ſingle Produt |} * 

2 1991] 144 here, is the firſt there; conſequently the | 

6 2831184 Reaſon of placing the Multiplier in « re- 

157 0796} | verſe Order, muſt needs appear very plain. 
165,6995 001290] | | | 


EXAMPLE: 4. 


Suppoſe it were required to multiply 257,356 with 76,48 and 
10 have only the entire Product of integers, 


257,256 6 
82 2 The ſame at large þ bd 


18015 20058848 
1544 10219424 
103 | 154411306 
20 18014192 i q 
19082 19682, 58688 | 


hoy LR p * 
— — P ob my. 
” He CIA” „ 
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The chiefeſt Care and Difliculty that attends theſe Contrac- 
tions, is the true ſetting down of the Units place in the Multi- 
plier underneath the proper Figure of the Multiplicand, accord- 
ing to the deligned Product. 


hog «6s = 


Vis. 


0 


| - 
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Viz. In Example 1. It was required to have four Places of 
Decimal Parts in the Product ; therefore the Unit's Place of the 
Multiplier, was ſet under the fourth Place of Decimals in the 
Muitiplicand : And in Example 2, becauſe it was required to 
have an entire Produ of Integers only ; therefore the Unit's 
Place of the Multiplier, was ſet under the Unit's Flace of the 
Multiplicand. This, I fay, being once rightly underſtood, will 
render the Method eaſy in Practice. 


— „ I CCC n 


Sea. 4. Diviſion of Decimals. 


D IVISION is accounted the moſt difficult Part of Decimal | 


Arithmetick : In order therefore to make it plain and eaſy, 
it will be convenient to reſume what has been ſaid in page 25. 


The Duotient Figure is always of the ſame Value or Degree 
Viz, mY that Figure of the Dividend, under which the Unit's 
Place of it's Product ſtands. 


As for Inſtance, Let 294 be divided by 4. 


This is not 7 but 70, becauſe the Units 
4) 294 (7 Place of 4 x 7 ſtands under the Tens Place 
28 of the Dividend, | 
14 (3 But this is only 3. 
12 


Remains (2) Hence 73 is the Quotient, 


Now if to the Remainder 2 there be annexed a Cypher (thus, 
2,0) and then divided on, it muſt needs follow that the Unit's 
Place of the Product ariſing from the Diviſor into the Quotient, 
will ſtand under the annexed Cypher; conſequently the Quotient 
Figure will be of the ſame Value or Degree with the Place of 
that Cypher : But that is the next below the Unit's Place, there- 
fore the Quotient Figure is of the next Degree or Place below 
Unity; That is, in the firſt Place of Decimal Parts, 


Thus 4) 2,0 (,5 
So that 4) 294, 0 (73,5 the true Quotient required. | 
This being well underſtood, Diviſion of Decimals may (in all 
the various Caſes) be eaſily performed. However, that it may be 


rendered plain and eaſy even to the meaneſt Capacity, if poſſible; 
Let Diviſion be again defined, as in page 21, 
: K 


Vir. 


N 
— 
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' Viz. If that Number which divides another, be multiplied with | 
the Number which is quoted, their Product will be the Number di- 1 | 
vided, | | 

. "A 2 . 2 57 
This Definition alone (if compared with the Rule, page 61.) 1 

will afford a general Rule for diſcovering the true Value of the 

Quotient Figure in Diviſion of Decimals. 


ü The Place of Decimal Paris in the Diviſor and Quotient, 2 
| Rule being counted together, muſt always be equal in Number with 
— thoje in the Dividend. And from this general Rule ariſeth 


** 
n i 4 


four Caſes. { 8 
Caſe 1. When the Places of Parts in the Diviſor and Dividend — 80 
are equal, the Quotient will be whole Numbers. 1 
As in theſe Examples. F 
8,45) 295575 (35 0,007B) ,4368 (56 3 
2535 390 2 
42 25 468 
42 25 468 
(0) (0) | 
Caſe 2, When the Places of Parts in the Dividend exceed 
thoſe in the Diviſor ; cut off the Exceſs for Decimal Parts in the 
Quotient, As in theſe Example:. 
24,3) 780,516 (32,12 435) 34246,056 (78,546 
29 3052 _ | 
515 3726 
486 3488 
291 2380 
243 2 2180 
"ao 5534) , 30438 (,57 2009 
486 AN. 2000--- 
(9) 3738 2616 


' Cafe 3. When there are not ſo many Places of Parts in the 
Dividend, as are in the Diviſor; annex Cyphers to the Dividend 
to make them equal. Then will the Quotient be whole Num- 
bers, as in Caſe 1. e 2 7 


Chap. 5. Of Decimal Fractions. 6 
| EXAMPLES. 
| 2 it be required to divide 192,1 by 7,684, and 441 by 
S 57875. 
4 7,684) 192, 100 (25 7875) 441,0000 (560 
1 153 68 30325 
2 38 420 47 250 
& 38 420 _47 250 _ 
(0) (0) 


N | Caſe 4. If after Diviſion is finiſhed, there are not ſo many Fi- 
: gures in the Quotient, as there ought to be Places of Parts by the 
general Rule; ſupply their defect by prefixing Cyphers to it. 


EXAMPLES. 
Let it be required to divide 7,25406 by 957. 
957) {+25400 (,00758 the true Quotient required, 


699 _ | | 
5550 Again ,575) ,0007475 (,0013 
4785 575 
"7656 1725 
7656 1725 
(0) (0) 


Note, When Decimal Numbers are to be divided by 10. 100. 
1000. 10000, Cc. that is, when the Diviſor is an Unit with 
Cyphers ; Divifion is performed by removing or placing the ſe- 
parating Point in the Dividend, ſo many Places towards the 
Left-hand, as there are Cyphers in the Diviſor. 


EXAMPLE. | 


10) 5784 (578,4 100) 578,4 (57,84 
1000) 5784 (5,754 10000) 578, 4 (,05784 


Note, Theſe Operations are the direct Converſe to thoſe in page 62. 


I preſume it needleſs to give more Examples at large; only I 
ſhall inſert a few Dividends, and Diviſors, with their Quotients, 
wherein are contained all the Varieties that can happen in Divi- 
lion of Decimals. 


574) 493 066 (859g $274) 49,3906 (8,59 
574) 483,066 (,859 5,74) 493065, (55900 
574) 49,3960 (,0859 0574) 493,0665 (8590 
574) 4930, 6 (859 30574) 2493060 (8,59 
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* 
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There is alſo a compendiqus Way of contracting Diviſion, like 


_ 


that of Multiplication, page 64, by which much Labour may be 5 

ſaved; eſpecially when the Diviſor hath many Places of Decimal A 

Parts init: And it is thus performed, 11 

Haying determined how many Places of whole Numbers there 4 

wil! be in the Quotient, if any at all; or if none, of what Value x 

or Place the firſt Figure in the Quotient will be: Then omit, or 17 

prick off one Figure of the Diviſor at each Operation; viz. for 7 

every Figure you place in the Quotient, prick off one in the Di- Ei 
viſor ; having a due Regard to the Increaſe which would ariſe = " 
ſrom the Figure ſo omitted, 4 = * 
EXAMPLE. | 
Let it be required to divide 70, 23 by 7,9863. | c 

| 5 45 

The Work contracted. The ſame at Length. * 

7.9863) 70,2300 (8,7938 7,9863) 70,2300 (8, 7938 . 

IT 63 8904 63 8904 f a 

6 33900 [| 633960 12 

5 5904 5 5904|r_ . ; 

74924 ; 7491120 14 

7187 71847 77 

305 304230 F 

239 | 2351589 1 

66 | 6412410 "ij 

EF _63]6904 15 

(2) | BT sOο . 


The Work contracted I preſume is ſo obvious (if compared 


with the ſame at large) that it is needleſs to give any farther Ex- 
planation of it, P 


i. 
ä 


W 


Sect. 3. To Reduce Aulgar Fractions 12% Decimals, 


aud the contrary. "4 


ANY Vulgar Fraction being given, it may be reduced, or ra- 
ther changed into Decimal Parts equivalent to it. Thus, 


Annex Cyphers to the Numerator, and then divide it by 

the Denominator, the Quotient will be the Decimal Parts 

Rule equivalent to the given Fraction; or at leaſt /o near it as 
may be thought neceſſary ts approach. ts 
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Chap. 5. 


Of Decimal Fractions. 69 
EXAMPLE. 


It is required to change or reduce à into Decimals. 
4) 3,00 (,75 The Decimal Parts required. 
That is, 1 = = 375. 
Again 1 2,5; thus 2) 1,0 (,5. And g = 25; 4) 1,00 (,25. 
Suppoſe it were required to change? into Decimals, 
7) 4,0000000000 (,5714285714 Sc. =}. 

Note, When the laſt Figure of the Diviſor, (that is, the De- 
nominator of the propoſed Fraction) happens to be one of theſe 
Figures; viz. 1. 3. 7. org. (as in the Example) then the De- 
cimal Parts can never be preciſely equal to the given Fraction ; 
yet by continuing the Diviſion on, you may bring them to be 
very near the Truth, As in this Example; Suppoſe it was re- 
quired to change ; into Decimal Parts. 


r „ 


13) 1,0000 (, 7692307692307 c. ad infinitum. 


91. 
yo That is, 0,07692307692307 = x7, fere. 
78 ek 
120 And ſrom hence it may be farther 
117 obſerved ; that in theſe imperfect Quo- 
30 tients, the Figures do return again and 
26 circulate in the ſame Order as before: 


as you may eaſily perceive they begin 


= todo in the ſeventh Place of both theſe 
os laſt Examples. 


&c. As at firſt. 


Theſe being underſtood, it will be eaſy to find the Decimal 
Parts equivalent to any known Part or Parts of Coin, Weights, 
Meaſures, Time, Cc. If you firſt reduce the given Parts of Coin, 
Sc. into a Vulgar Fraction, whoſe Denominator is the Number 
of thoſe known Parts contained in the Integer, and the given 
Parts it's Numerator, 


Examples in Coin, &c. 

1. Let it be required to find the Decimals of 16s. 6d. Firſt 
16s. = 48 of one Pound, and 6d. = 77 of 1/. | 

But 33 ＋ 26 = 33. Then 40) 33,000 (, 825 the Decimal 
Parts required: That is, B25 = 165. 64. 

Again, Suppoſe it were required to find the Decimals equal to 
31. 135. 4d. 2 | 
W Here 


o 
ay 
x? 
3. 
þ 
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90 
13 
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Here 3ʃ. i 3 Integers, and 13s. = 2 of 17. and 44. = x25. 
But IS + 1248 = 228. Then 240) 160, ooo (0, 666666 &c, 
Hence 31. 13s. 4d. = 3,666666 c. As was required. 

2. What are the Decimals equal to 7 4 Inches, one Foot being 
made the Integer. 

Firſt, 7 Inches are Iz of 1 Foot, and + of 1 Inch are . But 
is ＋ #5 = A. Then 48) 31,000 (,64583 Sc. = 74 Inches, 

3. Let it be required to change 8 Oz. 19 Put. 8 Grains into 
Decimals; one Pound Troy being the Integer. 

Theſe being reduced into the leaſt Terms, and added together, 
will become 4328 of 1 Pound. 

Then 5760) 4304, ooo (, 74722 Cc. The Decimals required, 

And thus may any propoſed Parts of Coin, Weights, Mea- 
ſures, &c. be reduced or changed into Decimal Parts; which 
perhaps may at firſt ſeem ſomewhat tedious in Practice, but being 
a little acquainted with them it will be found very eaſy; and the 
ingenious Practitioner will (with a little Conſideration) ſoon find 
how to reduce them almoſt mentally; or with the help of a very 
few Figures, without the uſe of ſuch large Tables as are uſually 
inſerted in Books of Decimal Arithmetick ; or at moſt they may 
be contracted into ſuch as theſe following, which if duly applied 
to thoſe Tables in Chap. 3. will be found very uſeful, 


Decimal Tables. 


| In Engliſh Coin. 
O, 5.. m = IS. | 
0,0046667 = 1d. | 
0,00104167 = 1 Farthing 
11. young the [nteger. 


Averdupois Weight. 


o,o 625. = 1 Ounce 
0,00390625 = 1 Dram. 
I Ib. being the Integer. 


— 


* n 
_—_ 2 


R 


| | Averdupois Great Meigbt. 


Troy Weight. wt. 
O,—⁴ 85. = 1 Put. 0,27 2. 


o, 0892857 = I lb. 
o, ooo 55 803 = 1 Ounce, 
1 C. being the Integer. 


o, 0208333 = 1 Grain, 
1 Oz. being the Integer. 


Time, 
0,04166667 = x Hur. 
0,00009444 = 1 Minute. 
0,00001157 = I Second. 

1 Day, or 24 Hours, being 
made the Integer. 


The Uſe of theſe T = Till be evident by the following 
EXAMPLE. 


Apothecaries Weight. 
8 = 1 Dram. 
0,04166667 = 1 Scruple, 

o, oo208333 = 1 Grain. 
1 Oz. being the Integer. 


— 
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2 


EXAMPLE. 

Let it be required to find the Decimal Parts equivalent to 
175. 9d. 2 Farthings 
Firſt 0,05 =Is. Therefore 17 x ,05=,85....=175. 

And ,004166=14d. Therefore ,004166 x9 = ,037494=9 4. 
Alſo 2) ,004166 (=,002083= 3d. 
- . Conſequently their Sum, viz. 0,889577=175. 91 d, 

Now to find the Value of Decimals in known Parts of Coin 
or Weights, &c. is only the Converſe of the former Work, and 
is thus performed. 

Multiply the given Decimals with the Denominator of the 
Vulgar Fraction required: That is, multiply the Decimals with 
ſuch a Number of Units as are contained in the next lower De- 
nomination of that Kind or Species which your Decimal is of; 
and the Product will be the Number required. 


EXAMPLE. | 
1. What is the Value of 0,825 Decimals of 1 Pound Sterling. 
That is, how many Shillings, Pence, &c. = ,825, Firſt, the 
next lower Denomination is 20, becauſe 205. make one Pound. 
Therefore 0,825 
| 3 
Shillings 16,500 and Parts of 1 Shilling, 
12 —_ 
Pence 6,000 Anſwer o, 825 2 165. 64. 


Again, What are the known Parts of Engliſh Coin equal to 
3,666666 Decimals. 


Here the 3 Integers are 3 Pounds, Then ,666666 


20 
Shillings 13, 333320 
12 
Anſwer 3, 666666 31. 133. 4d. 666640 
__3 3332 


n 


Pence 3,999840=4 near. 
What is the Value of 0,74722 Parts of 11b Troy, 
Firſt, „74722 Then, „96664 Again, ,33280 
20 24 


12 
I 49444 Puts, 19,33280 1 3312 
7 4722 6 656 


f Oz, Pwr C 7 9874⁰ 
Theſe collected are 8. 19. 


8. very near. 
And 
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And thus any propoſed Number of Decimals may be turned or 
changed into the known Parts of what they repreſent, viz. Whe- 
ther they be Parts of Coin, Weights, Meaſures, or Time, &c. 

I have omitted inſerting more Examples of this kind, becauſe 

] take the Excellency, and indeed the chief Uſe of Decimal Frac- 
tions to conſiſt more in Geometrical Computations, than in the 
common or practical Parts of Arithmetick, as will appear further 
on ; although even in thoſe they are very uſeful upon ſeveral Ac- 
counts ; eſpecially in the Computations of Intereſt and Annuities, 
Sc. But of that more in it's proper Place. I ſhall therefore 
conclude this Chapter, with a Remark or two upon the Nature 
and Properties of, FraCtions in general. 
If any given Number (whether it be whole or mixed) be mul- 
tiplied with a Fraction either Vulgar or Decimal, the Product will 
be leſs than the Multiplicand, in ſuch a Proportion as the multi- 
plying Fraction is leſs than an Unit or 1. 

That is; as the Denominator of the Fraction is to it's Numerator, 
fo will the given Number be to the Product. 

_ Therefore, whenever any Number is to be multiplied with a 
Fraction, whoſe Numerator is an Unit: Divide that Number b 
the Denominator of the Fraction, and the Quotient will be the 
Product required. Thus 12 x4 =3. And 12 4 = 3. Again, | 
12 „ö 1 = 6, And 12 — 2 =6, &c. 

From hence it follows, that if any Number be divided by a 
Fraction, the Quotient will be- greater than the Dividend, by 
ſuch a Proportion as Unity is greater than the dividing FraQtion. 
Thus 12 —{ = 48, viz. 1: 1:12:48, &c. But the Truth 
of theſe will be beſt underſtood after the next Chapter. 


—_ K 
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Of Continued P2opoztions, and how lo change or vary 
| the Order of Things. 


Sect. 1. Concerning Arithmetical Progreſſion, uſually called 
Arithmetical Proportion Continued. 


WI EN any Rank or Series of Numbers do either increaſe 
or decreaſe by an equal Interval or common Difference 
thoſe Numbers are faid to be in Arithmetical Progreſſion. 


As 


—— 
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A in theſe, 14 4 6 8. Or 3 6 9 13. 
a | i Viz. 2 +8 = 4 +6. And 3-+12=6-+9. &c, 
dy ll Corollary 1. 
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= | 1 As 2-3; 4+ 3» © FDC Here the Interval or com” 
8 F mon Difference is 1. 

w Or ö 2. 4. 68.10. 142.14. Here the common Diffe- 
Sly 1. 3.5.7. 9 .11.13.&c.J rence is 2. 
1 f And ſo of any other Series, whoſe common Difference is 
her [3 4+. $I: 
\c= Lemma 1. | 
es, If any three Numbers be in Arithmetical Progreſſion, the Sum 
ore of the two Extremes (vi. the firſt and laſt) will be equal to the 
ure Double of the Mean or middle Number. 

„ As in theſe, i 6. Or „d. Or 3.3.10, 
al- Liz. 2 +6=4 +4. Orz3+9=6+6, And 3＋1II N. Sc. 
"ll : Lemma 2. al 
- If any four Numbers are in Arithmetical Progreſſion, the Sum 
; of the two Extremes will be equal to the Sum of the two Means, 
F; ; 


Or if the Number of Terms be odd, as theſe, 
3; 47S, 3, $6413.18 - $8: 1 Ve: 
Then 2 +18 =4+16=6+14=8+12=10 +10, 
Lemma 3. 

Every Series of Numbers in Arithmetical Progreſſion is com- 
poſed of the Interval or common Difference, ſo often repeated as 
there are Terms in the Progreſſion, except the ficlt. 

Ain theſe, 1.25.7 . 15 + 1. &c; 

Here the Interval or common Difference being two, it will 
be 1 +2=3. 3+2=5. 5+2=7, y+2=9. 9g+2=11, 
11+2=13. 13+2=15. 15+2=17. Cc. | 

Corollary 2. | 

Hence it is evident, that the Difference betwrxt the two Extremes 
(viz. 1 and 17) is compoſed of the common Difference, multiplied 
into the Number of all the Terms, exceptin, the firſt, 

As in the aforeſaid Progreſſion, 1,3.5.7.9.11,13.15.17, 


I. The 


he 2 From theſe two Lemma's it is eaſy to conceive, that if never ſo 

ng | many Numbers be in Arithmetical Progreſſion, the Sum of the two 
! Extremes will be equal to the Sum of any two Means, that are egqual- 

a 9 diflant from thoſe Extremes. 255 

by 4 Ai in theſe; 2 4 6.8 10 12 14 16. 

" 3 Then 2 ＋ 162 44 142 6 ＋ 122 8 ＋ 10. 
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The Number of Terms without the firit is 8 0 Multi 
The common Difference is 2 ultiply 


The Difference betwixt the two Extremes is 16 


Propoſition 1. 
In any Series of Numbers in Arithmetical Progreflion, the 
two Extremes, and the Number of Terms being given, thence 
to find the Sum of all the Series, 


Multiply the Sum of the two Extremes into the 
Number of all the Terms; and divide the Product 


by 2. The Quotient will be the Sum of all that Series. 
Per Coral. I. 


7 . 
It * quired to find the Number of all the Strokes a Clock 
ſtrikes in one whole Revolution of the Index, viz. twelve Hours. 


Here 1 +12 =13 the Sum of the two Extremes, 
x 12 the Number of all the Terms 
26 


13 We 
Then 2) 150 (78. The Number of Strokes required 


F | 
Suppoſe one Hundred Eggs were placed in a Right Line a Yard 
diſtant from one another, and the firſt Egg were a Yard from a 
Baſket; whether or no may a Man gather up theſes 100 Eggs 
ſingly one after another, ſtill returning with every Egg to the 
Baſket and putting it in, before another Man can run four Miles, 
That is, which will run the greater Number of Yards. 


In this Queſtion 200+ 2 =202 Is the Sum of the two Extremes. 
And x 100 Is the Number of all the Terms. 


1 ny Number of Yards 


Theorem 1. 


Then 2) 20200 (10100 
the Eggs. 


Now 4 Miles = 7040 Yards J The Yards he runs that takes up 
But 10100- — 7040 = 3obo t the Eggs more than the other. 


Propoſition 2. 

In any Series of Numbers in Arithmetical Progreflion, the two 
Extremes and Number of Terms being given ; thence to find the 
common Difference of all the Terms in that Series. | 
C The Difference betwixt the two Extremes, being 
Th divided by the Number of Terms leſs an Unit or 1. 

corem 2. J 75. Quotient will be the common Difference of the 
Series, Per Corel, 2, 


EXAMPLE 


he runs that takes up 
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& XJ MEFLE- 1, 


One had Twelve Children that differed alike in all their Ages; 
the youngeſt was Nine Years old, the eldeſt was Thirty-fix and 
a half; what was the DNifcrence of their Ages, and the Age of 
each ? 


Here 36,5 — 9 = 27,5 The Difference of the two Extremes. 
And 12—1=11, The Numbers of Terms leſs an Unit. 
Then 11) 27,5 (2,5 The common Difference required. 


Conſequently 9 4+2,5=11,5 The Age of the youngeſt but one. 


And 11,5-+2,5==14 The Age of the youngeſt but two, And 
ſo on for the reſt. Per Corol. 2. 


SEES MAES ES 


A Debt is to be diſcharged at eleven ſeveral Payments to be 
made in Arithmetical Progreſſion. The firſt Payment to be 
Twelve Pounds Ten Shillings, and the laſt to be Sixty-three 
Pounds. What is the whole Debt, and what muſt each Pay- 
ment be? 


Per Theorem 1, Find the whole Debt thus ; 


12,5 + 63=75,5 The Sum of the Extremes, 
I 1 The Number of Terms, 


755 
BS 
2) 830,5 (415,25 2 4151. 55. The whole Debt. 

Then, per Theorem 2. find the common Difference of each 
Payment. 

Thus 63 — 12,5 = 50,5 The Difference of the Extremes, 

And 11 — 1 = 10 The Number of Terms leſs 1. 
Then 10) 50,5 (5,05 =51. 1s. The common Difference. 

TTC 

Conſequently 12. 10 ＋ 5 . 1 17. 11 The ſecond Payment. 


%%%%CCCCC oe. 
And 17. II +5.1= 22. 12 The third Payment, &c, 


EXAMPLE z. 


A Man is to travel from London to a certain Place in ten Days, 
and to go but two Miles the firſt Day, increaſing every Day's 
Journey by an equal Exceſs ; ſo that the laſt Day's Journey may 
be Twenty- nine Miles; what will each Day's Journey be, and 
how many Miles is the Place he goes to diſtant from London? 


L 2 Firſt 
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Firſt 29 — 2 2 27 The Difference of the Extremes. 
And to—1= 9 The Number of Terms leſs 1. 

Then 9) 27 (3 The common Difference. 

Conſequently 2+ 3=5 The ſecond Day's Journey. 

And 5 + 3= 8 The third Day's Journey, Ec. 
Again 29 +2 = 31 The Sum of the Extremes. 

| 10 The Number of "Terms. 

2) 310 (155 The Diſtance required. 


There are eighteen Theorems more relating to Queſtions in 
Arithmetical Progreflion ; but becauſe they would require a great 
many Words to ſhew the Reaſon of them : I therefore refer the 


Reader to the Second Part, viz. That of Algebra, where he may 
find their Analytical Inveſtigation. | 


. 


— 


Sect. 2. Concerning Geometrical Pꝛopoꝛtion continued; 


ſometimes called Geometrical Progreſſion, 


WH EN a Rank or Series of Numbers do either increaſe by 

one common Multiplicator, or decreaſe by one common 
Diviſor ; Thoſe Numbers are ſaid to be in Geometrical Propor- 
tion continued. | 


Ag3$2+4+ 8.16 32. e, here 2 is the common Multiplier. 
64. 32. 16. 8. 4. Sc. here 2 is the common Diviſor. 


0 0 2. 6. 18. 54. 162. Sc. here 3 is the common Multiplier. 
162. 54. 18. 6. 2. here 3 is the common Diviſor. 


Note, The common Multiplier (or Diviſor) is called the Ratio; 
and it ſhews the Habitude or Relation the Numbers have to one 
another, iz. whether they are Double, Triple, Quadruple, Sc. 
which Euclid thus defines. | 

Ratio (or Rate) is the mutual Habitude or Reſpect of two Mag- 
nitudes (conſequently two Numbers) of the ſame kind each to other, 
according to Duantity, Eucl. 5. Def. 3. 

Proportion (rather Proportionality) is a Similitude of Ratzz's. 
Eucl. 5. Def. 4. 

So that there cannot be leſs than three Terms to form a Pro- 
portionality or Similitude of Ratio's ; and if but three Terms, 
the ſecond muſt ſupply the Place of two, As in thefe 2. 4. 8. 
That is, 2:4:: 4: 8. (of :: ſee page 5.) i 

Here 4 the middle Term ſupplies the Place of two Terms, 
to wit, of the ſecond and third; 8 bearing the ſame Reaſon, 

Fa „ Liken eſs, 


4 is 4 1 = wy 12 
ee 
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i 


1 
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Likeneſs, or Proportion, to 4, as 4 doth to 2. viz. As 2: is to 
4 :: So is 4: to 8. | 
Lemma 1. 


If three Numbers are proportional, the Rectangle, or Product 
of the two Extremes; viz. of the firſt and laſt Terms will be 
equal to the Square of the Mean or middle Term. (20 Eucl. 7.) 


As in theſe 2: 4:: 4: 8. Here 8 x 2 = 16 the Product of 
the Extremes. 
And 4 x 4 =16 the Square of the Mean. Erga8x2=4 x 4 


Corol, I. 


Hence it follows, that if the Product of any two Numbers be 
equal to the Square of a third Number; thoſe three Numbers will 
be in Proportion. 


Lemma 2. 

Tf four Numbers are proportional, the Product of the two 
Extremes will be equal to the Product of the two Means, 
(19 Euclid 7.) 

As in theſe, 2: 4:: 8:16. Here 16 x 2 = 32. 
And 8 x 4 = 32. Conſequently 16x2 =8 x 4. 


Corol. 2. 


From hence it follows, that if the Product of any two Numbers, 
be equal to the Product of any other two Numbers, thoſe four Num- 
bers are Proportionals. 


And from theſe two Lemma's it will be eaſy to conceive, that 
if never ſo many Numbers are in continued Proportion; the Pro- 
duct of the two Extremes, will be equal to the Product of any 
two Means, that are equally diſtant from the Extremes. 

As in theſe 2. 4. 8 . 16 . 32 . 64. &c. 

Here 64 x 2= 32 x 4 =16 x 8. Cc. And if the Number 
of Terms be odd, 

As in theſe 2. 4. 8 . 16. 32 . 64 . 128. &c, 
Then 128 x 2= 64 x 4=32x8=16 x 16. 


Note, The Character made Uſe of to ſignify continued Propor- 


tionals is ==, 


- In 
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In every Series of = (viz. of continued Prof ortianals) that 
Number which is compared to another, is called the Antecedent 
of the Ratio; and that Number to which it is compared, is cal- 
led it's Conſequent. 

As in theſe, 2:4::4:8. Here 2 is the Antecedent, and 4 
is the Conſequent; and 4 the middle Term is an Antecedent to 8 
it's Conſequent : whence it follows, that in every Series of <= all 
the middle Terms between the firſt and lait are both Antecedents 
and Conſequents. 

As in theſe, 2.4.8.16. 32. 64. Sc. Here 4. 8. 16. 32, 
are both Conſequents and Antecedents. 

nnn: 22 2.04. Sc. 

So that all the Terms except the laſt are Antecedents. And all 
the Terms except the firſt are Conſequents. 


Lemma 3. 


If never ſo many Numbers are proportional, it will be: As 
any one of the Antecedents is to it's Conſquent: So will the Sum 
of all the Antecedents be; to the Sum of all the Conſequents. 
(12 Euclid 5.) 


T hat is, in the foregoing Series. 


2:4::2-+4+8-+16+32:4+8+16-+ 32 + 64. 

For it is evident, that 4 + 8 + 16 + 32 ＋ 64, the Sum of all 
the Conſequents, is double to 2 +4 +8 + 16 + 32 the Sum of 
all the Antecedents; as 4 is to 2, according to the Ratio, and 
would have been Triple, or Quadruple, Sc. had the Ratio been 
3 or 4, &c. 


Note, In every Series of = the Ratio is found by dividing any 
of the Conſequents by it's Antecedent. 


As in theſe2:6::6:18::18: 54:: 54: 162. 

Here 2) 6 (3 the Ratio. Or 6) 18 (3 &c. 

From the ſecond and third Lemma's may be raiſed two gene- 
ral "Theorems or Rules, for finding the Sum of any Series in == 
without a continued Addition of all the Terms. 

Let the Series 2. 4. 8 . 16. 32. 64 . 128. be given, 
to find it's Sum. 


Suppoſe z = the Sum of all the Terms. 
Then will z — 128 = the Sum of all the Antecedents. 
And z — 2 = the Sum of all the Conſequents. 
But 2:4::2—128: 2 — 2. per Lemma 3. 
Ergo 42 — $12 = 22 — 4. per Lemma 2. 
Conſequently 


— 2 
——— W LS . 
„ q » Law %, 
* 


a6 « 1 we an 1 


Chap 6 Of Pꝛopoꝛtion. 79 


Conſequently 42 — 22 = 512 —4. 


Theorem. z = 324. In Words at length thus, 


From the Product of the ſecond and laſt Terms 
1 ſubſtract the Square of the firſt Term, and that Re- 
* } mainder being divided by the ſecond Term leſs the 

firſt, will give the Sum of all the Series. 


Or if the firſt Term, the common Ratio, and the laſt Term 


be only given. Then, 


Multiply the laſt Term into the Ratio, and from 
their Product ſubſtract the fir/t Term; divide that 
Remainder by the Ratio leſs Unity or 1, and it will 
give the Sum of all the Series. 

For 42 — 22 2 512 — 4. As above. 
Conſequently 2z — z = 256 — 2. viz. the laſt divided by 2 


Then 3 = $66.2 


Theorem 2. 


Theorem 2. 


EXAMPLE. 


Let 2. 6 ; 18 . 54. 162. 486. be the given Series. Here 
2 is the firſt Term, 3 is the Ratio, and 486 the laſt Term, 


But 486 x 2= 1458. And 1458 — 2 = 1456. 
Then 3—1=2) 1456 (728 the Sum required, 
That is, 728 = 2 +6 -þ18 + 54 + 162 + 486. 


Since in either of theſe Theorems it is required to have the 
laſt Term known (the which in a long Series of , will be ver 
tedious to come at by a continued Multiplication) it will there- 
fore be convenient to ſhew how to obtain either the laſt Term 
or any other Term, whoſe Place is aſſigned, without producing 
all the Terms. 

In order to that, it will be neceſſary to premiſe the Coherence 
or Similitude that is betwixt Numbers in Arithmetical Progreſ- 


ſion and thoſe in Geometrical Proportion. 


If to any Series of Numbers in , when the firſt Term is not 
an Unit or 1, there be aſſigned a Series of Numbers in Arithme-— 
tical Progreſſion, beginning with an Unit or 1, and whoſe com- 
mon Difference is 1. called Indices or Exponents, 


1. 2. 3. 4. 5 + 6 . 7. Indices 
Thy $15 4 . 32 . 64 , 128, Se. = 


Then 


e 
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Ten will the Addition or Subſtraction of any two of thoſe 
Indices (or Numbers in Arithmetical Progreſſion) directly cor- 


reſpond with the Product, or Quotient of their reſpective Terms 
in the Series of . | 


. As Z+4=7. 
That is, 185 8 x 10 128 the ſeventh Term in = 
As 6 + 4 = 10. 
Again, 18 64 x 16 = 1024. the tenth Term in = 
As 7232 4. As 6 — 2 = &. 
Or, Fa hoof bars 1 Or, {of Su 


But if the Series of = begin with an Unit, the Indices muſt 
begin with a Cypher, 


; VCC 
„ 


Now by the help of the Indices, and a few of the firſt Terms 
in any Series of ; it is plain that any Term whoſe Place or Di- 
ſtance from the firſt Term is aſſigned, may be ſpeedily obtained 
without producing the whole Series. 


= ©& & #%  & 0 


A Man bought a Horſe, and was to give a Farthing for the 
firſt Nail, two for the ſecond, four for the third, &c. in , the 
Number of Nails was to be 7 in every Shoe, viz. 28 Nails in all, 
What muſt he have paid for the Horſe ? ' 


: „ 
Firſt, 244» 816 32. Farthing in 


5+5=10 10 + 10 = 20 
Tis i . nod 


: 4+3J=7 20 + 7 =27 
Again, 16x 8 = 128 Laſtiy, e x 128 2134217728 


Which is here to be accounted the 28 and laſt Term. Be- 


_ cauſe the firſt Term in the Series is 1, which doth neither mul- 


tiply nor divide, | | 
Nov this 134217728 being the Number of Farthings to be 
paid for the laſt Nail, by it the common Ratio which is 2, and 


the firſt Term which is 1, may be found the Sum of all the 
Series, per Theorem 2. 
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"208435456 From this Product ſubſtract 1. 
Viz. 268435456 —1= 26843545 5. Then 2—1=1 the Diviſor. 


Conſequently 268435455 is the Sum of all the Series, or Price 
of the Horſe in Farthings, which being brought into Pounds, 
(See page 46) will be 279620 J. 55. 3 d. 3 gr.. 


EXAMPLE 2, 


A cunning Servant agreed with a Maſter (unſkilled in Num- 
bers) to ſerve him Eleven Years without any other Reward for his 
Service but the Produce of one Wheat Corn for the firſt Year ; 
and that Product to be ſowed the ſecond Year, and ſo on from 
Year to Year until the end of the Time, allowing the Increaſe 
to be but in a ten-fold Proportion. 


It is required to find the Sum of the whole Produce. 

p „ TE Ar Indices or Years, 
Firſt f 10. 100. * * - I0000, 16808 Wheat Corns in = 
Then As 4 +2 =6. 

So 10000 x 100 = 1000000. the 6th Year's Produce, 

And ; 04-5=1T, 
I 000000 x I00000 = 100000000000, The eleventh 

or laſt Year's Produce. 

Then (either by Theorem 1, ot 2) the Sum of all the bat will 
be 111111111110 Corns. Now it may be computed from Page 
31 and 34, that 7680 Wheat Corns, round and dry out of the 
middle of the Ear, will fill a Statute Pint. If ſo, 

Then 7680) 111111111110 (14467592 Pints, but 64 pints 
are contained in a Buſhel. 


Therefore 64) 14467592 (226056 5 Buſhels, n. it to be 
ſold for 3 Shillings the Buſhel; 


Then ; ITY 


Shillings = 578168 $ = 33008. 85. 4:4. A very good Re- 
compence for Eleven Years Service, | 


There are ſeveral pretty Queſtions reſolved by Numbers in 
Arithmetical Progreſſion, and by thoſe in , which the ingeni- 
ous Learner will eaſily perceive hereafter ; viz. When we come 
to the Solution of - Queſtions nn to Intereſt and Annui- 


ties, Dc. : : 
| M. There 
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There is alſo a third Kind of Proportion, called Muſical, 
which being but of little or no common Uſe, I ſhall therefore 

ive but a ſhort Account of it. 

Muſical Proportion or Habitude is, when of three Numbers; 
the firſt bath the ſame Proportion to the third, as the Difference 
between the firſt and ſecond hath to the Difference between the 
ſecond and third. 


As in theſe, 6 . 8 . 12. viz. 6:12 ::8—6:12—8 


Tf there are four Numbers in Muſical Proportion; The firſt 
will have the ſame Proportion to the fourth, as the Difference 
between the firſt and ſecond hath to the Difference between the 
third and fourth. 

| As in theſe 8 . 14. 21. 84. 
Here 8: 84::14 - 8 =6: 84 —21 = 63. 
That is, 8 : 84 :: 6: 63. 
The Metbod of finding out Numbers in Muſical Proportion, 


bs beſt expreſſed by Letters; as ſhall be ſhewed in the Agebraicł 
art, | 


_ WY _—_—Y _— a r — th. 


— 
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Sect. 3. How to Change or Uary the Order of Things, &c. 


THIS being a Thing not treated of in any common Books of 

Arithmetick (that IJ have had the Opportunity of peruſing), 
made me think it would be acceptable to the young Learner, to 
know how oft it is poſſible to vary or change the Order or Poſi- 
tion of any propoſed Number of Things. 

As how many ſeveral Changes may be rung upon any pro- 
poſed Number of Bells; or how many ſeveral Variations may be 
made of any determined Number of Letters, or any other Things 
propoſed to be varied. 

The Method of finding out the Number of Changes is by a conti- 
nual Multiplication of all the Terms in a Series of Arithmetical Pro- 
greſſuons, whoſe firſt Term and common Difference is Unity or 1. 
And the laſt Term the Number of Things propoſed to be varied, Viz. 
Ix2x3x4x5x0x7, &c. As will appear from what follows. 


I. If the Things propoſed to be varied are only two, they ad- 
mit of a double Poſition (as to Order of Place) and no more. 


'Thus, j 4 r T=2=1x2, 


2. And if three Things are propoſed to be varied, they mor 
. | * 
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be changed ſix ſeveral Ways (as to their Order of Place) and no 
more. 


For, beginning with 1, there will be 4 : f : N 3 
Next, beginning with 2, there will be $7 a y f : 
Again, beginning with 3, it will be 15 34 
Which in all make 6 or 3 Times 2, viz. I Xx 2 3=6 


Suppoſe four Things are propoſed to be varied; 


Then they will admit of 24 ſeveral Changes, as to their Ordet 
of different Places. | 


[ 3-2 -$ 

I:o 35 8 

For beginning the Order with 1 it will be J * * : ; p 'F 
[be 

Here is ſix different Changes. BY TE. OS. 


And for the ſame Reaſon there will be 6 different Changes, 
when 2 begins the Order, and as many when 3 and 4 begins the 
Order; which in all is 24 =1x2x 3x4. And by this Method 
of proceeding, it may be made evident, that 5 Things admit of 
120 ſeveral Variations or Changes; and 6 Things of 720, c. 
As in this following Table. 


The Number | The manner how | The different Changes or 
of Things | their ſeveral Va-] Variations every one 
propoſed to] riations are pro-] of the propoſed Num- 
be varied. | duced. bers can admit of. 

1 = | fs org 
I x 2 =. 2 

Iun4J 1] $6: | 
6 x 4 | = 24 J 
24 x 5 = 120 | 
120 x 6 8 | 
720 x 7 = 5040 | 
5040 x 8 = 40320 - 
40320 x 9 = 362880 | 

362880 x10 = 3628800 
3628800 x 11 = 39916800 | 
39916800 K 12 = 479001600 

AE >" We. 
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Theſe may be thus continued on to any aſſigned Number, 
Suppoſe to 24 the Number of Letters in the Alphabet, which will 
admit of 620448401733239439360000 ſeveral Variations. 

From theſe Computations may be ſtarted ſeveral pretty, and 
indeed, very ſtrange — 


EB XAMPLES. 


Six Gentlemen, that were travelling, met together by Chance 
at a certain Inn upon the Road, where they were ſo pleafed with 
their Hoſt, and each other's Company, that in a Frolick they 
made a Contra to ſtay at that Place, fo long as they, together 
with their Hoſt, could fit every Day in a different Order or Po- 
ſition at Dinner; which by the foregoing Computations will be 
found near 14 Years. For they being made 7 with their Hoſt, 
will admit of 5040 different Poſitions ; but 5040 being divided 
by 365 4 (the Number of the Days in one Year) will give 13 
Years and 291 Days. A very pretty Frolick indeed. 


I have been told, that before the Fire of London (which happen- 
ed Anno 1666) there were 12 Bells in St Mary Le Bow's Church 
in Cheapfide, London. Suppoſe it were required to tell how many 
ſeveral Changes might have been rung upon thoſe 12 Bells; and 
at a moderate Computation how long all am Changes would 
have been ringing but once over, 


Firſt, 1x2x 3* 4x5 «6x7x8x9x10x11x12=479001600, 
the Number of Changes, 


Then ſuppoſing there might be rung 10 N in one Mi- 
nute: viz. 12 x 10 = 120 Strokes in a Minute, which is 2 
Strokes in a Second of Time: Now according to that Rate there 
muſt be allowed 47900160 Minutes to ring them once over in all 
their different Changes; viz. 10) 479001600 (47900160, 

In one Year there is 365 Days, 5 Hours, and 49 Minutes ; 
which, being reduced into Minutes, is 525949. 


Then 525949) 47900160 (91 Years and 26 Days. 


So long would thoſe 12 Bells have been continually ring- 


ing without any Intermiſſion, before all their different Changes 


could have been truly rung but once over. It is ſtrange, and 


ſeems almoſt incredible, that a few Things ſhould produce ſuch 
Varieties. 


But that which ſeems yet more ſtrange and ſ aroeifing (yea, even 
impoſſible to thoſe who are not verſed i in the Power of Numbers) 
183 


„ 2 
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is, that if two Bells more had been added to the aforeſaid 12, they 
would have advanced the Number of Changes (and conſequently 
the Time) beyond common Belief, For 14 Bells would require 
(at the ſame rate of ringing as before) about 1657 5 Years to ring 
all their different Changes but once over, 


And if it were poſſible to ring 24 Bells in Changes (and at the 
ſame rate of 10 Changes in a Minute, which is 2 Strokes in one 
Second) they would require more than 117000000000000000 
Years to ring them but once over in all their different Changes; 
as may eaſily be computed from the precedent Table, 


CHA P. VII. 


Of Proportion Disjunct 3 commonly called ihe Golden 


Rule. 


Rroportion Digjun@ or the Golden Rule, is either Direct or 
Reciprocal, called Inverſe. And thoſe are both Simple and 
Compound, 


SECT. I. 


Die Proportion is, when of four Numbers, the firſt bearing 
— the ſame Ratio or e to the ſecond; as the third 
doth to the fourth. 


As in theſe 2:8::6: 24. 


Conſequently, the greater the ſecond Term is, in reſpect to 
the firſt ; the greater will the fourth Term be, in reſpect to the 
third, ; 

T hat is, as 8 the ſecond Term i is 4 Times greater than 2 the 
firſt Term: So is 24 the fourth Term, 4 Times greater than 6 
the third Term. 

Whence it follows, that if four Numbers are in Direct Pro- 
portion, the Product of the two Extremes will always be equal 
to the Product of the two Means, as well in Disjunct as in con- 
tinued Proportion; according to Lemma 2, page 77. 


For As 2: 21 42 6:6 x 4. Or As3: 3* 5 116: 65. 
But 2 5 & 4 224 b. Or 3xbx5=3x5x6. 


| That is, the Product of the Extremes is equal to that of the 


cans, 
Again, 


— 


hes 
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Again, the Jeſs the ſecond Term is, in reſpect to the firſt; 
the leſs will the fourth Term be in reſpe to the third, 
As in theſe 18: 6:: 12: 4. 
That is, 18:18 3:: 12: 12 ＋ 3. 
But 18 x12 ＋ 3218 3 12. Viz. i8x4=6 x12, 


Conſequently 2. 8. 6. 24. And 18. 6. 12. 4. are 
true Proportionals, per Corol. 2. page 77. 


From theſe Conſiderations, comes the Invention of finding a 
fourth Number in Proportion to any three given Numbers. 
Whence it is called the Rule of Three. 

For if the ſecond Number multiplied into the third, be equal 
to the firſt multiplied into the fourth, it is eaſy to conceive, that 
if the Product of the ſecond and third be divided by the firſt, the 
Quotient muſt needs be the fourth Number, For if that Num- 
ber, which divides another, be multiplied into the Quotient pro- 
duced by that Diviſion ; their Product will be equal to the Num- 
ber divided. See page 21, | 


As in theſe 2:8::6: 24. Here 8 K 6 48 24 * 2. 
But if 24x 2=48, then will 48 22 24. Or 48 24 2 2. 


Note, Any four Numbers in direct Proportion may be varied 
ſeveral Ways. As in theſe. 


as:: s: 24. :Fhena:6::8:; 26. : 
aan 0: 26:53:59; Or 28470::; 8:3: &6, 


Theſe Variations being well underſtood, will be of no ſmall Uſe in 
the lating of any Queſtion in this Rule of Three. 


When three Numbers are given, and it is required to find a 
fourth Proportional ; the greateſt Nifficulty (if there be any) will 
be in the right ſtating the Queſtion, or abſtrating the Numbers 

out of the Words in the Queſtion, and placing them down in 
their proper Order. | 

Now this will be very eaſy, if it be truly conſidered, that 
always two of the three given Terms, are only ſuppoſed, and 
aſſigned or limit the Ratio or Proportion. The third moves the 
Queftion ; and the fourth gives the Anſwer. 

As for inſtance; if 3 Yards of Cloth coſt 9g Shillings : What 
will 6 Yards coſt at the ſame Rate or Proportion? 

Here 3 Yards, and 9 Shillings, are two ſuppoſed Numbers 
that imply the Rate; as appears by the Word [ if ] viz; If 3 


Yards coſt 9 Shillings (then comes the Queſtion) What will 
6 Yards coſt ? ; OG; 


. 


7 
4 
, 


, 
| 
1 
1 
A 
| 
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the Rules of Fellowſhip, &c. as will appear further on, 


—_— 


— —— — ———— 
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N. B. Tne Term, which moves the Queſtion, hath generally 
ſome of thoſe Words before it; viz, What will? Pow many ? 
How long: Pow far: Pow much? &c. 

Then (carefully obſerve this; viz.) The firſt Term in the 
Suppoſition muſt always be of the ſame kind and Denomination 
with that Term which moves the Queſtion. And the Term 
ſought will always be of the ſame kind and Denomination with 
the ſecond Term in the Suppoſition. | 


yds foil, yds fhil, 
T, nn Then 


All Queſtions in direct Proportion may be anſwered by three 
ſeveral Theorems. 


Multiply the ſecond and third Terms together, and 
Theorem 1. ö divide their Product by the fit Term; the Quo- 
tient will be the Anſtoer required, 2 


| yds foil, yds fhil. 
Thus 3:9::6 : 18. The Anſwer, 
6 


— becauſe the ſecond Term 
3) 54 (18 Shillings, 1 was Shillings, 


Divide the ſecond Term by the firfl, then multiply 
Theorem 2. the Quotient into the third Term; and their Pro- 
duct will be the Anſwer required, 


yds foil, yds fhil, 
3 0 1 1. 
Thus 3) 9 (=3. Then 3 x 6 = 18, as before, 


Divide the third Term by the fir, then multiply 
Theorem 3. the Quotient into the ſecond Term, and their Pro- 
L dud? will be the Anſwer. 988 
yds foil, yds fhil, 
329: n. 
Thus 3) 6 (2. And 9 x 2 = 18, as before. 


Here you ſee that all the three Theorems are equally true; but 
the firſt is moſt general, and uſually practiſed. Vet the two laſt 
may be readily performed, when either the ſecond or third Term 
can be divided by the firſt; and will be found of ſingular Uſe in 


Queſt, 


— . ——_— 


— 


2 . 1 


— 
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Duet. 2. If 8 Pounds of Tobacco coſt 14 Shillings ; what will i 3 
half a hundred Weight (viz. 56 Pounds) coſt at the ſame Rate? I 8. 
Thus 8 lb: 14s. :: 56 lb: 41. 18. The Anſwer. . 0 

14 | 
224 1 
NS 4 
8) 784 (2 985. = 4. 18s, ä 7 m 
Or thus 8) 56 (2 7. Then 14 x 7 = 985. as before. 3 


Que. 3. If 14 Shillings will buy 8 Pounds of Tobacco; how 
much will 47. 18s. buy after the ſame Rate? 


Stated thus, 14: 81b :: 41. 18s. = gB8s. : —— 


3 
Then 98 x 8 = 784. And 14) 784 (56 lb. The Anſwer. 5 
Quęſt. 4. If half a hundred Weight of Tobacco be worth 41. 18s. 5 
How much may I buy for 14 Shillings at that Rate? 2 
Stated thus, 4 J. 18s. =q9g8s. : $61b :: 14s. : —— | 
Then 56 x 14 = 784. And 98) 784 (8 1b. The Anſwer. v 


Queſt. 5. Suppoſe 4 J. 18 . will buy 56 Pounds of Tobacco; | © 
what will 8 Pounds of the ſame Tobacco coſt ? 
This Queſtion is thus ſtated, 561b : 41. 18s. =98s. :: 81b :— 
Then 98 * 8 2 784. And 56) 784 (14. The Anſwer. 


Note, The three laſt Queſtions are only the ſecond varied, be- . 
ing propoſed purely to give an Inſtance how any Queſtion in this * N 
Rule of Three may be varied, according to page 80. | 


Queſt. 6. What will three quarters of a Yard of Velvet coſt, 

when the Price of 21 Yards and a half is worth 221. 105. 6 d. 

This Queſtion truly ſtated will ſtand | 4 
Thus, 214 yds : 221. 10s. 6d. :: 3 to the Anſwer, K 


Which may be found three ſeveral Ways; viz. by Reduction; i 15 
by Vulgar Fraqtions; and by Decimals, ; | 


1. By Redufion. Bring the firſt and third Terms into one | - ſu 
Denomination ; viz. into Quarters, and reduce the ſecond Term 
into it's leaſt Denomination, per Sect. 4. page 42. 
Thus 214 = 86 Quarters. And 221. 10s, 6d. = 5406 Pence. 3 
Then 86: 5406 :: 3: 155. 837d. For 5406 x 3 = 16218, v 
And Fi 


And 85) 162 18 (=188524, Then 188 5? Pence 15 5. 
84. 2434 Farthings; the Anſwer required, 


2. The ſame Queſtion ſtated in Vulgar Fractions will ſtand 
thus; 212 =: 2253 => :: 4: (See Sea, 3. page 50.) 
Then 22 & 4 = 2222, And ) 472 (= 1436, page 55, 56. 

Theſe 3789 Parts of a Pound are brought into Shillings by 


multiplying the Numerator with 20, and dividing the Product by 
it's Denominator, &c. 


Thus 5406 x 20 = 108120. And 6880) 108120 (155. 
And there remains 4920, Again, 4920 x 12 == 59040. 
Then 6880) 59040 (8 d. and 5%, as before. 


3. The fame wrought by Decimal Hractions will be thus; 


214 = 21,6; 241.-105; 6d. =:22,525,: and $ = 0,75 
Therefore 21,5 : 22,525 : : 0,75 : to the Anſwer. 
Then 22,525 x 0,75 = 16,89375 

And 21,5) 16,89375 (o, 78571. = 15. 8 d. 2 far. 165 


Que. 7. If 2 C. 3 qrs. 21 lb. of Sugar coſt 61. 18. 8 d. 
What will 12 C. 2 97s. colt at the ſame Rate? 


That is, 2 C. 3 rs. 211b : 61. 15. 8 d. :: 12 C. 2grs, To what? 


4 20 & 
255 11475. 1215. 50 gre. 
28 12 28 
88 20 1400 lb. 
22 121 


Viz. 308 ＋21 rg 329 lb: 1400 4. :: 1400 lb: —— 


Then 1460 x 1400 =2044000. And 329) 2044000 (6212 1d, 
= 25 J. 17s. 854. the Anſwer required, 


The fame Queſtion ſtated in Decimals will ſtand thus 
2,9375 : 06,0833 :: 12,5: To the Anſwer, 


Then 6,08 33 x 12,5 76, 4125 which being divided by 
2,9375 will give 25,8503, Sc. the Anſwer in Decimals, which 
brought into Coin, will be 25 J. 17s. 83 d. as before. 


Note, I ben the firft Term is an Unit or 1, the Queſtion is an- 


ſwered by Multiplication only. 3 
Example. Suppoſe I give 5 Shillings 4 Pence for one Ounce of 


Silver, What muſt I pay for 32 f Ounces at the ſame Rate? 


| That is 1 Ounce : 5s. 44. :: 322 Ounces; To, Oc. 
Which is beſt ſtated thus 1: 644.: : 32,5: 
N Then 
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Then 32,5 x 64 = 20804, = 51, 135. 4d. the Anſwer re- 
uired, For 1 neither multiplies nor divides, 

When the ſecond or third Term is an Unit or 1, then the 
Queſtion is anſwered by Diviſion only. As in this Example. 

If a Silver Tankard weighing 21 Ounces, coſt 51, 19. What 
is that an Ounce ? 


Thus 21 oz. : 5 l. 195. = 1195. :: 1: 5s. 8 d. the Anſwer. 
That is 21) 119 (25. 41 =55. 8 d. 


The Proof of all Queſtions in the Rule of Three Dire, may 
be eaſily conceived from what hath been already ſaid ; viz. That 
the Product of the firſt and fourth Terms, mult always be equal 
to the Product of the ſecond and third Terms. 

Or otherwiſe, by varying the Queſtion, as in the ſecond, 
third, fourth, and fifth Queſtions. 

I ſhall conclud2 this Section with inſerting a few Queſtions and 
their Anſwers ; leaving their Work for the Learner's Practice. 


Duet, 1. What will the Carriage of 17 C. 3 2786. 11 lb. come 
to, at the Rate of 75, the Hundred? 
Anſwer 61, 4s. II Z d. 


Duet, 2. If 61, 45. 11734. be paid for the Carriage of 17 C. 
39rs, 111b; What was paid for the Carriage of 11b? 


Anſwer 3 Farthings. 


Queſt. 3. A Grecer bought 3 C. 19r. 14 lb. Weight of Cloves, 
at the Rate of 25s. 4d, per Pound, and ſold them for 52 J. 145. 
Whether did he gain or loſe by the Bargain, and how much? 


Anſwer, he gained 8/, 125. 


Duet, 4. A Draper bought of a Merchant eight Packs of 
Coth; every Pack had four Parcels in it; and each Parcel con- 
tained ten Pieces; every Piece was Twenty- ſix Yards; he gave 
after the Rate of four Pounds ſixteen Shillings for 6 Yards, W hat 
came the eight Packs to, and what were they worth per Tard? 


nſw. They came to 66561, And were worth 16 5. per Tara. 


Duet. 5. A Merchant bought 436 Yards of Broad Cloth for 
85s. 6d. per Tard; and ſold it again for 10s. 4d. per Tard. 
What did he gain by the 436 Yards © 


Anſw, he gained 39 J. 195. 44. 
Rk Wet, 
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BT, . 6. A Goldſmith bought a Wedge of Gold, which weighed 
14 lb. 32. 8 pw. for 5141. 4s. What did he pay per Ounce ? 
Anſw. 31. per Ounce. 


FF: Queſt. 7. What will 48 oz. 17 pw. 20 Grains of Silver Plate 
come to, at the Rate of 55. 64. per Ounce ? 
Anſw. 131. 1s. 10 4 d. 


Queſt. 8. If in four Weeks one ſpend 135. 4d. How long will 
531. 65. laſt at that Rate? } 
y Anſw. 6 Years, 47 Days, 2 Hours, 24. 


Dueft, 9. What will the one eighth Part of a Ship be worth, 
when the half is valued at 1015 J. 105, 
Anſw. 2531. 17s. 6d. 


Pueft. 10. The Sun is faid to perform one entire Revolution, 
(or 360 Degrees) in the Space of 365 Days, 5 Hours, 48 Minutes, 
and 57 Seconds of Time, called a Tropical or Solar Year ; How 
much doth it move in one Day ? 5 11 7/1 

Anſw. 59. 8. 19 Cc. 


; Queſt. 11. If g of a Yard of Velvet coſt 2 of a Pound Sterling, 
1 W hat will 5; of a Yard coſt of the ſame Velvet at that Rate? 
Anſw. 170 2 1. 44. 


Queſt. 12. Suppoſe 21. and 3 of 4 of a Pound Sterling will 
buy 3 Yards and 5 of 4 of a Yard of Clith, How much will 4 of 
a Yard coſt at that Rate? | 

Anſw. 3434 of a Pound = gs. 41 . 


— 


. 


Sect. 2. Of Recipzocal PDꝛopoztion; #/ually called 
The Rule of Three Inverſe. 


X Eciprocel Proportion is, when of four Numbers the third 
(viz. that which moves the Queſtion) beareth the ſame Ratio 
to the firſt: As the ſecond does to the fourth. 
Therefore, the leſs the third Term is, in reſpect to the firſt ; 
the greater will the fourth Term be, in reſpect to the ſecond. 
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9 If ſixteen Men can do a Piece of Work in fix Days; How 
| many Days muſt eight Men require to do the ſame Work, at the 
ſame Rate of working ? 
Here it is plain that eight Men muſt needs have more Time 
than 16 Men to do the n Conſequently the greater 
- | 2 
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the third Term is, in reſpect to the firſt, the leſſer will the fourth 
Term be, in reſpect to the ſecond, | 

Example 2. If 8 Men can do a Piece of Work in 12 Days, 
How many Days will 16 Men require to do the ſame Work ? 
Here it is plain the fourth Term muſt be leſs than the ſecond, 
becauſe 16 Men undoubtedly can do the ſame Work in leſs Time 
than 8 Men can. 

From theſe Conſiderations, compared with theſe in page 85. it 
will be eaſy to perceive, het her the Terms of any propeſed Queſtion 
are in Direft or Reciprocal Proportion. ; | 

For when, according to the true Meaning and Difign of any 
Queſtion in Proportion, More requires Mere, or Liaſi requires Leſs, 
the Terms are in Direct Proportion; as in this laſt Section. 

But if More require Leſs, or Leſs require Mere (as above) then 
the Terms will be in Reciprocal Proportion. 

The Manner of placing down the propoſed Terms is the ſame 
in both Rules, viz, The firſt Term in the Suppoſition muſt be 
of the ſame Kind and Denomination with the third Term which 
moves the Queſtion ; and the Term ſought muſt be of the ſame 
Kind and Denomination with the ſecond Term in the Suppoſi- 
tion. As in the two laſt Examples, 

2 ; — — 25 Days 
: æample 1. 16: 2 2 — 
T hus, is Tn . 8 13:;;-100. 2-— 


The Queſtion being truly ſtated, obſerve this Theorem. 
Mubltiph the firſt and ſecond Terms together, and di- 
Theorem. 1525 the Product by the third Term, the Quotient will 
be the Anſwer required. 
Thus in the ſecond Example 12 x 8 = 96. 
Then 16) 95 (= 6 Days the Anſwer required. 


That is, 16 Men may do the fame Work in 6 Days, as 8 
Men can do in 12 Days. 


Now the Reaſon of this Operation {and conſequentiy of the 


Theorem) is grounded upon this Conſideration ; viz. If 8 Men 


require 12 Days to do the Work, it is plain that one Man would 
require 8 Times 12 Days = 99 Days to do the fame Work; but 
if one Man can do it in 96 Days, moſt certain 16 Men can do it 
in one 16th Part of that Time. Therefore 96 divided by 16 will 
give the Anſwer required, viz. 16) 96 (0 as before, &c, 


Queſt. 3. Suppoſe 800 Soldiers were beſieged in a Town, and 
their Victuals were computed to ſerve them two Months (or 56 


Days) How many of thoſe Soldiers muſt depart the Garriſon, that 


the ſame Victuals may ſerve the remaining Soldiers 5 . 


| 


_—— 
* 
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>The Queſtion truly ſtated will ſtand | : 2 
Months Soldiers Months Soldiers 
Thus, 2 800 2: 5 — 
2 | 
5) 1600 (320: So many Soldiers may ſtay in the 
Garriſon, 


Conſequently, 800 — 320 = 480 Soldiers that muſt go out of 
the Garriſon, which is the Anſwer required. 


Queſtion 4. A borrowed of his Friend B 2501, for fix Months, 
promiſing to do him the like Kindneſs upon Demand: Some Time 
after B defires A to lend him 400 /. the Queſtion is, how long 
B muſt keep the 400 J. to be fully ſatisfied for his former Kind- 
nels to 4. 


Thus, 2501. : 6 Months ;: 400 J.: —-— 
6 | 


400) 1500 (3 Months. 
Wo 


3 
28 Days in one Month. 
4) 84 (21 Days. Anſw. 3 Months, 21 Days. 


Dueſtion 5, If a Penny White Loaf ought to weigh eight 
Ounces Troy Weight, when Wheat is ſold for ſix Shillings Six- 
Pence the Buſhel, what muſt it weigh when Wheat is fold for 


four Shillings the Buſhe] ? 
Thus 65. 64. = 7584. : 80z.::45. 48 d.: to the Anſwer, 
8 


A8) 624 (132. the Anſwer required. 
48 | 
144 
144 
(0) 
The Proof of this Inverſe Rule is eafily deduced from it's Ope- 


rations; viz, The Product of the firſt and ſecond Terms, muſt 
be equal to the Product of the third and fourth Terms. 


Note, Any Queſtion that falls under this Inverſe Rule or Reci- 
procal Proportion, may be ſe ſtated as to have it's Terms in Di- 
rect Proportion; by only changing the Places of the firſt and third 
Terms in the Queſtion, Thus, | 


Dneftion 
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ueſtion 6. If a Field will feed eighteen Horſes for ſeven 
Weeks: How long will it feed Forty-two Horſes at the ſame 
Rate of feeding ? | 


Firſt, 18 Horſes : 7 Weeks : 42 Horſes : 3 Weeks, 
Here the Terms are ſtated inverſely, as before. 


Otherwiſe thus, 42 Horſes : 5 Weeks : : 18 Horſes : 3 Weeks. 
Then 18 x 7 = 126, And 126 ＋ 42 = 3 Weeks, he An- 
ſwer required, 


„ 


c — 4 2 WS 


Sect. 3. Of Compound Pꝛopoꝛtion; commonly called 
The Double Rule of Three. 


( Onound Proportion (as it is here meant) is, when there are 
five Numbers given to find out a ſixth Proportional; and this 
is generally performed by a Double Poſition; that is, by ſtating 
and working the Queſtion at two Operations, either in Direct or 
Reciprocal Proportion, according as the Queſtion requires, 
And therefore it is called, The Double Golden Rule, or Double 
Rule of Three. 
The Double Rule Direct is, when the ſixth Term or Num- 
ber ſought, is found by two Operations, both of them in Direct 
Proportion. 


Example 1. If a Hundred Pounds gain fix Pounds Intereſt in 
twelve Months ; how much will three Hundred Pounds gain in 
nine Months, at the ſame Rate ? 


Firſt 100 l.: 6]. :: 300 l.: 1B]. 


6 
- The Intereſt of 3007. 
100) 1800 (181. ; for twelve Months. 


Months Months 
Then, 12:18. :: 9 131 106 


9 
12) 162 (130. 10s, The Anſwer required. 


I ſuppoſe the Learner will eaſily conceive the Reaſon of theſe 
two Operations, For, firſt it is plain by Dire& Proportion, that 
if 100/. gain 61. in twelve Months, 300 J. will gain 187, in 
the ſame Time, and at the ſame Rate. 


And 
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And by the ſame Rule it 1s plain, that if 12 Months will pro- 


duce or give 18 J. Intereſt for 300 J. then g Months muſt needs 
give 13 + for the ſame Sum, viz. 300 (. 


The Double Rule of Three Inverſe is, when the ſixth Term, 
or Number ſought, is found at two Operations (as before). But 
one of them requires an Anſwer in Reciprocal Proportion. 


Dueftion 2. If 6 Buſhels of Oats will ſerve 4 Horſe 8 Days, 
How many Days will 21 Buſhels ſerve 16 Horſes, at the ſame 
Rate of feeding ? 

This Queſtion being parted into two Poſitions, the firſt will 
be thus : 

If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days, How many 
Days will 21 Buſhels ſerve them? 

Here it is plain, that 21 Buſhels will ſerve them longer than 6 
Buſhels ; therefore the firſt Poſition falls in Direct Proportion, 


Buſh, Days Buſh, Days 
Ir, d: V3. 2.228 
\ * 
6) 168 (28 Days 


That is, if 6 Buſhels will ſerve 4 Horſes 8 Days, 21 Buſbels 
will ſerve them 28 Days. 


The next Poſition muſt be to find how long the ſaid 21 Buſhels 
will ſerve 16 Horſes at the ſame Rate of feeding: it is plain, that 
21 Buſhels cannot ſerve 16 Horſes ſo many Days as they will 
ſerve 4 Horſes; therefore this ſecond Poſition falls in Recipro- 
cal Proportion, 

Horſes Days Horſes Days 
Thus, 4 : 28 :: 16 : 7 the Anſwer required, 


After the like manner any Queſtion in the Double Rule of 
Three may be anſwered by two ſingle Poſitions, if Care be taken 
in ſtating them right, viz. Whether their Operation muſt be per- 
formed by the ſingle Rule Direct, or Inverſe. 

But all Queſtions in this Double Rule, where five Numbers 
are propoſed to find a ſixth, may more eaſily and readily be an- 
ſwered by one general Theorem; which compriſeth both the 
Direct and Inverſe Rules; without conſidering either of them be- 
ing deduced from the ſingle Operations before-going, 

But firſt you muſt carefully note, that in all Queſtions of this 
Nature, three of the five propoſed Terms are always conditional 

and 


2 _ * 
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and ſuppoſed; and that the other two move the Queſtion. As 
for Inſtance in Example 1. 


Viz. It 1001. will gain 67. in 12 Months; theſe three Terms 
are only ſuppoſed or conditional. Then come the Queſtion ; 
What will 300 J. gain in 9 Months? Now, in Order to raiſe 


the general Theorem, let us ſuppoſe, inſtead of Numbers, theſe 
Letters. 2 


P = 100. The Principal.) In the Suppoſition 

Vix. 1 0 8 12. The Time. f of any propoſed 
G= 6. The Gain. Queſtion. 

þ = 300. The Principal, ) The three Terms 

And, i= ' 9. the Time. wherein the Que- 
g=13,5. The Gain. ſtion lies, 


The Product of the two Means di- 


3 
The Pp: :: r vided by the firſt Extreme. 


; 300 x 6 Which is the 
That is, 100: 6:: 300: —_ firſt Part of the 
0; Queſtion, 


; G þ : Which is the 
Then T: & WS. rig ; ſecond Part of 
9 13,5 


Fix. 12 18 the Queſtion. 
13 G pt F That is, the Product of the Extremes 
— is equal to that of the Means. 


Conſequently, Tg P = G pt is the Theorem. 


This Theorem affords two Rules, by which all Queſtions in 
this Double Rule of Three, or rather of five Numbers, may be 
reſolved ; due Regard being had to the true placing down of the 
. propoſed Terms, which muſt be thus : | 

Always place the three conditional Terms in this Order ; let 
that Number which is the principal Cauſe of Gain, Loſs, or 
Action, &c. (viz, P.) be put in the firſt Place; that Number 
which denotes the Space of Time, or Diſtance of Place, Oc. 
(viz. T.) be put in the ſecond Place. And that Number which 
is the Gain, Loſs, or Action, Cc. (viz. G.) be put in the third 
Place. Now according to theſe Directions, the conditional 
Terms of the laſt Queſtion will ſtand thus; H. T. G. 
| That done, place the other two Terms which move the Que- 
tion, underneath thoſe of the ſame Name, 


Thus, 70 5 G. 


tt 


re 
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Then if the Blank or Term ſought, fall under the third Places 
as in this Queſtion, | 
Gp "OE" 3 
It will be FF . Which gives this Rule. 


ö Multiply the three laſt Terms together for a Dividend, 
Rule 1, 
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and the two firſt together for a Diviſor ; the Quotient 
ariſing from them will be the ſixth Term. 


2 — — — — — — — - 


al 
— 


Te: ; 
5 That is, in our propoſed Example 1. f 0 
5 Thus 6 x 300 x 9 = 16200 the Dividend. w 
775 And 100 x 12 = 1200 the Diviſor. 1 | 
; Then 1200) 16200 (13+ the Anſwer, as before, * 
1 
f ; + 
a But if the Blank or Term ſought fall under the firſt Place, "i 
S then 4 
: TeP || 
; Or if the Blank fall under the ſecond Place, : | 
43 It will be | 5 =. Either of theſe give this Rule, 1 
2 Multiply the firſt, ſecond, and laſt Terms together for 
J Rule 2. 55 Dividend, and the other two together for a Diviſor; 
5 the Quotient ariſing from them will be the ſixth Term 
2 And becauſe our Example 2. falls under the Conſideration both 
of Direct and Reciprocal Proportion, let it be here propoſed again. 
2 Vix. If 6 Buſhels of Oats will ſerve 4 Horſes 8 Days; how 


many Days will 21 Buſhels ſerve 16 Horſes, &c. 
If the Terms of this Queſtion be placed down as before di- 
rected, they will ſtand 
Horſes, Days, Buſpels, 


Thus 1 . oP Terms in the Suppoſition. 


Here the Blank falls under the ſecond Place, therefore it mult 
be found by the ſecend Rule. 


1 5 Thus 4 x 8 x 21 = 672 the Dividend. 
x And 16 ͤ„ 6 = 96 the Diviſor. | 
"A Then 96) 672 (7 the Anſwer, as before. 


0 Qu. 
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Due/t, 3. What Principal or Stock will gain 20 J. in 8 Months 
at 6 per Cent. per Annum © 
Prin · Time. Gain, 
I00 , 12 , 6 Terms in the Suppoſition. 
„ 


Isa this Queſtion the Blank falls under the firſt Place, there- 
fore it muſt be found by the ſecond Rule. 


Thus 100 x 12 x 20 = 24000 the Dividend. 
And 8x 6 = 48 the Diviſor. 
Then 48) 24000 (5001, the Anſw. required. 


The Proof of all Queſtions in this Double Rule of five Num- 
bers, is beſt performed by varying the Queſtion; viz. by ſtating 
it in another Order, as in the laſt Example: Thus, 


If 1001. gain 61. in 12 Months, what will 500 J. gain in 8 
Months ? | 


The Anſwer to this Queſtion muſt be 207. if the Work of the 
laſt Example be true, | 


Prin, Time. Cain. 


Stated thus J _ a * OY © then, per Rule 1, 


500 x 8 x 6 24000. And 100 x 12 = 1200. 
Then 1200) 24000 (20. the Anſwer, Oc. 


Duet. 4. If two Men can do 12 Rods of Ditching in 6 Days, 
How many Rods may be done by 8 Men in 24 Days, at the ſame 


Rate of working ? Anſw. 192 Rods. 


Dueft. 5. If the Carriage of 5 C. 3 grs. Weigbi, 150 Miles, 
coſt 30. 75. 4d. What muſt be paid for the Carriage of 7 C. 29rs. 
25 Ib. Weight, 64 Miles, at the ſame Rate? 


Anſw. 11. 18s. 74d. 


Que ſt. 6. If 8 Men deſerve 21. Wages for 5 Days Work, How 
much will 32 Men deſerve for 24 Days, at the ſame Rate ? 


Anſw. 38 J. 85. 


Duet. 7. Suppoſe a Hundred Pounds would defray the Ex- 
pences of five Men for Twenty-two Weeks and fix Days, How 
long would twelve Men be in ſpending of one Hundred and Fifty 


Pounds, at the ſame Rate ? 
Anſw. 14 Weeks and 2 Days. 4 
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HAF. VIII. 
Of Trading in Company, uſually called the Rule of 


Fellowſhip ; 4% Bartering, and Erchanging 
of Coins, &c. | 


'T HE Rule of Fellowyhip is that by which the Accompts of ſe- 
veral Partners trading in a Company, are fo adjuſted or 
made up, that every Partner may have his juſt Part of the Gain, 
or ſuſtain his juſt Part of the Loſs ; according to the Proportion 
or Share of Money he hath in the Joint-Stock : Now this falls 
under two Conſiderations, called the Single and Double Rules of 
Fellowſhip, 


Sect. 1. The Single Rule of Fellowſhip, viz. That 
without Time. | 


BY the Single Rule of Fellowſhip is adjuſted the Accompts of 
thoſe Partners that put all their ſeveral and perhaps different 
Sums of Money, into a common Stock at one and the ſame 
Time; and therefore it is uſually called the Rule of Fellotuſbip 
without Time : Now all Queſtions of this Nature are anſwered 
by ſo many ſeveral Operations in the Rule of Three Direct, as 
there are Partners in the Stock. | is 

For, as the Total Sum of Maney in the Stack is in Proportion to 
the whole Gain, or Loſs : fo is every Man's particular Part of that 
Stock ; to his particular Shgre of that Gain, or Loſs. 

Dueft, 1. Three Partners, ſuppoſe A, B, and C, make a Joint- 
Stock of 967. in this manner, 

A, puts in 24/. B, puts in 321. and C, puts in 4ol. with 
this 96 J. they trade and gain 121. It is required to find each 
Man's true Part of that Gain. | 


The Operation will ftand, thus 
$35, 7-34. 8 £8 
961. : 12. : ö TE Part of the Gain, 
$95: && C's 
Proof 31. +41. +51. = 121, the whole Gain, 
That is, if the Sum of each Man's particular Gain, amount to 
the whole Gain, the Work is true; if not, ſome Error is committed 
which muſt be found out. | 
Note, Theſe Operations will be very much abbreviated, if you 
work them by Theorem 2, page 87. For here 96 is a common 
Antecedent, and 12 is the common Conſequent in all the three 
Proportions, = 5 = 
O 2 There» 


! 
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Therefore 96: 12: : 1: 0,125 a common Multiplicator, 


24 31. AT 
Then 32G x , 125 = F l. for 5 as before, 
40 54. C, : 


Now this Method is more readily performed than the other, 
eſpecially when the Partners are many ; becauſe one Single Di- 
Viſion ſerves for all the Work. 


Duef?, 2. Three Merchants, 4, B, and C, freight a Ship with 


248 Tons of Wine: Thus, A, loaded 98 Ton, B, 86 Ton, and 
C, 64 Ton. By Extremity of Weather the Seamen were forced 


to caſt or throw 93 Ton of it over-board. How much of this 
Loſs muſt each Merchant ſuſtain? 


Firſt, 248 :93 :: 1: 0,375 the common Multiplier. 
( 98 36,75 for As 
„Then 74 x 0,375 = EV for B's Loſs. 
q 04 C 24,00 for C's 
Proof 93,00 = the whole Loſs, 


Now if the pation were to find how much of the remaining 
Wine that was ſaved, belongs to A, to B, and to C. 


98 — 36,75 = 61,25 A. 
Then 386 — 32,25 = 53,75 F belongs to 3B. 
64 — 24,00 = 40,00 C. 


That is, A ought to have 61 Tons and 63 Gallons. B, ought 
to have 53 Tons and 189 Gallons. And C, ought to have 40 
Tons of what was left. 


Duet. 3, Suppoſe ſix Men, viz. A, B, C, D, E, and F, make 


2 Joint - Stock of 2558 J. + 
| J. s. Decimals. 
A 654 . 10 = 654,50 
I, . 
Thus 5 5 puts in ny 3 ee 
2 365 . 05 = 365,25 

HF 260. 00 = 260,00 


The whole Stock «= 2 58 . 00= 2558 00. according to 
the Queſtion, : , ; : 
| y With 
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With this Stock of 25581. they Trade eighteen Months, and. 


Gain 8311. 7s. It is required to find every Man's Part or Share 


of that Gain. | 

Note, Although the Time of Trading, viz. eighteen Months, be 
mentioned in the Queſtion, yet it is no May concerned in anſwering 
of it ; as you may obſerve in the following Wark, 


Firſt, 25581. : 831,350. :: 11. : 0,325 Decimal Parts. 
Conſequently, 17. : 0,325 :: 654,5: 212,7125. That is, 


654,50 212,71250 A. 
54375 170271875 8 
480, oo J 156, ooooo 4 
254450 f 325 = 82,1250 f ſer D. 
365,25 118,70625 E. 
260,00 84,50000 F. | 
I. Parts, I Sw 
A. 212,71250 = 212. 14. 03 
B. 176,71875 = uy » I4 . 04 
. C. . 156,00000 = 156 , 00 , 0 
That is, DT 82,71250 = 82. . 14 . 03 
E. 118,70625 = 118 . 14. 014 
F. > 84,50000 = 84 . 10. oo 
Proof, Sum 831,35 = $3t . 07. 00 


I have omitted reſolving this Queftion according to the uſual 
Method (as before directed) of finding every Man's particular Part 
of the Gain by the Golden Rule, as in the firſt Work of Ex- 
ample 1. leaving that for the Learner's Practice. 


— 
—— * 2 FY —— 
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Sec. 2. The Double Rule of Fellowſhip ; er char 


with Time, 


T HIS is uſually called the Double Rule of Fellowſhip, becauſe 
every particular Man's Money is to be conſidered with Rela- 
tion to the Time of it's Continuance in the Joint-Stock, 


Queſtion 1, A, and B, join in Partnerſhip upon theſe Terms, 
viz, A, agrees to lay down 1007. and to employ it in Trade 3 
Months: Then B, is to lay down his 1004. and with the whole 


Stock of 200 J. they are to trade 3 Months more. Now at the 


End of that Time, they find their whole Gain to be 21/, It is 


required to know what each Man's Part of the Gain ought to be, 
according to his Stock, and the Time of employing it, 


Here 


102 Arithmetick. Part]. 


Here it is but reaſonable to conclude, that A, ought to gain 
more than B, notwithſtanding their Stocks of Money are equal z 
becauſe I employed his Money a longer Time than B. 


Now for ſolving of this Queſtion, let us ſuppoſe 4's 100 l. em- 
ployed the firſt 3 Months to gain Z = a Sum as yet unknown ; i 
then it muſt gain 2 Z in 6 Months; and to find what B, muſt ti 
gain, it will be, be 


J. Mont bt. 1 
100 „ 6 . 27 —= #s 81 | 25 
„ to 7. Cain per Rule 1. Page 97. 1 
100 * 3* 22 __ py. 5: „ 

Ergo 1 = B's Gain. W- 1 


But s Gain added to B's Gain muſt = 211. the whole 1 
Gain by the Queſtion, 


Therefore 2 Z + — — — 2 1 


That is, 100 x 6x 2Z+I00 * 3 x 2Z = 2 x 100 x 6. 1 
W hich contracted is, 900 x 2 Z = 21 x 600, 


Conſequently, 2 Z = — — which gives the following A- 1 
nalogy. 
Viz. goo : 21:: 600: 2 Zz = 1441, for A's Gain, 
And 900: 21 :: 100 x 3 = 300 : 71. for B's Gain. 


Now this way of arguing hath not only reſolved the preſent 
Queſtion, but it alſo aftords (and demonſtrates) a general Rule 


for reſolving all Queſtions of this Nature, be the Partners never 
ſo many. | 


Multiply every particular Man's Stock, with the Time it 
| :s employed, then it will be, as the Sum of all theſe 
Rule. Y Products; is to the whole Gain (or Loſs). So is every 


one of thoſe Products to it's proportional Part of that 
whole Gain (or Loſs). 


Duction 2. Three Merchants A, B, and C, enter into Partner- 
ſhip, thus; 4 puts into the Stock 65 J. for 8 Months; B puts in 
78 l. for 12 Months; and C puts in 84 l. for 6 Months. With 
theſe they traffic, and gain 166 J. 12s, It is required to find 


each Man's Share of the Gain, proportionable to the Stock and 
Time of employing it. ä + 
| I, 43 


„** 
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5 = Stock ö x : wht FI the Time it was T6 
3. C's 84l.x 6 "_ * __ 504 


The Sum of thoſe Products is, 1960 


Then, according to the Rule, the ſeveral Proportions will 
ſtand thus, 


1960: 166,6: $526 : 79,56 = 79/7. 11s. 22 d. 2B. 
504 : 42,84 = 421. 16s. 0+ d. C. 
The whole Gain = 160. 125. 0 4. 


520 : 44,20 = 445. 44.0. A. 
for 0 


Or you may work as in ſome of the former Examples, viz, by 
finding the proportional Part of the Gain due to one Pound, Ge 


Thus 1960 : 166,6 : : 1 : 0,085 the common Multiplier. 
520 44,2 A. 
Then wm: x 0,085 = [9.564 for 1699 As before 
504 42,84 C. 


Queſtion 3. Six Merchants, viz. 4, B, C, D, E, and F, en- 
ter into Partnerſhip, and compoſe a Joint- Stock in this manner; 


E © 
A 64 . 10 42 
B 78 15 6 
Viz. 5 puts in 1 ; = for 75 Months. 
E 74.12 93 
F | I25 . I5 7 


They traffick, and gain 258 J. 18s, 45d. It is required to 
find every Man's Share of the Gain, according to the Stock and 
Time it was employed. 

The ſeveral Stocks of Money, and their reſpective Times be- 
ing firſt brought into Decimals, and then multiplied together, 
will produce theſe following Products. | 


J. Moni hs. 

A's 64,50x 4,50 290,25 
B's a 78,75 Xx 6,00 472,50 
C's Stock I 190300 x 8,25 | The Time it was ] 825, oo 
D's ( Stock J 80, 50 „ 12, 0 { employed = 966,00 
es 74,6 x 9,50 708,7 
Fs 125,15 x 7,00 880, 28 

The Sum of thoſe Products = 4142,70 


Then 
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Then if you work by the common Way; it will be 
41427 : 258,91875 :: 290,25 : 18,140625 =181, 28. 934, 
for A's part of the Gain; and ſo on for the reſt. 

But if you work by the eaſieſt Way, viz. by finding the pro- 
portional Part of the Gain due to one Pound, 


Thus 4142,7 : 258,91875 :: 1: 0,0625. 
a 


Then „3 
290, 25 18, 140625 2 18. 02. 094 A 
472250 ys ee 10.074 - 

25,00 J 51,562500=51.,11.0 
966,00 ( * 0,0025 = 17 5000=60.07. os fory D 
708, 70 44, 293750 244. 05. 10 4 E 
880,25 555015625 255. 00. 034 F 


The whole Gain = 258. 18. 045 


Theſe few Examples being well underſtood, are ſufficient to 
ſhew the whole Buſineſs of Fellowſhip, c. 


Sect. 3. Of Bartering. 


WH EN Merchants, or Tradeſmen, exchange one Commodity 
for another, it is called Bartering; and the only Difficulty 

in this way of dealing, lies in duly proportioning the Commodi- 

ties to be exchanged, ſo as that neither Party may ſuſtain Loſs. 

Dueftion 1. Two Merchants, A, and B, Barter; A would 
exchange 5 C. 3 9rs. 14 pound of Pepper, which is worth 31. 105. 
per C. with B for Cotton, worth 10 d. per pound weight; how 
much Cotton muſt B give to A for his Pepper? 

Note, In order to the reſolving of this Queſtion (and all other 
Dueſftions of this Nature) you muſt firſt find, by the Rule of Three 
(or otherwiſe) the true Value of that Commodity whoſe Quantity is 
given (which in this Queſtion is Pepper). And then find bow much 
of the other Commadity will amount to that Sum, at the Rate pro- 

ed. 

* Firſt 5 C. 3 grs. 14 lb. = 5,875 
| And 31. 10s. Od. == 3,500 

Then 1: 3,5 :: 5,875: 20,5625 = 201, 115. 3d, the true 
Value of the Pepper. | 

Next, it is eaſy to conceive, that 4 ought to have as much 
Cotton at 10 d. per Pound, as will amount to 20 J. 115, 34. 
which may be thus found; as 
10 d.: Ilb. :: 200, 115. 3d, 4235 d.: 493,5 lb. 


in Decimals. 
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That is, 4 C. 1gqr, 17+ pound of Cotton. And fo much B muſt 
give to A in exchange for his 5 C. 3grs. 14 pound of Pepper. 


Queſtion 2. Two Merchants A and B batter thus; A hath 
86 Yards of Broad Cloth worth gs. 24. per Yard ready Money: 
but in Barter he will have 115. per Yard. B hath Shalloon 
worth 25. 1 d. per Yard ready Money; it is required to find how 
many Yards of the Shalloon B muſt give to A for his Cloth, to 
make his Gain in the Barter equal to that of As. 

The Method of reſolving this, and the like Queſtions, differs 
a little from the laſt Caſe; for in this you muſt firſt find what 
Advance B ought to make per Yard upon his Shalloon, in pro- 
portion to what A hath done upon a Yard of his Cloth, 

Thus "Wy EB" 71. Os OT 

9.2 =110:11=192::2,1=25: 2.0523 30- 
the advanced Price for a Yard of B's Shalloon. Then proceed as 
before in the laſt Example. 

Thus 1 Yard : 11s. :: 86 Yards : 9465. = 471. 6s. the ad- 
vanced Value of all the Cloth. 

Next, If 25. 64. will buy one Yard of Shalloon, at it's ad- 
vanced Price, how many Yards will 47 J. 65s. buy. 

Thus 2,5 :1:: 946 : 378,4 Yards. up? 

That is, B muſt give 378 4 Yards of his Shalloon to A, for 
his 86 Yards of Broad Cloth. | 


Theſe two Examples are ſufficient to ſhew the Learner, that 
the Method of bartering, or exchanging Commodities for Com- 
modities, wholly depends upon a clear underſtanding of the 
Golden Rule; which indeed is ſo called, becauſe of it's Univer- 
ſal Uſe, 


n 


2 


Se. 4. Of Exchanging Coins. 


FE Xcbanging the Coins of one Country for thoſe of another, is 

like the Buſineſs of bartering Commodities. That is, it con- 
ſiſts in finding what Sum of one Country Coin will be equal in 
Value to any propoſed Sum of another Country Coin. And, in 
order to perform that, it will be very neceſſary to have a true 
Account at all times of the juſt Value of thoſe Foreign Coins which 
are to be exchanged, as they are compared in Value with our En- 
gliſb Coin. 

I fay, at all times, becauſe the Par of Exchange (as the Mer- 
chants call it) differs almoſt every Day from Londan to other Coun- 
tries. That is, it riſes and falls, according as Money is plenty or 
ſcarce; or according to the Time allowed for Payment of the Mo- 
ney in Exchange, c. p | Thoſe 
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T hoſe that deſire to be fully ſatisfied in the common Values of 
Foreign Coins, Weights, Meaſures, &c. may find them in a Book 
called the Merchants Map of Commerce, which for Brevity ſake I 
have omitted tranſcribing, and only collected theſe few of Coins. * 


— — —_—_ 
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Foreign Coins, 


* 


Engliſh Coin. g 


J. 


French Coin. 


Low- Country Coin. 


_ Germany. 


In Italy 
and 


Spain. 


A Denier = 

12 Deniers = 1 Soulz = 
12 Soulz = 1 Livre = 
Livres = 1 Crown = 

A Stiver = 

6 Stivers = 1 Flemiſh Shilling = 
20 Stivers = I Gilder = 

10 Gilders = 33 3 Shillings | A 
or a Flemiſh Pound ) © 

E mbden Dollar = 

Campen Dollar = 

A Zealand Dollar = 

Lyons Dollar = 

Specte Dollar = 

Duccatoon —= 

A Rixdellar of the Empire = 

A Gilder of Nuremberg = 
The Livre at Leghorn = 
Florence Crown Current = 
Venice Ducat de Banco —= 
| The Current Ducat = 
} The Naples Ducat = 
The Cadiz Ducat = 

\ The Barcelona Ducat = 
The Valencia Ducat = 

| The Bergoma Ducat = 
The Portugal Teſtoon = 
\ The Piece of Eight = 
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| Nate, The Engliſb generally reckon their FED with other 
Countries by Pence, viz. other Countries value their Crowns, 


Dollars, or Ducats, Sc. by Engliſh Pence. 


Except with ſome 


Parts of the Low-Countries, with whom the Exchange is in 
Pounds Sterling. N 


Duet, 1. How many Dollars at 45. 6d. per Dollar, may one 3 ; 


have for 1621. 185, _ Anſwer 724 Dollars. 


Thus 
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of : Thus 162 J. 18s. = 3258s. and 45. 6. = 54d. 
1 q Then 54 : 1: : 3258 : 724 the Anſwer, 
| * Duet. 2. How many Saragaſſa Ducats, of 5 5. 6d. the Ducat, 


may be had for 275 Bergonia Ducats, at 45. 4 d. the Piece? 

; Anſwer 216 and 3s. 8 d. over. 
5 Thus 53. 6 d. = 664. and 45. 4d. = 524. | 

| $ Then 275 x 52 = 14300 4. = 275 Ducats. 
E Conſequently 66) 14300 (2165 the Anſwer required. 


7 Queſt. 3. A Traveller would change 2331. 163. 8 d. Sterling 


Money; tor Venice Ducats at 4 s. 9 4 d. per Ducat; How many 
Ducats muſt he have ? Anſwer 976 Ducats. 


Thus 45. 92d. = 57,54. and 2331. 16s. 8d. = 561204. 
Then 57,5 d.) 56120 d. (976 the Anſwer required, 


l = * 
* 
» i * 
. 1 = 
5 » % * 


= 
_ % . 2 " ip * . | 
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many ought he to have ? 
Anſwer 589 Marks, and 15 d. over. 
For 7s. 6d. = 90d. and 45s. 8 d. = 56d. 


759 x 90 = 683104. the Value of the Ducats. 
"On 579 x 56 32424 d. the Value of the Dollars. 


x $68 


* * 


their Sum = 1007 34 d. 
And 145. 3d. = 1714. the Flemiſh Mark in Pence. 
Conſequently 171) 100734 (589 Sc. tne Anſwer required, 


was delivered at Amſterdam? 
| Anſwer, 6701. Flemiſh. 


- Bae. 2& 240 d. and 11, 13s. 6 d. 402 d. 


* Then 240: 402 : : 400: 670 the Anſwer required, 
ns, veſt, 6, When the Exchange from Antwerp to London is at 
me 11. 45. 7d. Flemiſh, for 11. Sterling; How many Pounds Sterling 
2 muſt be paid at London; to ballance 236 J. Flemiſh at Antwerp. 

| Anſwer 192 /. Sterling. 
one Thus 11. 4s. 7 d. = 2954. and 11. = 2404. 


Then 295 : 240 :: 236: 192 the Anſwer, 
P 2 


Duet. 4. A Caſhier hath received 759 Ducats, at 7 f. 6d. 
per Ducat ; And 579 Dollars at 4s. 8 d. per Dollar: Which he 
would exchange for Flemiſh Marks at 14 5s. 3 d. per Piece: How 


Qusſt. 5, A Bill of Exchange was accepted at London for the 
Pay ment of 400 J. Sterling, for the like Value delivered in Am— 
erdam, at 11. 13s. 64. for 11. Sterling; How much money 


Durſt. 
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Duet, 7. A Merchant delivered at London 1 20 . Sterling to 


receive 145 l. Flemiſh at Amſterdam; How much was 1 J. Sterling 
valued at, in Flemiſb Money ? 


| Anſwer. 1/. 4s. 6d. 
Thus 120: 147 :: 240 d.: 294d. = 1/. 4s. 6d. Sc. 


ueſt, 8. A Factor hath ſold Goods at Cadiz for 1468 Pieces 
of Eight, valued at 4. 6 f d. Sterling per Piece; How much 
Sterling Money do thoſe Pieces of Eight amount to? 


Anſwer 333 J. 75. 2 d. 
Thus, if 1 = 54,5 d. then 1468 x 54,5 83006 d. &c. 


Quęſt. 9. A Traveller would have an equal Number of Crowns 
at 5s. 6d. per Crown; and Dollars at 4s. 5d. per Piece; How 
many of each ſort may he have for 309 J. 85.? 

Anſwer 624 of each. 

Thus 309 J. 8s, = 742569. © 
And 55. 6d. + 45. 5 d. = 1194, 


Then 119) 74256 (624 the Anſwer required. 


Puz/?. ro. Suppoſe J would exchange 5271. 175. 6d. for Dol- 
lars at 45. 64. a Piece, Ducats at 55. 8 d. a Piece, and Crowns 
at 65. 1d, a Piece; and would have 2 Dollars for 1 Ducat, and 
3 Dollars for 2 Crowns. How many of each ſort muſt I have? 


Anſwer 927 Dollars, 463 f Ducats, and 618 Crowus. 


544, = 1 Dollar, 
For 68 d. = 1 Ducat. f per Queſtion. 
CE: 736; :== 1 Crown, b 


And 126690 4. = $294,476; 64. 


Now if the Crowns, Dollars, and Ducats, were to be equal in 
Number; then 73 + 54 + 68 muſt have been the Diviſor, by 
which 126690 muſt have been divided, and the Quotient would 
have been the Anſwer to the Queſtion, As in the laſt Example. 


But here inſtead of their Sum, ſuch Parts of them muſt be 
taken as are aſſigned or limited by the Queſtion; that ſo the Num- 
ber of ſome one of them may be found. 5 

And becauſe there muſt be ; 2 Dollars for 1 Ducat, and 
3 Dollars for 2 Crowns, 

Therefore it will be 4 of a Ducat for one Dollar, and 3 of a 
Croyn for one Dollar. Es , 

; Conſequently, 
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\ Conſequently, 54 + 2: +5 of 73 = 1365, or #42 will be 
the Diviſor to find the Number of Dollars, 

Thus £442) 126690 (927 the Number of Dollars. 


Then + of 927 = 463+ is the Number of Ducats. 
And 5 of 927 = 618 is the Number of Crowns, 


Or if you pleaſe you may form Diviſors to find either the Du- 
cats or Crowns firſt: For if it be 2 Dollars for 1 Ducat, and 3 
Dollars for 2 Crowns, as before ; 


Then will 6 Dollars be for 3 Ducats, and 6 Dollars for 4 


Crowns, 


Therefore, ; ; 5 3 4 will be for 1 Crown, 
Conſequently, 5 of 54: + z of 68: + 73 = 205 will be 
the Diviſor to find the Crowns firſt, &c, 


Que. 11. A Caſhier is to receive 5001. He is offered Crowns 
at 6s. 14d, per Crown, which are worth but 69. Or he may 
have Dollars at 4s. 54. the Piece, which are worth but 45s. 44. 
Which of theſe ſhall he receive to have the leaſt Loſs? And how 
much will he loſe in the Pay ment? 


I Crown = 72d. 

. f t Bar = $2 

2 1 7 mw 3 4 c the advanced Values. 

= 53. od. 

Now to find which will be the leaſt Loſs; find what the ad- 
vanced Value of a Dollar ought to be in Proportion to that of x 
Crown. 

Thus 72: 73, 5 :: 52: 53,083 Ec. But he may have Dollars 
at 53 d. per Piece, therefore the Payment in Dollars will be the 
leaſt Loſs; wiz. 53 is leſs than 53,083 O&c. 7 

Next, to find what the whole Loſs will be by receiving Dollars. 
Becauſe the 500 J. = 120000 d. is advanced as much above the 
true Value, as 53 d. is above 524. Therefore ſay, If 53 d. ad- 
vance 14. = 534. — 524. ; what will 120000 d. advance? i. e. 


53 d.: 1d. :: 120000 d.: 22644; d. gl. 85. 4 d. the 
Loſs. 


RueRt. 12. Suppoſe I exchange 47. 10 f. 10 d. for 11 Crowns 
and 7 Dollars; and at another Time I have 4 Crowns and 3 Dol- 
lars for 11, 15 5. each being of the ſame Value with the firſt, 
What is the Value of a Crown, and of à Dollar ? n 4 

4 irſt 


according to their true Values. 
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Firſt 11 Crowns + 7 Dollars = 1090 4. . 
Second 2 Crowns + 3 Dollars = 4209. c by the Queſtion, 


Then in order to find the Value of 1 Crown, you muſt caſt off 
the Dollars by making them of the ſame Number ; Thus, 


33 Crowns + 21 Dollars = 32704. the firſt multipl. with 3. 
28 Crowns + 21 Dollars = 2940 d. the ſecond multipl. with 7. 


Then 5 Crowns = 3304. being the Difference. 


Conſequently 5) 330 (664. = 55. 64. is the Value of 1 Crown. 
And 4 Crowns = 264 d. 


Then will 3 Dollars = 420 d. — 264 d. = 1564. 
Conſequently 3) 150 (524. = 45. 4d. the Value of 1 Dollar, 


a —_ — 


CHAP. 
Of Alligation. 


WI EN it is required to mix ſeveral Sorts of Ingredients to- 
gether; as different ſorts of Corn, Wines, Wool, Spices, 
or Metals; or to compoſe Medicines, &c. the Method of propor- 
tioning ſuch Mixtures, is called the Rule of Alligation; and is di- 
vided into two Parts or Branches; called Medial and Alternate. 


Set, 1. Of Alligation Medial. 


 AſUigation Medial, is that by which the Mean Rate or Price 
of any Mixture is found, when the particular Quantities of 
the Mixtures and Rates are given; and is thus performed. 
Firſt find the Sum of all the Quantities propoſed to be mixed ? 
And alſo the Sum of all their particular Rates. 


Then the Proportion will be, 


As the Sum of all the Quantities: Is to the Sum of all their 
Rule J Rates:: So is any Part of the Mixture: To the Mean 
Rate or Price of that Part, | 


Duet. 1. Suppoſe 15 Buſhels of Wheat at 5 s. the Buſhel, and 
12 Buſhels of Rye at 3s. 64. the Buſhel, were mixed 3 
: at 


a n * 
we 2 3 3 


2 21081 


88 
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What is the Mean Rate or Price, it may be ſold for a Buſhel, 
without Loſs or Gain? 


ff K This Queſtion prepared as directed above, will ſtand 


Thus} 15 Buſhels of Wheat at 5 s. per Buſhel, comes to 900 d. 
12 Buſhels of Rye at 3s. 6d. each, comes to 504 d. 
7, 27 = their Sum. And their total Value = 1404 4. 


Then 27 Buſhels: 14044. : : 1 Buſhel: 52d. = 4s. 44. the 
Anſwer required, 


— 2 5 


Queſt. 2. A Grocer mixeth 36 Pounds of Tobacco, worth 


Fo 15. 64. a Pound, with 12 Pounds of another fort at 25. a Pound, 
Pi and 12 Pounds of a third fort at 15. 104, the Pound. How 
++ may he ſell the Mixture per Pound? 
: | 5 Ib. 8 d. 
2 36 at nt: 06 648 
F Firſt "* „ per Pound amounts to 5 288 
7 14 at- 1 10 264 
os "60 = the Number of Pounds. Their Value = 1200 


Then 601b : 12cod. :: i1b : 20 d. = 1s. 8 d. the Anſwer 
required, 


Queſt. 3. A Vintner mixeth 31 Gallons and a half of Malaga 
Sack worth 7 s. 6 d. the Gallon ; with 18 Gallons of Canary at 
65. 9d. the Gallon; 13 Gallons and a half of Sherry at 5 s. the 
Gallon ; and 27 Gallons of White Wine at 45. 3d. the Gallon. 
It is required to find what one Gallon of this Mixture is worth, 


. Pence. 
pe 31 at 7 6 | 2835 
: { oF 2 1458 
f Firſt 131 at 5 per Gallon comes to 370 
? 27 at 4. 3 1377 
> 90 = the Number of Gall. Their Value = 6480 
* Then 90: 6480 :: 1: 724. = 6s. the Rate or Price of one 
Y Gallon, as was required. 
7 N The Proof of all Operations in theſe ſort of Mixtures, is done 
17 by comparing the Value of all the Mixture (being ſold at the 
KY Mean Rate) with the total Value of all the particular Quantities, 
j ſuppoſing they had been ſold at their reſpective Rates unmixed z 
; if thoſe Sums are equal, the Work is true, 
t Sect. | 
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Se, 2. Of Allegation Alternate. 'F 


Lligation Alternate, is that by which the particular Quanti- 5 
ties of every Ingredient concerned in any Mixture are found; 
when the particular Rates of every one of thoſe Ingredients, and . 
the mean Rate are given; being (as it were) the Converſe to Al- be 
ligation Medial; as will appear by the following Operations, 
which admit of three Caſes. 5 
Caſe I. The Particular Rates of any Ingredients propoſed to : 
be mixed, and the Mean Rate of the whole Mixture being given. 
To find how much of each Ingredient is requiſite to compoſe the 
Mixture ; when the whole Quantity, or any Part thereof, is not 
limited. 
Qui. 1, How much Wheat at 55s. the Buſhel, and Rye at 
3s. 6d. the Buſhel, will compoſe a Mixture that may be fold FF 
for 45. 4d. the Buſhel ? | No 
Note, In all Pueſtions of this Nature, it will be convenient ts 
place the Mean Rate ſo, as that it may be eaſily compared with the | 


Particular Rates, in order to find every one of their Differences from 
the Mean Rate, by Inſpection only. 


Thus, the Mean Rate = 52 d. ; N = 4 | 5 
Then take the ſeveral Differences between the Mean Rate, ang 
the Particular Rates; ſetting down thoſe Differences alternately, | 2 
and they will be the Quantities required. 4 
60 10 = 52 — 42 
Thus 52 42 bs 1 
That is 52 — 42 =10 for the Quantity of Wheat. 


And 60 — 52 = 8 for the Quantity of Rye, that will 
compoſe the Mixture required. 


The Proof by Alligation Medial. 
Add $29 Buſhels of Wheat at 604. per Buſhel = 6004. 
8 Buſhels of Rye at 42 d. per Buſhel = 336 d. 
18 = the Number of Buſhels. = 936d. 
Then 18:936::1: 524d. = 45. 44. the Mean Rate. 


Note, Although ro and 8 do anſwer the Queſtion, as plainly 
appears by the Proof, yet they are not the only two Numbers; 
for this Queſtion, and all others of this kind, will admit of va- 
rious Anſwers, and all whole Numbers; for any two Numbers 
that are in the ſame Proportion to one another, as 10 is to 8, will 
as truly anſwer the Queſtion. KY, 
a 2. 
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. TV 16 1 12 8 

2 Nu. 10: 8 :: Fg Sc. ad infinitum, 

/ 45 2 20 

2 Quel. 2. A Grocer would mix three forts of Tobacco to- 


ge ther, viz, One Sort of 18 d. per Ib. another Sort of 22 d. per lb. 
and a third Sort of 25. the lb. How much of each Sort muſt he 
take, that the whole Mixture may be ſold for 20 d. the Pound? 


Having ſet down the given Rates, as before, then find each of 
their Differences from the propoſed Mean Rate, and place thoſe 
Differences alternately, Thus, 


8} (4+ 2=24—20and 22 — 20 
Mean Rate 20 Þ 22 7 2 = 20 — 18 


| 2.4 2 = 20 — 18 
| Theſe Differences, viz, 6. 2. 2 are the Quantities required. 
61b. of Tobacco at 184. 108 d. 
: Prodf. 21b. — — at 224, ę the Pound come 0 44 4. 
ö 15 21b. — iat 244. 48 4. 
| 11 10 the Number of Pounds. Their Value = 200 4. 
7 Then 10) 200 (20 the Mean Rate. 
Or indeed any three Numbers that have the ſame Ratio to one 
another as 6 and 2 have, will anſwer the Queſtion. 
* TA ö 122 4 f Ec. 
OE 155 


But if only one of the three given Rates had been greater than 
the Mean Rate; as ſuppoſe 14 4. per Pound, 18 d. per Pound, and 
244. per Pound, and the Mean Rate 20 d. as before, Then their 
Differences muſt have been placed, 


14 + 
Thus, 20 ö 18 1 4 f Oc. as before. 
N 24 6 + 2 


Queſt. 3. A Vintner would make a Mixture of Malaga, worth 


at 5s. per Gallon, and White Wine at 4s. 3 d. per Gallon; 
What Quantity of each Sort muſt he take, that the Mixture 
may be fold for 65. per Gallon ? 

In all Queſtions of this Kind, wherein it is required to mix 
four Things together, two of them having their Prices greater, 
and two lefler than the mean Rate: you muſt always alligate or 
2 compare 


mo ⏑ | we 2 


75. 6d. per Gallon, with Canary at 6s. 94, per Gallon, Sherry 


— * 
* 
= hd - 
— — 


r * 


_ 
„ - 


— 
2 ů ů ͤ · ů —⅛ð—⅛ü Co, 


— — 


— — —ñ ⁰ ͤ——— — — —  —— 


114 Arithmetick. Part I. 
compare a greater and leſſer Price with the mean Price, ſettin 


down their Differences alternately, as in the firſt Example of this 
Section. 


Malaga god. 2128 72—51 
White 514. 5 f 18 = 90 — 72 
Sherry yo 9 =81i — 72 
Canary 814. 12 = 72 — 60 


Hence 21 Gallons of Malaga, 12 of Canary, g of Sherry, and 
18 of White will compoſe the Mixture required. 


Malaga 904d. J $ 12 Malaga 

Sherry 60d.) C18 Sherry ; 
Or thus, 72 Canary 814. 12 Canary will, Se. 

White 514. 9 White 


Either of theſe Mixtures equally anſwer the Queſtion, which 
may be eaſily tried as before in the laſt, &c, 


Thus, Mean Rate = 752 d. 


Caſe II. The particular Rates of all the Ingredients propoſed to 
be mixed, the Mean Rate of the whole Mixture, and any one of 
the Quantities to be mixed being given: Thence to find how much 
of every one of the other Ingredients is requiſite to compoſe the 
Mixture. 

Note, This is uſually called Aligation Partial. 


Duet. 4. How much Wheat at 5s. the Buſhel, muſt be mixed 
with 12 Buſhels of Rye at 3s. 6d. a Buſhel ; that the whole Mix- 
ture may be ſold for 45. 4 d. the Buſhel ? 


In this Caſe you muſt ſet down all the particular Rates, with 
the Mean Rate, and find their Ditterences juſt as before ; without 
any regard had to the Quantity given. 


Wheat 60 d. © 
Thus, Mean Rate 52 4. f og pie 1 } "a 
As the Quantity) found by the Differences of the ſame 
Th Name with the Quantity given: Is to the Quantity given:: 
en J So 18 any of the other Quantities found by the Differences : 

To the Quantity of it's Name. 


Thus 8: 82 :: 10: 15, the Quantity or Number of Buſhels 
of Wheat required. 


Duet. 5. How much Malaga at 7s. 6d. the Gallon, Sherry 
at 5s, the Gallon, and White Wine at 45s. 3d. the Gallon, muſt 
be mixed with 18 Gallons of Canary at 6s. 94. the Gallon ; that 
the whole Mixture may be ſold for 6s, the Gallon ? 15 

c 


7 
F 
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The Terms being ſet down, &c. as before, will ſtand 
Malaga 90 d. ; 21 


5 White 514. 18 
Thus, Mean Rate 72 4. Sherry 60 d. 0 9 


12 


Canary 814. 
21: 314+ Gallons of Malaga. 
Then, 23-12. 3-48: * 18 : 27 Gallons of White. 
9 : 131 Gallons of Sherry. 
That is, 31 Gallons of Malaga, 27 of White Wine, and 135 
of Sherry, being mixed with 18 Gallons of Canary, will maxe 
the Mixture required, 
Malaga 9o 11 12 
Sherry 60 18 
Or dh, 72 Canary 81 15 21 
White 51 9 
(12: 10 2er the Malaga. 
Then, as 21: 18 :: 0 13 : 15 v the Sherry. ö Sc. 
9 : 7.44 the White. 


Gallons, Pence. 
10 r at 90d. 925 jt 
Proof. 5 15 4 each da 21 
18 at 81 d. 1458 25 
Sum 5121 Value = 3702 27 


Then 51 2;) 3702 3+ (72 d. = bs. the Mean Rate. 
Therefore the Quantities are as truly aſſigned here, as in the 


laſt Work. 


Caſe III. The particular Rates of all the Ingredients propoſed 
to be mixed; and the Sum of all their Quantities with the Mean 
Rate of that Sum being given; to find the particular Quantities 
of the Mixture, | 

This is called Alligation Total, and is thus performed. 

Set down all the particular Rates, with the Mean Rate, and 
find their Differences, as before : add together all the Differences 
into one Sum ; | 

As the Sum of all the Differences : Is to the Sum of all 

Then the Quantities given:: So is every particular Difference : 

To it's particular Quantity. 


Queſt. 6. Let it be required to mix Wheat at 5 5. the Buſhe!, 
with Rye at 3s. 64. the Buſhel ; ſo that the whole Quantity may 
be 27 Buſhels, to be fold for 45. 44. a Buſhel ; what Quantity 
of each muſt be taken to make up the Mixture ? | 


222 Mean 
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Wheat 60 d. 10 
Mean Rate 52 Rye 424. ; | 8 


18 = their Sum. 


Then 18 : 27 :: 8 ; 15 the Quantities required. 


ueſtion 7. Suppoſe it were required to mix Malaga at 75. 6d. 
the Gallon, with Canary at 6s. 94. the Gallon ; Sherry at 5 s. 
the Gallon, and White Wine at 45. 34. the Gallon; ſo that 
the whole Mixture may be go Gallons; to be ſold for 6s. the 
Gallon : How much of each ſort will compoſe that Mixture ? 


Malaga go 0 ; by 
I 


BR. White 51 
Mean Rate == 72 d. Canary 81 f pe 
Sherry 60 12 
60 = their Sum. | 
21: ZIz Malaga, | 
„ White Wine. 
Then 60: go :: 92134 the Gallons of Sherry. 
12: 18 Canary. | 
Malaga 90 : f 12 2 
Sherry 60 18 Toe | 
Or thus, 72 Canary 81 ! 0 21 1 
00 = their Sum. 
| 12: 18 Malaga. | ; ] 
| <: 82.09 | Sherry. | WE 
Then 60: 90:: 421 313 Gallons of . Ke 
91310 | White Wine. ; y 
Either of theſe Ways do equally anſwer the Queſtion, as may . 


be eaſily tried by Alligation Medial. As before, &c. 


8 ＋ Fag Th 
* - 


Note, The Mori of theſe Preportions may be much ſhortened 
(eſpecrally when there are many Ingredients to be mixed) if you oh- 
ſerve the ſame Method as was propoſed in the Rule of Fellowſhip, 
page 99, Oc. 


4 S So: 5 — 4 CE £ 4 oh 
„ 
—— «4. Us 1 4 


I have made Uſe of the very ſame Examples both in Alligation 
Medial, and Alternate, throughout the three Caſes; being, as I 
preſume, much better than if they had been different ones ; be- 
cauſe the Learner may (if he conſiders them alittle) eaſily perceive, 
not only the Difference between the two Rules, but alſo wherein 


the 
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the chief Difference of each Caſe in the Aternate Rule depends, 
Sc. Not but that I could have inſerted many various Examples, 
as alſo the Manner of compoſing Medicines, Sc. which, for 
Brevity ſake, I have omitted, and refer thoſe that deſire to fee 
into that Buſineſs to Sir Jonas More's Arithmetick, wherein he 
will find it largely handled. And ſo I ſhall conclude with Alli- 
gation Alternate, which altho” it gives true Anſwers to Queſtions 
of that Kind, with ſome little Variety, according as the Ingre- 
dients are more cr leſs in Number ; as appears by the foregoing 
Examples; yet it will not give all the Anſwers ſuch Queſtions are 
capable of, nor perhaps thoſe which ſuit beſt with the preſent 
Occaſion : Nor can this Imperfection be remedied by common 
Arithmetick ; but by an Algebraic way of arguing it may; 
whereby all the poſſible Anſwers to any Queſtion may be clear- 


ly and eaſily diſcovered ; as ſhall be ſhewed further on in the 
Second Part. 


SH. X. 
Of Metals and heir Specifick Gzavittes, &c. 


Sect. 1. Of Gold and Silver. 


PU RE Gold, free from Mixture with other Metals, uſually 
called Fine Gold, is of ſuch a Nature and Purity that it will 
endure the Fire without waſting, although it be kept continually 
melted: And therefore ſome of the ancient Philoſophers have 
ſuppoſed the Sun to be a Globe of liquid or melted Gold. 

Silver having not the Purity of Gold, will not endure the 
Fire like it: Vet Fine Silver will waſte but a very little by be- 
ing in the Fire any reaſonable time; whereas Copper, Tin, 
Lead, Sc. will not only waſte, but may be calcined or burnt 
to a Powder, | 
Both Gold and Silver in their Purity, are fo very flexible or 
ſoft (like new Lead, &c.) that they are not ſo uſeful either in 
Coin, or otherwiſe (except to beat in Leaf-Gold or Silver) as 
When they are allay'd, or mixed and hardened with Copper or 
Braſs. And altho' moſt Places differ more or leſs in the Quantity 
e ſuch Allay, yet in England it is generally agreed on, that, 


Standard 


Standard for Gold. 


22 Carats of Fine Gold, and 2 Carats of Copper, being 
melted together, ſhall be eſteemed the true Standard for Gold 
Coin, &c. (The French and Spaniſh Gold being very near of the 
ſame Standard.) That is, if any Quantity or Weight of Fine 
Gold, be divided into Twenty-four equal Parts, and 22 of 
thoſe Parts be mixed with 2 of the like Parts of Copper ; that 
Mixture is called Standard Gold, 

Whence you may obſerve, that a Carat is not any certain 
Quantity or Weight, but zr part of any Quantity or Weight; 
and the Minters and Goldſmiths divide it into 4 equal Parts, which 
they call Grains of a Carat; alſo they ſubdivide one of thoſe 
Grains, into Halves, Quarters, &c, 


Standard for Silber. 


Eleven Ounces and Two Penny-weight of Fine Silver, and 
Eighteen Penny-weight of Copper being melted together, is 
eſteemed the true Standard for Silver Coin, called Sterling Silver. 
And ſo in Proportion for a greater or leſſer Quantity; which is 
a leſs Proportion of Allay for Silver, than the other is for Gold. 

Note, When either Silver or Gold is finer than Standard, it is 
called Better; if coarſer, it is called Worſe; and that Betterneſs 
or Worſeneſs, is reckond by Carats and Grains of a Carat in 
Gold, and by Penny- weights in Silver; and is thus diſcovered: 
The Goldſmiths or Refiners, &c. take a ſmall Quantity of ſuch 
Gold as they intend to try (which they call making an A/ay) and 
weigh it very exactly, then they put it into a Crucible, and melt 
it in a ſtroug Fire, fo long, that if there be any Copper, or other 
Allay mixt with it, that Allay may be conſumed or burnt away : 
When it is cold they weigh it very exactly again, and if it have 
loſt nothing of it's firſt Weight, they conclude it is Fine Gold, 
but if the Loſs be 2 Part, they call it 23 Carats Fine, or one 
Carat better than Standard: If it have loſt r Parts it is 22 Ca- 
rats fine, or Standard: If r Parts, it is ſaid to be 21 Carats 
fine, or rather one Carat worſe than Standard, and fo in Pro- 
portion as it happens to be better or worſe. 


In the ſame Manner they make their Aſſay on Silver, only they 
compute it's Loſs by Penny-weights, &c. 
The Author of the Preſent State of England, mentioned before 
(Page 32.) lays, 
That 
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« That the Engliſb Coin may want neither the Purity nor 
Weight required, it is moſt wiſely and carefully provided, that 
once every Year the chief Officers of the Mint appear before the 
Lords of the Council in the Star- Chamber at Miſtminſter, with 
ſome Pieces of all ſorts of Monies coined the foregoing Year, 
taken at adventure out of the Mint, and kept under ſeveral 
Locks, by ſeveral Perſons, till that Appearance, and then by 
a Jury of 24 able Goldſmiths, in the Preſence of the ſaid Lords, 
every Piece is moſt exactly weighed and aſlay'd.” 


A * * * * * A La 


This if it were conſtantly practiſed would keep our Coin to 
it's true Standard, &c, | 


Many pretty Queſtions may be ſtarted concerning the Fineneſs 
of Gold and Silver, Ec. 


t. 


If an Ingot of Silver weighing 787 Oz. 14 Put. 6 Grains, be 
11 Oz. 6 Put. fine; How much fine Silver is there in it, and 
what amounts it to, at 55. 12 d. the Ounce? 


This Ingot is better than Standard by 4 Pwr. For 11 Oz. 
2 Prot. = 222 Pwt. the fine Silver in 12 Oz. of Standard. But 
11 Oz. 6 Pwt. = 226 Pit. the fine Silver in 12 Oz. according 
to the Queſtion, 


Firſt 787 Oz. 14 Prot. 6 Grains = 378102 Grains. 

And 12 Ounces. = 240 Put. 

Then, As 240 : 226 :: 378102 : 356046 2 = 741 Oz. 
15 Prot. 6 , Grains the fine Silver in that Ingot. 

Which at 5s. 15d. the Ounce, amounts to 1907. 1s, 64. 
and near a Half-penny. 


&KSMPLE: 2; 


If an Ingot of Gold weighing 115 Oz. 13 Put. 18 Grains; 
be + of a Grain worſe than Standard: How much Standard Gold 


is there in it, and what comes it to at 3/. 11s. an Ounce? 


Firſt 115 Oz. 13 Prot. 18 Grains = 55530 Grains Troy, 
Then 24) 55530 (2313,75 = a Carat of that Quantity. 
And 4) 2313,75 (578,4375 = a Grain of that Carat. 


Conſequently 4) 578, 4375 (144,0c9375 = 5 of a Grain. 


Again, 2313,75 x 22 50002, 5 ought to be the fine Gold in 
that Ingot, if it had been Standard: B 
ut 


: 

: 

: 

' 
= 
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But 50902,5 = 144, 609375 = 5$0757,890025 is the Quantity 
of find Gold according to the Queſtion, Therefore 509025: 
$0757,890625 : : 55530 : 55372,244 Cc. Grains = 115 Oz, 
7 Put. 4, 244 Sc. Grains Troy, being the Quantity of Standard 
Gold in that Ingot, as was required, 

Next for the Value of it at 3/. 115. per Ounce; 1 Ox. = 480 
Grains; and 3/. 11s. = 71s. Conſequently 480 : 71 :: 
55372,244 c.: 8190, 4777 Cc. = 409 J. 10s. 544. very 
near; being the Value of that Ingot, as was required. 

Or the laſt Queſtion may be otherwiſe wrought thus; 115 Oz, 
13 Prot. 18 Grains =115,6875, And} of a Grain of a Carat 
is 16 (viz, the g of 3) Then 22 — +7, = 21 18 = 21,9375, 
Conſequently 22 : 21,9375 : : 115,6875 : 115,358842 &c, 
= 115 Oz. 7 Pwt. 4,244 Grains, &c. as before. 

Next for the Value; as 1: 3,55 ::115,358842 : 409,523,889 
= 400 J. 10s. 5 3d. very near: as before. 


—_—_— _ m__d@tuw. 
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Sect. 2. The Specifick Gꝛavity / Metals, &c. 


I Take an Enquiry made about the different Gravities, or 

Weights of Metals, and other Bodies, to be (not only a Work 
of Curioſity, but alſo) of very good Uſe upon many Occaſions. 
Therefore ſeveral Authors have given us ſuch Proportions, or 
Difference of their Weights, as they are ſaid to have one to an- 
other ; ſuppoſing every one of them to be cf the ſame Magni- 
tude or Bigneſs. Some of which I ſhall here inſert. 


1. Henry Van Etten, in his Mathematical Recreations, printed 
Anno 1633, ſets down the Proportion or their Weights thus; 


Gold 1875. Lead 1165. Silver 1-40, Copper 910. Iron 810. 
Tin 750. Water 100. 


2. One Alſted, in his Entyclpedia, printed Anno 1649, hath 
them thus: Gold 1875. Quickſilver 1500. Lead 1165. Silver 
1040. Copper 910. Iron 806. Tin 750. Honey 150. Water 


100. Oil go. Theſe ſeem to be taken from thoſe of Van Etten's, 
with ſome Additions only. | 


3. The ingenious Mr Oughtred, in his Circles of Proportions, 
printed Auno 1660, hath their Proportions (according to the Ex- 
periments of one Marinus Ghetald:, in his Tract called Archime- 
des Promatus) thus: Gold 3990. Quickſilver 2850, Lead 2415. 
Silver 2170. Braſs 1890, Iron 1680. Tin 1554. 


| 4. In 
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of Metals, Gzavities, dec. 


4. In the Philoſophical Tranſactions, (Number 169 and 199) 
there is an Account of a great many Experiments of this Kind; 
from whence I collected theſe following, viz. Gold 18888. 
Mercury 14019. Lead 11343. Silver 11087, Copper 8843. 
Hammered Braſs 8349. Caſt Braſs 8100. Steel 7852. Iron 
7643. Tin 7321. Pump- water 1000, 


_— 
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Theſe laſt Proportions being approved of and publiſhed by 
Order of the Royal Society ſeem to be unqueſtionably true: Never- 
theleſs, becauſe they differ ſo much from the beforementioned 
(and thoſe from one another) J have for my own Satisfaction made 
ſeveral Experiments of that Kind: And have (7 preſume) obtain- 
ed the Proportions of Weight that one Body bears to another of 
the ſame Bulk or Magnitude, as nicely as the Nature of ſuch 
Matter, which may be contracted or brought into a leſſer Body 
(viz. either by Drying, or Hammering, or otherwiſe) will admit 
of ; which are as follow : 


— | | Ounces Troy. | Ounces Aruoird, 
Fine Gold, is - 110, 359273 = 11,365 602 
Standard Gold = - | 9,962625 = 10,930422 
Duickfilver - - - | 7,384411 = 8,101753 
Lea - - = = 5,984010 = 6, 553885 
Fine Silver - = + 5,850035 = 6,418324 
Standard Silver = = 555 56769 = G6, 96569 
Roſe Copper = = = 4,747121 5, 208369 

Plate Braſs -- = | 4, 404273 = 4,8321164 
Caſt Braſs - - = | 4,272409 = 4, 630300 
Steel = - = = = | 4,142127 = 4544505 
Common Iron 4,0313601 = 4, 422979 
A Cnbick ) Black Tin - - [3.861519 = 4, 236638 
Inch of Fine Marble < = 1,429411 = 1,568859 
i Common Glaſs = = 1, 360841 = 1,493037 
Alabaſler - = [ 0,988456 = 1,084477 
Dry Iuor - - = | 0,962083 = 1,055542 
Dry Box-wood = = 0,543282 = 0,596057 
Sea IVater - - J 0,542742 = 0,594894 
Common clear Mater 0,527458 = 0,578697 
Red Nine - | 0,523766 = 0,574646 
Proof Spirits of Brandy] o, 489268 = o, 5 36796 
Sound Dry Oak - - C, 489008 = o, 536569 
Linſeed Oil = = = 0,491591 = 0,539345 

| Oil Olive = = = 0,4815060 = 0,528350 | 


R In 
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In this Table you have the Specifick Gravity or Weight of a 
Cubic Inch, of various forts of Bodies, both in Try Ounces 
and Avoirdupois Ounces, and Decimal Parts of an Ounce, which 
I can allure you required more Charge, Care, and Trouble, to 
find out nicely, than I was at firſt aware of. 

Now from hence it will be eaſy to determine the Weight of 
any propoſed Quantity, of the ſame Matter and Kind with thoſe 
in the Table ; it's Solid Content being given in Cubic Inches, 
For it is plain, that if the Number of Cubic Inches contained in 
any given Quantity, be multiplied with the tabular Weight of one 
Inch, (of the ſame Kind of Matter) the Product will be the Weight 
of that Quantity in Ounces, &c. 


EX AMPLE. 


Suppoſe it were required to find the Weight of a Piece of 
Marble, containing three Solid Feet, and 40 Cubic Inches. 


Firſt 1728 x 3 = 5184 the Cubic Inches in 3 Solid Feet. 


And 5184+ 40 = 5224 the Number of Cubic Inches in the 
Piece of Marble. 


Then 5224 x 1,429411=7410,066624 Ounces Troy. 
Or 5224 x 1,568859 = 8195, 719416 Ounces Avoirdupois. 


The Weight of that Piece of Marble, in Ounces, &c. which is 
eaſily brought into Pounds, &c, The like for any of the reſt, 


The Converſe of this Work is as eaſy ; v:z. if the Weight of 
any propoſed Quantity be given, thence to find the Solid Con- 
tent of that Quantity in Cubic Inches, &c. 


Thus, divide the given Weight of the propoſed Quantity (it 
being firſt reduced into Ounces, &c.), by the tabular Weight of one 
Inch (ef the ſame Kind of Matter), and the Quotient will be the 
Number of Cubic Inches contained in that Quantity, 


Note, If you would find what Weight any Quantity of thoſe 
Bodies mentioned in the Table will have, when it is immerſed 
or put into Water, you muſt ſubſtract the Weight of an equal 
Quantity of Water (with that of the Body), from the Weight of 
the propoſed Body (if it be heavier than Water), and there will 
remain the Weight required. As for Inſtance, 


"% ; 
A Cubic Inch of Lead = 5, 984010 
A Cubic Inch of Sea Water = 0,542742 F Ounces Troy, &c. 


their Difference is = 5,441268 t the Weight of a Cubic 
Inch of Lead in the Water, Oc. 
as CHAP, 
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CHAP. XI. 


Evolution, or Extracting ihe Roots out of all Single 
Powers; by one Geometrical Method. 


SECT. L 


Elution is the Unravelling, or as it were the Unfolding and 
Reſolving any propoſed Power or Number, into the fame 
Parts of which it was compoſed, or ſuppoſed to be made up. 


Now in order to perform that, it will be convenient to conſider 


how thoſe Powers are compoſed, Cc. EG 

A Square Number is that which is equally equal ; or which is 
contained under two equal Numbers. Euclid. 7. Def. 18. Thus 
the Square Number 4 is compoſed of the two equal Numbers 2 
and 2. viz. 2x 2 = 4. Or the Square Number q is compoſed 
of the two equal Numbers 3 and 3. viz. 3x Z=9: according 
to Euclid, That is, if any Number be multiplied into itſelf , 
that Product is called a Square Number. . 

A Cube is that Number which is equally equally equal, or 
which is contained under three equal Numbers. Eucl. 7. Def. 19. 
Thus the Cube Number 8 is compoſed of the three equal Num- 
bers 2 and 2 and 2. wiz. 2x2 x 2 = 8, c. That is, if any 
Number be multiplied into itſelf, and that Product be multipli- 
ed with the ſame Number; the ſecond Product is called a Cube 
Number. ; 

"Theſe two, v:z. the Square and Cube Numbers, borrow their 


Names from Geometrical Extenſions or Figures; as from the 


three Signal Quantities me ationed in page 2. That is, a Root is 
repreſented by a Line or Side, having but one Dimenſion, viz. 
that of Length only. The Square is a Plane or Figure of two 
Dimenſions, having equal Length and Breadth. The Cube is a 
Solid Body of three Dimentions; having equal Length, Breadth, 
and Thickneſs: But beyond theſe three, Nature proceeds not, 
as to Local Extenſion, That is, the Nature of Place or Space, 
admits no Room for other ways of Extenſion, than Length, 
Breadth, and Thickneſs. Neither is it poſſible to form, or com- 
poſe any Figure or Body beyond that of a Solid. : | 
And therefore all the ſuperior Powers above the Cube or third 
Power; as the Biguadrat or fou rth Power, the Sur/o/id or hh 
Power, &c. are beſt explained and underſtood by a Rank or Series 
of Numbers in Geometrical Proportion. For Inſtance : Suppoſe 
any Rank of Geometrical Proportionals, whoſe firſt Term and 
Ratio are the ſame ; and to _ let there be aſſigned L__ 
| 2 Q 


— — — 
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of Numbers in Arithmetical Progreſſion, beginning with an Unit 
or 1, whoſe common Difference is alſo 1, as in page 79. 


+ $4: 3-5. & +0 +0; 7 2. 

Thus, Ja 4. 8 . 16 , 32 . 64. 128 Cc. in = 
Then are thoſe Numbers in ++ produced by a continued Multi- 
plication of the firſt Term or Root into itſelf ; and thoſe in Arith- 
metical Progreſſion or Indices, do ſhew what Degree or Power each 
Term in the Geometrical Proportion is of. For Example; In this 
Series of == 2 is both the firſt Term or Root, and common Ratio 
of the Series, "Then 2 x 2 = 4 the ſecond Term or Square; and 
2x2x2=8,0r4x2==8, the Cube or third Term; 2x 2x2 x 2=16, 
or 8 Xx 2 16 the fourth Term or Biquadrat. And ſo on for the 
reſt. 


Note, Thzs is called Involution, viz. I ben any Number is 
drawn into itſelf, and afterwards into that Product, &c. it is ſaid 


to be ſo often involved into itſelf ; and the Indices are the Exponents 
of their reſpect ive Powers ſo involved, 


And according to theſe Involutions, .is formed the following 
Table of Powers; wherein the Root is only one ſingle Figure. 
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Z 343 | 2401 |16807 [117649] 823543} 5764801] 40353607 
'$ | 64 | 512 | 4096 |;2768 [:62144|209714216777216| 134217728 
Ig ' 81 | 729 | 6551 L 5314414282969 4 30452 11387420489 


This Table plainly ſhews (by Inſpection) any Power (under the 
Tenth) of all the nine Figures; and from thence may be taken the 
neareſt Root of any Square, Cube, Biquadrat, &c, of any Num- 
ber whoſe Root or Side is a ſingle Figure. 3 
u 
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But if the Root conſiſts of two, three, or more places of Fi- 
gures, then it muſt be found by piece-mea], or Figure after Fi- 
gure, at ſeveral Operations. 

The Extraction of all Roots, above the Square (viz. of the 
Cube, Biquadrat, Surſolid, &c.) hath heretofore been a very tedi- 


h. 3 ous and troubleſome Piece of Work : All which is now very much 
h 4 ſhortened, and rendered eaſy, as will appear further on, 
is . When any Number is propoſed to have it's Root extracted, the 
io 1 firſt Work is to prepare it, by Points ſet over (or under) their pro- 
nd F per Figures; according as the given Power, whoſe Root is ſought 
6, 4 doth require; and that is done by conſidering the Index of the 
he : given Power, which for the Square is 2, for the Cube 3, for the 
. Biquadrat is 4, Cc. (as in the precedent Table) Then allow ſo 
2 5 many Places of Figures in the given Power, for each ſingle Fi- 
14 $; gure of the Root, as it's Index denotes ; always beginning thoſe 
:: Points over the Place of Unity, and aſcend towards the Left- 
Is Hand if the given Number be Integers, and deſcend towards the 
| 9 Right-Hand in Decimal Parts. As in theſe following. 
8 i Suppoſe any given Number; as 75640387246 which I ſhall all 
15 along hereafter call the Reſolvend. 
_ = Then if it be required to extract any of the following Roots, 
| ii it muſt be pointed (according to the forementioned Conſideration) 
in this manner : 


Square Reat Thus 75640387246 


Cube Root 7 5640387246 

Vix. For the 5 
| Biguadrat Rcot 75640387246 

Surſalid Root 15640387 246 

Or ſuppoſe the Number to be 0,674035982 


Square Root Thus o, 6740359820 
Then for the Cube Root 0,674935982 


Biguadrat Root 0,67 403 5982000 


Now the Reaſon of pointing the given Reſolvend in this man- 
ner; viz. the allowing two Figures in the Square; three Figures 
in the Cube, and four Figures in the Biquadrat, &c. for one 
Figure in the Root, may be made evident ſeveral ways ; but I 
think it is eaſily conceived from the Table of ſingle Powers, 
wherein you may obſerve that all the Powers of the Figure 9 

| ; (which 
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(which is but a ſingle Figure) have the ſame Number of Places of 
Figures, as the Index of thoſe Powers denotes: Therefore ſo many 
Places of Figures muſt be taken or aſſigned for every ſingle Figure 
in the Root. Conſequently by theſe Points is known how many 
Places of Figures there will be in the Root, viz. So many Points 
as there are, ſo many Figures there muſt be in the Root, and 
whether they muſt be Integers or Decimal Parts, is eaſily deter- 
mined by the reſpective Places of the Points. 


Sec. 2. To Extract he Square Root. 
AN D firſt how to extract the Square Root, according to the 


common Method. 

Having pointed the given Reſolvend into Periods of two Figures 
as before directed; then by the Table of Powers (or otherwiſe) 
find the greateſt Square that is contained in the firſt Period to- 
wards the Left-Hand (ſetting down it's Root, like a Quotient 
Figure in Diviſion) and ſubſtract that Square out of the ſaid Period 
of the Reſolvend : To the Remainder bring down the next Period 
of Figures, for a Dividend, and double the Root of the firſt Square 
for a Diviſor; enquiring how oft it may be had in that Dividend, 
ſo as when the Quotient Figure is annexed to the Diviſor, and 
that increaſed Diviſor multiplied with the ſame Quotient Figure, 
the Product may be the greateſt Number that can be taken out of 
that Dividend; which ſubſtract from the ſaid Dividend, and to the 
Remainder bring down the next Period of Figures, for another 
new Dividend : Then ſee how often the laſt increaſed Diviſor, can 
be had in the new Dividend (with the ſame Caution as before, viz.), 
ſo as that the Quotient Figure being annexed to the Diviſor, and 
that increaſed Diviſor multiplied with the ſame Quotient Figure, 
their Product may be the greateſt Number that can be ſubtracted 
from the new Dividend. (As before) And ſo proceed on from 
Period to Period (viz. from Point to Point) in the very ſame Man- 
ner, until all be finiſhed. | 


An Example or two being well obſerved will render the Work 
of forming the new Diviſors, c. more plain and eaſy than can 
be expreſſed in a Multitude of Words. 


Example 1. Let it be required to extract the Square Root out 


of 572199960721. This Reſolvend being prepared or pointed as 
before directed, will ſtand - | 
| | Thus, 
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f Thus, 572199960721 (756439 the Root. 
ö 49 = the greateſt Square in 37. 
1. Diviſor 145) 821 
5 5 n 
| 2. Diviſor 1506) 9699 
| 9036 = 1500 x 6 
3. Diviſor 15124) 55396 
| 4.  6oggb = 15124 x 4 
4. Diviſor 151283) 590007 
. 453840 = 151283 x 3 
5, Diviſor 1512869) 13015821 
9 13615821 = 1512869 x 9 


Proof 756439 x 756439 = 572199960721 the Reſolvend. 


Example 2. What is the Square Root of 1850701, 764025 


Operation 1850701, 764025 (1360, 405 
I 


3 
3 892. L : 
266) 1607 Hence 1360, 405 is the 
6 1596 Root required. 

17204) 1101,76 

4 1088 16 
1720805) 13 504025 
5 13 604025 


1 


| (0) 
1 Ex. 3. What is the Square Root of 0,06076225 Decimal Parts? 


Operation 0,06076225 (0,2465 the Root required. 
5042 22 X 52 


544) 207 
r 176 ; 0,2465 x 0,2405 = 
5480) 3102 of o, 6076225 the 
6 2916 Reſolvend. | 
54925) 24625 
5 24625 
— ena — 
| (0) 


What 
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What is here done in whole Numbers, mixed Numbers, and 


Decimals, may alſo be done in Vulgar Fractions; if you firſt 
change the given Fraction into Decimals. (As in Sect. 5. p. 68.) 


Example 4. Let it be required to extract the Square Root of 35. 

Firſt IT = 0,04 1 
Then 7 50 (8 the Root required. 

4 

(0) 

In theſe four Examples the Reſolvend hath been a perfect Square; 
and therefore the Root hath been extracted without leaving any 
Remainder : But it very often happens that the Reſolvend is not a 
true Figurate Number, according to the propoſed Power. That is, 
it is not a perfect Square, Cube, Biquadrat, &c, and then ſome- 
thing will remain after the Extraction hath been made through- 
out all the Points. Such Numbers are called Surd Numbers, and 
their Roots can never be truly found, but will become a continued 
Series, ad inſinitum If to the Remainder there be ſtill annexed 
Cyphers according as the propoſed Power requires, viz. by two's 
in the Square; three's in the Cube, four's in the Biquadrat, c. 
And the Operations continued on as before. 


Example 5, Suppoſe it were required to extract the Square Root 
of 6968. | 


Operation 6968 (83,4745, Ec. 
+ \ 


163) 568 
3 489 
1064) 79,00 
4 66 56 
16687) 12 4400 
7 11 6809 ; 
106944) 759100 
1 _667770 
1669485) 9132400 
* 8347425 
1669490) 784975 &c. 


Then the Root of any Surd Number may be continued on to 
what ExaCtneſs you pleaſe, but cannot be truly found. 

In my Compendium of Algebra, Chap. g. I have propoſed an- 
other Way of extraQting the Square Root, and there given Ex- 
amples of the Work; which to avoid Prolixity is thus; 

| Having 


RY 3 1 a a. a. Moms — „ 


to 


* L — * 
A 82 * 7 * 1 * 
* 2 9 ef” that 


— terms 


_—_— 


— 
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Having pointed the given Reſolvend, and taken the greateſt 
Square to the firſt Point from it, as before. Then divide the 
Remainder of the whole Reſolvend by 2 (that is, half it) and 
point it a- new. (This I call a new Dividend) "Then make the 
Root of the firſt Square a Diviſor, inquiring how oft it may be 
found in the new Dividend to the next figure forward, reſerving 
that Figure under the next Point for the half Square of the Quo- 
tient Figure, Which being found, multiply the Diviſor with it, 
adding to that Product the Tens of the half Square if there be any, 
as in plain Diviſion. Then annex the Quotient Figure to the laſt 
Diviſor for a new Diviſor, with which proceed in all Reſpects as 
with the laſt Diviſor; and ſo on until all be finiſhed. 


Example 6. What is the Square Root of 2990067969 
Operation 2990667969 
— 25 65 The firſt ſingle Root 
2) 490667909 The Remainder to be divided by 2. 


Firſt Root 5) 245 333984, 5 (54687 

+4 208=56 x 4: +£ the Square of 4, viz. 1 = 8, 
Diviſor 54) 3733 

+ 6 3258 =54x6: 4 the Square of 6. 
Diviſor 546) 47539 

4 8 43712 = 546 x 8: ＋ the Square of 8. 
Diviſor $5468) 38278445 | 

4 7 382784,5 = 5468 x 7 : + f the Square of 7, 

(0) 


Hence the Root is found to be 54687, as was required, 


All the Difficulty in this Method is only the true placing of the 
half Square of the Quotient Figure, when it happens to be an odd 
Number : In that Cafe you muſt bring down one Figure more of 
the Dividend; wiz. of the next Period; under which, place the 
odd 5 that will always ariſe from the half Square of an odd Num- 
ber: As 7 whoſe Square is 49 ; the Half of which is 24,5 to be 


placed as in the laſt Operation of this Example. 


N. B. hen the Number of Figures in the Root of any Surd 
Number is limited; you need not proceed in extracting the whole 
Root as before ; but only to one Figure more than half the deſigned 
1. 8 of Figures; for the reſt may be obtained by plain Diviſion 
only, | 


8 Example 
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Example 7. Suppoſe it were required to extract the Square Root 
of 7 (a Surd Number) to have 12 Places of Figures in it, 


Remainder 


＋ ,00C0001T 


7 (2,045751 
4 


Firſt part of the Root. 


1,50 = Half the Remainder. 
1,38 =2 x ,0: + + the Square of 0,6 = 0,18 


2,045751 


1200 
1048 
152000 
132125 
1987500 
1851245 


13575500 
13228025 


34687500 
26457505 


8229995 


Having thus got 7 of the 12 Figures required in the Root; the 
reſt may be eaſily found by the contract Way of Diviſion pro- 


poſed in page 68. 


Thus 2,045751) 8229995 
—ꝑ. 7937253 | 


Hence I find the Root of 7 to be 2,64575131106, as was 


required. 


| (264575131106 


292742 
264575 
25107 
20457 
1710 
1097 
(13) 


Thus you have two ways of extracting the Square Root, ei- 
ther of which may be practiſed as every one likes beſt, 


. $eQ, 


. 

D 
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Sect. 3. To extract the Cube Root, 
12 HE Method I ſhall here propoſe for extracting the Cube Root 


admits of two Caſes; both which are to be very well obſerved. 

Having pointed the given Reſolvend, (as before directed) viz. 
into Periods of three Figures; then ſeek a Cube Number by the 
Table of Powers (or otherwiſe) that comes neareſt to the firſt Pe- 
riod of the Reſolvend, whether it be greater or leſs than that Period. 

Caſe 1. If the Cube Number ſo taken, be leſs than the firlt 
Period of the Reſolvend, call it's Root Leſs than Juſt: And ſub- 
ſtrat that Cube from the firſt Period of the Reſolvend. 

Caſe 2. But if that Cube be greater than the firſt Period of the 
Reſolvend, call it's Root Moze than Juſt: And ſubſtract the 
Reſolvend from that Cube, annexing Cyphers to it, that fo 
Subſtraction may be made. 

To the firſt Root, whether it be leſs or more than juſt, annex ſo 
many Cyphers as there are remaining Points over the whole Num- 
bers of the Reſolvend, and multiply it with 3: T hen making that 
Product a Diviſor, by which you muſt divide the Difference be- 
tween the Reſolvend and the foreſaid Cube; that Quotient will be 
the Reſolvend depreſſed to a Square, and therefore muſt be pointed 
as ſuch, viz. into Periods of two Figures each, That being done, 
make the firſt Root (without thoſe Cyphers that were annexed to 
it) a Diviſor, enquiring how oft it may be found in the firſt Period 
of the newReſolvend (as before in extracting the Square Root) 
with this Conſideration, that if the Root (now a Diviſor) be leſs 
than juſt, as in Caſe 1. you muſt annex the Quotient Figure to it, 
and then multiply the Root ſo increaſed, into the ſaid Quotient 
Figure; ſetting down the Unit's Place of their Product under the 
pointed Figure of that Period, ſubſtracting it, as in Diviſion, And 
ſo on from one Period to another, as before. 

But if the ſaid Root (now a Diviſor) be more than juſt, as in 
Caſe 2. Then you muſt ſubſtract the Quotient Figure from a Cy- 
pher annexed, or ſuppoſed to be annexed, to the ſaid Diviſor ; 
multiplying the Root ſo decreaſed into the Quotient Figure; ſet- 
ting down their Product as before, &c, An Example or two in 
each Caſe will render the Work plain and eaſy, | | 


18 


he 


7 6 Note, Each Quotient Figure ought always to be twice added to the 
Diviſor, if the Tabular Cube was taken leſs than juſt, or twice ſub- 
> MNfratted from it, if greater; viz. once before you multiply by it, and 

once with the next Quotient Figure : as will be ſhewn in the following 

— E xamples ; which are therefore more exa& and conciſe than as done 

ebe Author in all the former Editions of bis Wark, 
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Ex.1.W hat is the Cube Root of 146363183 the given Reſelvend, 
to be pointed thus 14636318 3 (the firſt Root, leſs than juſt. 
125 = the neareſt Cube to 146 
500 x 3 = 1500) 21363183 (14242,12 new Reſolvend 


Firſt Root 5) 
„ „ 5 
1 Diviſor 52) 14242, 12 (527 the Root required, 
＋ 27 104 
2 Diviſor 547) 3842 
3529 


13 the Remainder to be rejected. 


Here the Root 527 is the true Root at the firſt Operation, as 
may be eaſily tried by involving it. 

That is 527 x 527 x 527 = 146363183 the given Reſolvend. 
But if it had not been the true Root, then every thing that hath 
been here done muſt have been repeated ; only inſtead of the firſt 

ſingle Root (viz. 5) you muſt have taken the increaſed Root (viz. 
527) and this I call a ſecond Operation; which would increaſe the 
Jaſt Root to nine Places of Figures; viz. every Operation triples the 
Number of Places in the laſt Root ; as will appear further on. 


N. B. It often happens that four, five, and ſometimes more Places 
of Figures may be taken into the Root: eſpeciclly when the ſecond Place 
proves to be a Cypher. That is, when the firſt Cube comes very near 


to the firſt Period of the Reſolvend. 
EXAMPLE. 


W hat is the Cube Root of 67507824239 (4000 Root leſs than 
Firſt neareſt Cube = 64. 8 | (juſt, 


Root 4000 x 3 = 12000) 3507524239 (292318,68 
Firſt Root 4) | » #4 
1 07 . ; 5 IA 
1 Diviſor 407) 292318,68 (4071,79 
+ o71 2840 


2 Diviſor 4141) 7418 
— 157 4141 
3 Diviſor 4142,7) 3277, 68 
—+— 222. 2899787 
4 Diviſor 4143,40) 377,79 &e. 


In this Example J have taken ſix Figures into the Roots, be- 
cauſe the ſecond Place proved to be a Cypher. And in theſe ſix 


the 


2 e * 
— he 
3 


4 OS nl AK. * 21 4? 


. Chap. 11. Of Extracting Roots, &c. 133 
d. | the Exceſs is not an Unit in the laſt Place ; for if there were made 


a ſecond Operation, the Root would be 4071,78 &c. as may be 
eaſily tried, | 


EXAMPLE z. 
Let it be required to extract the Cube Root out of this Number; 


M Vix. 97637960298907 39602796 30298890 

The neareſt Cube to 976 is 1000 whoſe Root is 10 more than juſt, 

it's Cube 1000000000000000000000000000000 

— Q97637960298907 3960279630298890 the Reſolvend, 
q. Remains 236203970 109260397 20369701110 
a I The firſt Root 10000000000 x 3 = 30000000000 the Diviſor. 
d. # Then 30000000000) 23620397010926039720369701110 (78734- 
h 6567030867990 for a new Reſolvend. 
FF 8 
{© 1ſt Root 10 
e : — 007 e e „ „ „ { 40000000000 =: tt Kone 
[- 1 Dir. -093) :. 787 . 0079304 &c. ſubſtract. 
| . Do! Remains 99206 36000 the Root true 
1 2 Div. 9851) 92246 to the ſixth Figure, and only too 
wy — 93 88659 little by an Unit at the ſeventh, at 
r 3 Div. 98417) 358756 the firſt Operation. 
— 3 - 205298 
4 Div. 984134) 6350570 
— 64 5904504 

1 5 Div. g841276 44570030 
A C, &c. 


being leſs than juſt, proceed with as follows: 


For a ſecond Operation (if you require no more than ten Places of 
Figures true in the Root) you need only aſſume 9920000000 ; which 


From the given Reſolvend, = 97637960298907 3960279630298890 
Sub. the Cube of 9920000000 = 976191 488000000000000000000000 


Remainder 18811498907 396 Kc. 


for a new Reſolvend. 


Then 3x 992 &c. = 2976 &c.) 18811498907 396 &c. (6321068181 &c. 


99208 


F. 
þ 


- 1 wr FT, - - * 
4 1 8 * "- 
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99200) 
ob « + + + « {992000c000 the Root aſſumed, 
99206) 6321068181 637163, 5 add 
63 22225 9920637163, 5 the Root true to 
992123) 3087081 the tenth Figure, and only 
= 37 2976369 too much by an Unit in the 
9921207) 71071 281 eleventh, 
7 &c, 69448869 
1 9921277 1622412 * Here the Additions of the Quo- ; 
4 #* 40 992127 tient Figure being of no Con- = 
{! 630285 ſequence, therefore the Divi- | 
i 595 276 ſion is carried on from hence, | 
| = 25000 as in page 68, . 
+ 20763 Pt: 
i 5246 | [ 
1 4060 | 
| &c. FT 
fl In the ſame manner the Cube Roots of Decimal Parts; or of |} ; F 
i Vulgar Fractions, being firſt changed into Decimals, may be ex- $ 
[i tracted. 0 
Fi 4 
j ; 5 = 
Sect. 4. To extra the Biquadrat Root, 5: 


JN extracting the Biquadrat Root, or that of the Fourth Power; 
(and indeed the Roots of all even Powers) there are ſome ſmall 
Difficulties, not ſo eaſily expreſſed and explained in a few Words, 


as they are by an Algebraick Theorem; (ſuch as ſhall be ſhewed fur- ſc 
ther on) I have therefore in this Place made choice of extractin 0 
ſuch Roots by two ſeveral Extractions, and the rather, becauſe I = 27 
preſume the Reader by this Time thoroughly acquainted with the == | 
Buſineſs of extracting the Square Root, by which this may eaſily =! 
be performed. Thus: | | PF ; 
Firſt, Extract the Square Root of the propoſed Reſolvend, 111 
then the Square Root of that firſt Root will be the Biquadrat = -.c 
Root required. 
_ +4 

Example 1. What is the Biquadrat Root of 4857532416? . 
Firſt extract it's Square Root, 1 


| Thus 


L * 4 7 * _—_ — __ pr” 4 . y . 
- 5 " : dhe ad 1 F * 8 << 8 9 . v5 ** . — I. ITY e — 7 OS * 
* N . & R —— AA Ee 4 
» nd Sh 1 7 3 N 2 * . 
a ", N 2 3 4 2 
S 7 „ ; - 2 A 
"= 2 2 * # 1 
2 8 Al a 
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4 
9 2 


Thus 4857532416 
— 36 = the greateſt Square, whoſe Root is 6. 
1257532416 Remainder to be divided by 2. 


Firſt Root 6) 628760208 (69696 

„ 
69) 4826 
＋ 6 4158 

690) 508520 

+ 9 626805 

69 418158 

| 418158 

(o 
£4 ö being the firſt Root, whole Square Root 
ee Rs — now be extracted. ? 


29696 Remainder to be divided by 2. 
Firſt Root 2) 14848 (264 the Biquadrat Root as was required. 


+6. 136 
26) 1048 

+ 4 1048 
264 (0) 


This is ſo eaſy I need not inſert any more Examples. 


y >. 
. 


Sect. 5. To extraft the Surſolid Root, 


PAVING pointed the given Reſolvend according as it's Index 
denotes; vix. into Periods of five Figures; ſeeking ſuch a Sur- 
ſolid Number in the Table of Powers (or other wiſe) as comes the 
neareſt to the firſt Period of the Refolvend, whether greater or leſs, 
and call it's reſpective Root accordingly, viz. more than juſt, or 
leſs than juſt ; annexing ſ many Cyphers to it, as there are remain- 
ing Periods of whole Numbers in the Reſolvend; as before in ex- 
tracting the Cube Root: Then find the Difference between the 
Reſolvend, and the Surſolid Number fo taken, by ſubſtracting the 
leſſer from the greater (as before in the Cube), Next find the 


— 


Cube of the aforeſaid Surſolid Root with it's annexed Cyphers, 


(which you may alſo dc by the Table of Powers) and multiply 
that Cube with 5 the Index of the Surſolid, the Product muſt be. 
a Diviſor, by which. the Difference between the Refolvend and 
the Surſolid Number mult be divided; that ſo it may be depreſſed 


to 
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to a Square (as before in the Cube) which muſt be pointed into Pe- 
riods of two Figures each, calling it the new Reſolvend (as before). 
Then make the firſt Root, without it's Cyphers, a Diviſor, en- 
- quiring how oft it may be found in the firſt Period of the new Re- 
ſolvend, with this Conſideration, if the Root (now a Diviſor) be 
leſs than juſt, you muſt annex twice the Quotient Figure to it; 
but if it be more than juſt, you muſt ſubſtract twice the Quotient 
Figure from a Cypher either annexed, or ſuppoſed to be annexed 
to that Diviſor or Root, multiplying it ſo increaſed or diminiſhed, 
with the ſaid Quotient Figure, ſetting down their Product, Cc. as 
before. An Example in each Caſe will render it plain and eaſy. 


Example 1. Suppoſe it be required to extra the Surſolid Root 
out of this Number 12309 502009375. 


12 309 5020093 5 the Reſolvend pointed. 


The neareſt Surſolid Number to 1230, the firſt Period of the 
Reſolvend, is 1024, Whoſe Root is 4 being leſs than juſt, 


Therefore 1 2309 5020093 5 
— 1024 


2069502009 375 their Difference, 


Next the Cube of 400 is 64000000 per Table, Sc. And 
64000000 x 5 = 320000000 the Diviſor. 


Then 320000000) 2069502009375 (6497 &c, 
Firſt Root 400 


+ 2 x 10 = r. 20 $ 400 
1 Diviſor 420) 6467 \+ 15 
+20+2x5=+30 42 415 Root true 
450 22067 
2250 


17 the Remainder to be rejected. 


That is 415 is the Surſolid Root of the given Reſolvend. 
As may be eaſily tried by involving it to the fifth Power. Liz. 
415 x 415 x 415 x 415 = 12309502009375 the given Re- 
ſolvend. 


Note, Here again the double Quotient Figure ought to be twice 
added or ſubſtracted, in the ſame Manner as the ſingle one was di- 
refed for the Cube Root, page 131, and the Operation for the Sur» 
ſolid Root in theſe two Examples is performed accordingly : contrary 
to what was heretofore dene by the Author. 

Example 
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Example 2. What is the Surſolid Root of 2327834559873 


The neareſt Surſolid Number to 232 is 243 whoſe Root is 3 
being more than juſt, 


Therefore 2430000000000 
— 2327834559873 
Remains 102165440127 For a Dividend. 


The Cube of 300 is 27000000 and 27000000 x 5 = 135000000 
Then 135000000) 102165440127 (756,7810 new Reſolvend, 


Firſt Root 300 
— 2 Xx 2 = — & „% „„ Jo 

1 Diviſor 296) 756,7810 \—2,566 

—4—2 x 0,5 = — 5,0 592 297,434, The Root 
2 Diviſor 291, 0) 164,78 only too little by 2 
—1—2 x 0,00 = — I,12 145,50 in the loweſt Fi- 
3 Diviſor 289,88) 190,2810- - BS 

&C. &c. 


Now the Reaſon why this Root comes out to ſo many Places 
of Figures at the firſt Operation ; is becauſe the firſt Surſolid 
Number was ſo hear the Reſolvend, Sc. As before. 


Sect. 6. To extrat? the Root of be Square cubed. 


TH1s may be eaſily performed by two Extractions, according 
as it's Name denotes, Thus, firſt extract the Square Root 
of the given Reſolvend ; then extract the Cube Root of that 
Square Root, and it will be the Roat required: That is, it will 
be the Root of the ſixth Power. Or thus, firſt extract the Cube 
Root of the Reſolvend ; then extract the Cube Root of that Cube 
Root, and it will be the Root required, 


EXAMPLE 1. 


Let it be required to extract the Square cubed Root out of this 
Number 1452205 37 353515625 the Reſolvend. 
Firſt I extra&t the Square Root of this Reſolvend, which I take 


T Thug 


© to be the beſt and eaſieſt Way. 
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Thus 1452205373535 15625 
— 9 


Remains 552205373535 15025 to be halfed, 


Then 3) 27610268676757812,5 (381078125 
| ——F 8 272 ; 
38) 4102 

10 388 
38 10) 2976867 
7 2667245 
38107) 3096226 
3048592 
381078) 47634757 
1 38107805 
3810781) 952005 28 

2 26215622 

38 107812) 1905 390612, 5 
| 5 1905 39001245 
381078125 (0) 


+ 


+ 


+ 


+ 


+ 


+ 


Having found the Square Root of the given Reſolvend, I pro- 
ceed to extract the Cube Root of that Square Root. 


That! is, of 381078125 
— 343 = the neareſt Cube, it's Root is 709 


Then 700. x Z= 2100) 38078125 (18161 


Firſt Root 7.. 
— 2 


| + hc 700 
1 Diviſor 72.) 18161 Woe 
—+ 25 144 725 
2 Diviſor 745) 3761 
3725 
(30) 


Hence I find 725 to be the Square cubed Root required; as 
may eaſily be tried by involving it to the ſixth Power. That is, 
725 725 X 725 * 725 * 725 x 725 will be found = 1452205 3- 
7 353515725 the given E wood 
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Se. 7. To extract he Root of the ſeventh Power. 


paving pointed the given Reſolvend, as it's Index denotes, viz. 
into Periods of ſeven Figures, ſeek out ſuch a Number of the 
ſeventh Power, by the Table of Powers, as comes neareſt to the 
firſt Period of the Reſolvend; whether it be greater or leſſer, cal- 
ling it's reſpective Root more than juſt, or leſs than juſt, annexing 
it's proper Number of Cyphers, &c. as in the Cube and Surſolid. 

Then find the Difference between the given Reſolvend, and 
that Number of the ſeventh Power (found by the Table of 
Powers) by ſubſtracting the lefler from the greater, 

Next find the Surſolid or fifth Power of that Root with it's an- 
nexed Cyphers (which you may alſo do by the Table of Powers) 
and multiply that Surſolid Number with 7, the Index of the given 
Reſolvend ; that Product muſt be a Diviſor, by which the foreſaid 
Difference muſt be divided, that ſo it may be depreſſed to a Square, 
to be pointed, &c. as before in the Cube, Ec. then make the firſt 
Root, without it's Cyphers, a Diviſor ; working with it and the 
new Reſolvend (as before) only here you muſt increaſe, or dimi- 
niſh the Diviſor with thrice the Quotient Figure *. 


Example. What is the ſecond Surſolid Root, or that of the 
ſeventh Power, 


of 382986553955078125 the Reſolvend pointed. 
— 2187 the neareſt of the ſeventh Power. 


1642865 5 3955078 125 their Difference. 

The firſt Root is 300 being leſs than juſt, and the fifth Power 
of 300 is 2430000000000, which being multiplied with 7 is 
I7010000000000 for a Diviſor, by which the aforeſaid Diffe- 
rence muſt be divided; which contracted may ſtand thus, 

1701) 16428655 (9658,23 Cc. 

Firſt Root 300 

＋ 3 x 20 = - 60 7 300 


1 Diviſor 350) 9658 \ +25 
bo-+3x05=+ 75 72 325 = the true Root re- 
2 Diviſor 435) 243838 [quired. 
2175 
283 the Remainder to be rejected, 


[as before. 


That is, by twice adding or ſubſtracting the triple Quotient Figure, as was done 


_— 


93 with the double Quotient Figure fag the Root of the fifth Power, page 136; and the 
x V fingle Quotient Figure for the Cube Root page 131. | 
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Hence I have faund 325 to be the true Root required, that is, 
the true Root of the ſeventh Power. 

I think it needleſs to proceed farther ; viz. to inſert Examples 
of higher Powers. For if what is already done be well underſtood, 
it will be eaſy to conceive how to proceed in extracting the Root 
of any ſingle Power how high ſoever it be (for the Method is ge- 
neral and alike in all Powers), due Regard being had to their In- 
dices; and to the firſt ſingle Side or Root. That is, whether it 
be more, or leſs than juſt, &c. 

Yet methinks I hear the young Learner ſay, it is poſſible to 
follow the Directions and Examples, as they are here laid down; 
but ſtill here is not the Reaſon why they are fo, and fo, perform- 
ed ; and why there ſhould be a Remainder left after the Root is 
22 3 viz. when the given Reſolvend hath a true Root of it's 

ind, 

It is true, the Reaſons of theſe are not here laid down ; nei- 
ther indeed can they be rendered ſo plain and intelligible by 
Words, as by an Algebraick Proceſs, from whence the Theorems 
or Rules here given, had their firſt Invention; as ſhall be ſhewed 
in the next Part, when I come to treat of reſolving compounded 
or adfected Equations; however, take this ſhort and general Ac- 
count of this Method, 

This, and all other of the new Methods of Converging Series 
(as they are called), are very different from the former (and ſtill 
common) Methods of extracting Roots, which require the firſt 
ſingle Side or Root of the firſt Period (in any Reſolvend) to be 
taken exactly true, and then by involving, and other tedious 
Ways of ordering it, there is formed a Diviſor; which helps to 
grope out by Trials a ſecond Figure in the Root, And fo proceed 
on from Point to Point; ſtill repeating the whole Work for every 
ſingle Figure that comes into the Root. And if by Chance there 
be a Miſtake or Error committed in any one Figure (as it is poſ- 
ſible there may) it ſpoils the whole Proceſs, which muſt then be 
wholly begun anew, or at leaſt from that Part of it where the 
Error firſt entered. e | 

But the Nature and Deſign of the Method which J have here 
laid down is quite otherwiſe; it being ſo contrived, as to gradu- 
ally leſſen the Difference betwixt any propoſed Power, and the 
like Power of another Number aſſumed ; v:z. it leflens that Dif- 


ference until it is either quite vanquiſhed, or becomes ſo infinitely 


ſmall as to be inſignificant. 


Therefore when any Number is propoſed to have it's Root ex- 


trafted ; it is here required to take the next neareſt Root of the 
firſt Period in the Reſolvend; that ſo the Difference betwixt the 


given 
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given Reſolvend, and the Homogeneal Power (viz. the like 
Power) of the Root thus taken, may be leſs either in Exceſs, or 
Defect. Which Difference being reduced, or depreſſed lower, 
becomes ſo prepared, that by plain Diviſion (comparatively) 
there will ariſe ſuch Quotient Figures, as will both correct and 
increaſe the firſt Root to three Places of Figures at leaſt, ſome- 
times to four or five Places of Figures ; according as the ſaid firſt 
Difference happens to be more or leſs (of which you may have 
obſerved Inſtances) : But yet there will be a Remainder left, 
and perhaps an Exceſs or Defect in the Root ſo increaſed, viz. 
in the laſt Figure of it. 

Now to rectify the ſaid Exceſs or Defect in the Root, and to 
diſcover whether the given Reſolvend be a true Figurate Num- 
ber, or not: That is, whether it have a true Root of it's kind; 
it will be neceſlary to make a ſecond Operation; by taking the 
Root ſo increaſed, and proceeding with it and the given Reſol- 
vend, in all reſpects as in the firſt Work (like to the third Zx- 
ample of extracting the Cube Root): I ſay, if the given Reſolvend 
have a true Root, it will appear at this ſecond Operation, and all 
the aforeſaid Differences, &c. will be vanquiſhed ; provided the 
Root required is not to have more than three (or four) Places of 
Figures im it. 

But if the Root be to have more than three Figures in it; or, 
that the given Reſolvend prove to be a Surd Number. Then 
there will be a Difference as before; which will afford Quotient 
Figures to rectify and increaſe the Root laſt taken, to three Times 
as many Places of Figures, as it had at the Beginning of that ſe- 
cond Operation, As you may ſee in the aforeſaid Example 3. of 
the Cube Root ; whercin that Root is increaſed to twelve Places 
of Figures at two Operations; which if it were to be extracted 
the old (and ſtill common) way, it would require at leaſt forty 
times the Number of Figures I have here uſed, 

Again, if there chance to be a Miſtake committed in any Ope- 
ration performed by the Method here laid down, that Miſtake 
will not deſtroy the precedent Work, but will be rectified in the 
next Operation, although it were not diſcovered before. And 
thus you may proceed on to a third Operation, which will afford 
27 Places of Figures in the Root, &c. with very little Trouble, 
if compared with former Methods. 

The brief Account, which I have here given (by ay of ex- 
plaining the Nature of this Method of extracting Roots) being well 
conſidered and compared with the ſeveral Operations of the fore- 
going Examples, muſt needs help the Learner to form ſuch an 
Idea of it, that he cannot (I preſume) but underſtand how to 


proceed 
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proceed in extracting the Root out of any ſingle Power, how 


high ſoever it be; without the Help of an Algebraic Theorem. 
Not but when that comes to be once underſtood ; the Work will 
be much readier and eaſier performed: As will appear in the 
next Part. 

I did intend to have here inſerted the whole Buſineſs of Intereſt 
and Annuities ; but finding that it would require too large a Diſ- 
courſe, to ſhew the Grounds and Reaſons of the ſeveral Theorems 
uſeful therein, I have therefore reſerved that Work for the Cloſe 
of the next Part. Neither indeed can the raiſing of thoſe Theorems 
be ſo well delivered in Words, as by an Algebraick Way of *argu- 
ing; which renders them not only much ſhorter, but alſo plainer 
and eaſier to be underſtood, 

I have alſo omitted that Rule in Arithmetich, uſually called the 
Rule of Poſition, or Rule of Falſe : Becauſe all ſuch Queſtions, as 
can be anſwered by that gueſſing Rule, are much better done by 
any one who hath but a very ſmall ſmattering of Algebra. I ſhall 
therefore conclude this Part of Numerical Arithmetick ; and pro- 
ceed to that of Algebraick Arithmetick, wherein I would adviſe 
the young Learner not to be too haſty in paſſing from one Rule 
to another, and then he will find it very eaſy to be attained. 
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PART: II. 


* 


P R O E NM. 
H VING formerly wrote a ſmall Tract of Algebra, 


perhaps it may ſeem (to ſome) very improper to write again 
upon the fame Subject; but only (as the uſual Cuſtom is) 
to have referred my Reader to that Tract. However, 
becauſe the following Parts of this Treatiſe are managed by an Alge- 
braick Method of arguing ; which may fall into the Hands of thoſe 
who have not ſeen that Trae, or any other of that Kind ; I thought 
it conven ent to accommodate the young Geometer with the firſt Ele- 
ments, or principal Rules, by which all Operations in this Art are 
performed ; that ſo he may not be at a Loſs as he proceeds farther on : 
Beſides, what I formerly wrote was only a Compendium of that which 
is here fully handled at large. | ; 
The principal Rules are Addition, Subſtraction, Multipli? 
cation, Diviſion, Jnvolution, and Evolution, as in common | 
Arithmetick, but differently performed ; and therefore ſome F 
call it Algebꝛaick Arithmetick. Others call it Arithmetick in 5 
Specie, becauſe all the Quantities concerned in any Queſtion, 
remain in their ſubſtituted Letters (howſoever managed by Ad- 
dition, Subſtraftion, or Multiplication, &c.) without being de- 
1 or changed into others, as Figures in common Arithme- 
tick are, 


8 Mr. Harriat called it Logiſtica Secioſa, or Spectou; Compu- 
0 Rs tation, 
3 CHAP. 
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CHAP. 


Concerning the Method of noting 4» Quantities; 
ond tracing heir Steps, &c. 


Sect. 1. Of Notation. 


HE Method of noting down Letters for Quantities is va- 
rious, according to every one's Fancy; but I ſhall here fol- 
low the ſame as in my former Tract, and repreſent the Quantit 
ſought (be it Line or Number, c.) by the ſmall (a), and if 
more Quantities than one are ſought, by the other ſmall Vowels, 
c. u. Or y. 

The 35 Quantities are repreſented by the ſmall Conſonants, 
J. e. d. . g. Ce. 
And for Diſtinction ſake, mark the Points or Ends of Lines 
in all Schemes, with the capital or great Letters, viz. A. B. 
C. D. &c. | 

When any Quantity (either given or ſought) is taken more 
than once, you muſt prefix it's Number to it; as 3a ſtands 
for a taken three times, or three times a, and 76 ſtands for ſeven 
times 6, Cc. 

All Numbers thus prefixt to any Quantity, are called Coctk- 
cients or Fellow - Factors; becauſe they multiply the Quantity; 


and if any Quantity be without a Coefficient, it is always ſup- 


poſed or underſtood to have an Unit prefixed to it; as à is 1a, 
orb is 16, c. 

The Signs by which Quantities are chiefly managed are the 
ſame, and have the ſame Signification, with thoſe in the firſt 
Part, page 5. which I here preſume the Reader to be very well 
acquainted with. To them muſt be here added theſe three more; 


S Involution. 
Viz. up 5 the Sign of 3 Evolution, or extracting Roots. 
| * Irrationality, or Sign of a Surd Root. 
All Quantities that are expreſſed by Numbers only (as in Ful- 


gar Arithmetick) are called Abſolute Numbers. 
Thoſe Quantities that are repreſented by ſingle Letters, as, 


4. b. c. d. &c, or by ſeveral Letters that are immediately joined 
together; as ab. cd. or 75d. &c. are called Simple or Single 


whole Quantities. 
But when different Quantities repreſented by different or un- 


like Letters, are connected together by the Signs (＋ or —); as 
2 ＋ 9, a—b, or ab—dc, &c. they are called Compound whole 


Quantities. And 


1. 
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3 * 


And when Quantities are expreſſed or ſet down like Vulgar 
R a a ＋ 5 ab + dc 
Fractions, Thus —, or ; Of 
3 5 b d b —c 
called Fractional or Broken Quantities. 
The Sign wherewith Quantities are connected, always belongs 
to that Quantity which immediately follows it; and therefore all 
the Quantities concerned in any Queſtion, may ſtand in any order 


„ Kc. they are 


1- 7 at Pleaſure, viz. the moſt convenient for the next Operation. 

As 445 - 4 may ſtand thus b— 4 +4, or thus a—d +6, or 
. 3 -d +a+b &c. theſe being ſtill the ſame, tho' differently placed. 

: That Quantity which hath no Sign before it (as generally the 
» 


leading Quantity hath not) is always underſtood to have the 
Sign I before it. As @ is +a, or b—dis - d, &c. for 
the Sign -+ is the Affirmative Sign, and therefore ail leading or 
* poſitive Quantities are underſtood to have it, as well as thoſe that 
. are to he added. 


wo) 
* 
ae 


a þ. 4 But the Sign — being the Negative Sign, or Sign of Defect, 

„ there is a Neceſſity of prefixing it before that Quantity to which 
2 7 it belongs, wherever the Quantity ſtands. 5 
en 4 5 
- | 2 Sect. 2. Of tracing the Steps »/ed in bringing 

Quantities 7 an Equation, 

» N 9 
p- TH Method of tracing the Steps, uſed in bringing the Quan- 
8 F 2 tities concerned in any Queſtion to an Equation, is beſt per- 

"FR formed by regiſtering the ſeveral Operations with Figures and 
he 7 Signs placed in the Margin of the Work, according as the ſeve- ! 
0} ral Operations require; being very uſeful in long and tedious | 
ell 3 | Te Operations, 
ez For Inſtance: If it be required to ſet down and regiſter the | 

= Sum of the two Quantities, @ and 6, the Work will ſtand, | 

Bs: Thus|1]s Firſt ſet down the propoſed Quaatities, a and 5, | 
t . 21 over-againſt the Figures 1, 2, in the ſmall Co- g 
3 * —— lumn (which are here called Steps), and againſt 3 
ul- 1 1 14224 (the third Step), ſet down their Sum, VIZ. a +b. 

4. Then againſt that third Step, ſet down 1-2 in the Margin; 

9, =. which denotes that the Quantitics againſt the firſt and ſecond Steps 

ed f | are added together, and that thoſe in the third Step are their Sum. 

le =. To illuſtrate this in Numbers, ſuppoſe a = 9, and b = 6, 
© Thenit will be, 


Thusj1ja =9 
os = 6 
3] a+b=9+6=15 e of 9 and 6. 
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CHAP. I. 


Concerning the Method of noting an Quantities; 
and tracing #beir Steps, Sc. 


Sect. 1. Of Notation. 


HE Method of noting down Letters for Quantities is va- 

rious, according to every one's Fancy ; but I ſhall here fol- 
low the ſame as in my former Tract, and repreſent the Quantity 
ſought (be it Line or Number, Sc.) by the ſmall (a), and if 
more Quantities than one are ſought, by the other ſmall Vowels, 
c. u. or y. 


The given Quantities are repreſented by the ſmall Conſonants, 


5. c. d. f. g. c. 

And for Diſtinction ſake, mark the Points or Ends of Lines 
in all Schemes, with the capital or great Letters, viz. A. B. 
C. D. c. 

When any Quantity (either given or ſought) is taken more 
than once, you muſt prefix it's Number to it; as 3a ſtands 
for a taken three times, or three times a, and 7b ſtands for ſeven 
times , Oc. 

All Numbers thus prefixt to any Quantity, are called Cocth- 
cients or Fellow-FaQtors ; becauſe they multiply the Quantity; 
and if any Quantity be without a Coefficient, it is always ſup- 
poſed or underſtood to have an Unit prefixed to it; as à is 1a, 
or b is 16, &c. ao 

The Signs by which Quantities are chiefly managed are the 
ſame, and have the ſame Signification, with thoſe in the firſt 
Part, page 5. which I here preſume the Reader to be very well 
acquainted with. To them muſt be here added theſe three more; 


S Involution. 
Fiz. w F theSignof 3 Evolution, or extracting Roots. 


v Irrationality, or Sign of a Sutd Root. 


All Quantities that are expreſſed by Numbers only (as in Yul- 
gar Arithmetick) are called Abſolute Numbers. 


Thoſe Quantities that are repreſented by ſingle Letters, as, 


4. b. c. d. &c, or by ſeveral Letters that are immediately joined 
together; as ab. cd. or 7bd, &c. are called Simple or Single 


whole Quantities. 
But when different Quantities repreſented by different or un- 


like Letters, are connected together by the Signs (+ or —); as 
. a+b, a—b, or ab- dc, Cc. they are called Compound whole 


Quantities. And 
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And when Quantities are expreſſed or ſet down like Vulgar 


Fractions, Thus 55 or . or 3 Kc. they are 


— 


called Fractional or Broken Quantities, 


The Sign wherewith Quantities are connected, always belongs 
to that Quantity which immediately follows it; and therefore all 
the Quantities concerned in any Queſtion, may ſtand in any order 
at Pleaſure, viz. the moſt convenient for the next Operation. 
As a+ - may ſtand thus b— 4 + d, or thus a—d +6, or 
Ad +a-+b &c. theſe being ſtil] the ſame, tho' differently placed. 

That Quantity which hath no Sign before it (as generally the 
leading Quantity hath not) is always underſtood to have the 
Sign —+ before it. As à is +a, or- is +b—4&4, &c. for 
the Sign A is the Affirmative Sign, and therefore all leading or 
poſitive Quantities are underſtood to have it, as well as thoſe that 
are to be added. 

But the Siga — being the Negative Sign, or Sign of Defect, 
there is a Neceſſity of prefixing it before that Quantity to which 
it belongs, wherever the Quantity ſtands, | 


Sect. 2. Of tracing the Steps »/ed in bringing 
Quantities 7% an Equation, 
THE Method of tracing the Steps, uſed in bringing the Quan- 


tities concerned in any Queſtion to an Equation, is beſt per- 
formed by regiſtering the ſeveral Operations with Figures and 


Signs placed in the Margin of the Work, according as the ſeve- 


ral Operations require; being very uſeful in long and tedious 
Operations, 

For Inſtance: If it be required to ſet down and regiſter the 
Sum of the two Quantities, @ and b, the Work will ſtand, 


Thusſiſe Firſt ſet down the propoſed Quaatities, a and 5, 
N over-againſt the Figures 1, 2, in the ſmall Co- 
I lumn (which are here called Steps), and againſt 2 
1 +213 4 +0 (the third Step), ſet down 24 os a &L 
Then againſt that third Step, ſet down 1 ＋ 2 in the Margin; 
which denotes that the Quantities againſt the firſt and ſecond Steps 
are added together, and that thoſe in the third Step are their Sum. 
To illuſtrate this in Numbers, ſuppoſe a = 9, and b = 6, 
Then it will be, 
Thusj1ja Sg 
21 


== 6 
1+2[3]a+b=9+6=15 being the Funk of 9 and 6, 


Again, 
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Again, If it were requited to ſet down the Difference of the 
ſame two Quantities; then it will be, 


Thus 


a 99 
132886 a 
1— 2132 - = 9 ez the Diff. between 9 and 6. 


Or if it were required to ſet down their Product. 
| Then it will be, 


Thus 


— 


— = img — ee 2 = — — 
— — os 3 — — 
* > © - 
hs — 

— — — — = - - a 

2 - — — — — 7 — » 
— — — - Þ A — 

— — OW 

a © _— — — — — — — — — - — — 


— — 
- —_— 
_ — 


9 
6 


— 


a= 
5 —= 
axb 


— — 
2 


0 I x2 H r =qx 6=54 the Prod. of g into 6. 


&c, 


SEES — 
r 5 
2} 28282 —äͤͤñẽ — — — 


Note, Letters ſet or joined immediately together ( like a Tord) 
fignify the Rectangle er Product of thoſe Quantities they repreſent ; 


1 and b =6, Oc. 


1. If equal Quantities be added to equal Quantities, the Sum 
of theſe Quantities will be equal. 


2. If equal Quantities be taken from equal Quantities, the 
F Quantities remaining will be equal. 


— 


r 


— — 
2 ith. — 
2 — 


—— — 


0 3. If equal Quantities be multiplied with equal Quantities, 
tis op Products will be equal. 
: b If equal Quantities be divided by equal Quantities, their 
11 Quaiens will be equal. 
| = . Thoſe Quantities, that are equal to one and the ſame 
= Thing, are equal to one another. 


Note, I adviſe the Learner to get theſe five Axioms perfeetly by 
Heart, 


— = _ — 
— — 
ov IS 


Theſe Things being premiſed, and a perfect Knowledge of 
the Signs and their Significations being gained, the young Alge- 
braiſt may proceed to the following Rules. But firſt I muſt make 
bold to adviſe him here (as I have formerly done) that he be very 
ready in one Rule before he undertakes the next. 


That is, He ſhould be expert in Addition, before he meddles 
with Subſtraction; and in Subſtraction, before he undertakes 
Multiplication, &c. becauſe they have a Dependency one upon 


another, 
. CHAP. 


"ry as in the laſt Example, wherein ab = 54 is the Product of a =9 
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mon Arithmetick. For ſuppoſe a, 10 repreſent one Crown, 10 


CHAP. Il. 1 
Concerning the Dix Principal Rules, of Algebraick | 
Arithmetick, of we Quantities. 


Sect. 1. Addition of whole Quantities. 


DDITION of whole Quantities admits of three 
Caſes. | 


Caſe 1. If the Quantities are like, and have like Signs ; add 
the Co-efficients or prefixt Numbers together, and to their dum 
adjoin the Quantities with the ſame Sign. | 


Exam, I. | Exam. 2, | Exam. 3. Exam. 4. 
I a — 4 5b — be 
4 — 4 3b — 85 
1＋2 13122 — 20 8 b | —15bc 
Thus Exam. 5. Exam. 6. Exam. 7. 
11 33 ＋ 5b [32 — 5% | 6ab + 12 
2424 ＋ 7b | 2a — 73 2ab + 24 


1+2|3) 54 +126 | 5a —12b | 9ab + 36 _ 


The Reaſon of theſe Additions is evident from the Mort of Come 


which if I add one Crawn, the Sum will be twa Crowns, or 2 a. 
as in Example 1. 

Or if we ſuppoſe — a, to repreſent the NN ant or Debt of one 
Crown, to which if another Want or Debt of one Crown be added, 
the Sum muſt needs be the Want or Debt of two Crowns,” or — 2 a; 
as in Example 2. And ſo for all the reſt. | 


Caſe 2. If the Quantities are alike, and have unlike Signs; 
ſubſtract the Co-efficients, from each other, and to their Diffe- 
rence join the Quantities with the Sign of the greater. 


Exam. 8. Exam. 9. | Exam. 10, | Exam. II. 
—5 2 7 be — 944 
W + 3a ⁶— 654 | +7abd. 
2122 | — 24 — 1 bc — 2464 


Example 12. Example 13. 
74 — 565 — 841 — 7bc 15 
— 5 4 ＋ 7 ＋ 1246 + 70 — 24 
24 ＋ 265 4426 — 9 5 


U 3 Th 


— — 

— — 

— — — 
2 —— _ 


= 2 


— 
— — — 
= — 


——— — 
— - 
P 


— — — 
- — 


e = 


1 


—— * 
— "4 


— — 2 — o — 
- 2 — 
— —— 
— 2 
th 


— - — 
2 ——— 
— — 


— 
— 


— — 
— " 


IP” 


— — = — 


— — = 


5 
Þ 4 
k 
414 
CN 
* 8 7 
Mr 1 
14 UW 
wat! ; 
» l 
} , 
| | 
” 
V 
* 


———— 


— 
— 
25 


— — — r 
Er Inn oe >> 
: — — 
= — i . p 
— 2 by — 
— - * — ” — 


48 Arithmetick. Part II. 


The Reaſon of the Operations in this Caſe may be eaſily underſtood, 
by any one that duly conſiders the comparing of Stock and Debts toge- 
ther, or the ballancing of Accounts betwixt Debtor and Creditor, 
That is, the Affirmative Quantities repreſent the Stock or Creditor : 


The Negative Quantities repreſent the Debts ; and their Sum repre- 
ſents the Balldvice, &c. 


Caſe 3, When the Quantities are unlike, ſet them all down, 
without altering their Signs; and thence will ariſe compound 
Quantities, which can be no otherwiſe added but by their Signs, 


Thus [1 4 a 5b + 54c | 
215 — 1 —I 42 ＋ 20 * 
1＋ 2 [3A ＋ 4 4a — 5 5 ＋- 7e 44 — 20 


Here follow a few Examples wherein all the 3 Caſes are pro- 
miſcuouſly concerned. 


H , — * "TW 
= * 0 3 | 
\ © xd * " p * * * - : . G2 
00 l 
2 


1[aa＋ 2356 + 55 8ab + be — 37 
2 — 425 — 72 , ＋ 42 — 64 
I +2 3] aa —2ab+bb| 46 ＋ 5 — 64 6 
Il aa—2ab—bb] gbc + Tab — 45 
21 4425 - bh 44 — 6 — 7ab 4A 
142 13 aa ＋ 240 ＋ % 306 + 44 — 45 ＋ 44 
[1] $gaſ a +b—eab 
2] —7@a]| 7c — 4 
13] +3a | 42 +f | 
12434 a | a +b—ab+jc—=d+4e+f 
| 1 34 -+- 4abec — bb -+ 30 
2] 2bb — Jaa — 24e — 25 
3 dd ＋ 2aa — Jabe — 3 = 
142 ＋3 4 +dd + 2424 + bb — abc ＋ 2 


Sect. 2. Subſtraction of ele Quantities. 


CUB STRACTION of whole Quantities is *performed 


by one general Rule. 


NULL. 


Change all the Signs of the Sub/trahend (viz. of thoſe Quantities 
which are to be ſubſirafted) or ſuppoſe them in your Mind te be 
changed; then add all the Quantities together, as before in Addition, 


and their Sum will be the true Remaindæ or Difference required. 


This 


1 
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This general Rule is deduced from theſe evident Truths. 


To ſubſtrat an Affir mative Quantity, from an Affirmative, 
is the ſame as to add a Negative Quantity to an Aﬀirmative: that 
is + 24 taken from 3a, is the ſame with — 24 added to + 3a. 
Conſequently, to ſubſtract a Negative Quantity from an Affir- 
mative, will be the fame as to add an Affirmative Quantity to 
an Affirmative: that is — 2 à taken from ” 3a will be the ſame 


with + 2a added to + 39a. 


| | Exam, 1, | Exam. 2, | Exam, 3. Exam. 4. 
I 24 — 24a 8 * — 15 bc 
25 a — 4 3b — 8 he 5 
n 1 — 774 
Exam. 5, Exam. 6. Exam. 7. 
I} 5a +126 5a —12b 9ab + 36 
2] 2a + 7b 2a — 790 Jab + 24 
1— 2 31. 242 ＋ 56 Ja — 5b | bab + 12 
I Exam. 8. | Exam. 9. | Exam, 10. | Exam. II. 
11 +24 — 24a bc — 2abd 
J2] — 32 | +3 | —6bc | +7a6bd 
r—2\3 50. — $6 +7bc | —9gabd _ 


— 


Example 12. Example 13. 
1 24 ＋ 26 N 426 — 9 
—52＋ 75 — 84 — 7be +15 
1—2 3 74 — 5 % 122 + 7bc — 24 


If theſe 13 Examples be compared with thoſe in Addition, the 
Work will appear-very evident, theſe being only the Converſe or 
Proof of thoſe; according to the Nature of Addition and Sub- 


traction i in common Arithmetich, 


More 3 in Subſtraction. 


i] .a+b 5bc + 3da 8aH5bd +25; 
421 a—b 55 — 4da 7a — 3bd — 12 
1—2j3] +26 } +74a | a+8bd+37,_ 


— 2 


—— ——— — — 
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c 13 


FL. 


a 
oY 


O 
24 — 43 


2 b— 54 | 
1 


FD 


76 


22125447 


12 AZ A EAT! —a+b+$51—7c 


That @ — 3 taken from a ＋ 3 leaves + 26 for the Re- 
mainder, as in the firſt of theſe Examples, may be thus proved : 


a +b=zZ 


Let | 
And 


2 +6 


FP | 


4 + 6 


OM Þ WW N = 


| 


a —þb = x 
a=x+b 
b =2z — x — þ, 
2b =2— x which 1 was to be proved, 


per Axiom I, 
per Axiom 2, 


_ 


The Truth of all Operations in Subſtractian, where any 
Doubt ariſes, may be proved, by adding the Subſtrahend to the 
Remainder, as in Common Ar:thmetick. 


ES T4 MEP LE 


From |1| + 5@ | o| —qgbc 

Take |2] —2a | + 3b |] — 64a I Subſtrahend. 
I — 2 | 3 + 7a — 3b | + bda — 96bc| Remainder. 
2 +3\4| +54 0 9 bc | Proot, 2 


Sect. 3. Multiplication of who! Quantities, 
ULTIPLICATION of whole Quantities admits 


of three Caſes, 


Caſe 1. When the Quantities have like Signs, and no Coefh- 


cients, ſet or join them together, and prefix the Sign A before 
them; and that will be their Product. 


| | Exam. 1, | Exam. 2, | Exam. 3. | Exam. 4. 
I a — a a+b — 4 —5 
Tee; f 2 1 — | d yy 
T x 2 a 6 + ab | ad+bd\| +ad+bd 


Caſe 2, If there be Coefficients; multiply them, and to their 
Product adjoin the Quantities ſet together as before, 


Thus 


181 
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® &s . - if % ” c . 
# - . 4 _, SY 1 4 
F TE IS” tf * As 
n ' 
= 


Chap. 2. 


Multiplication of Quantities, 151 


Exam. 5.\ Exam. 6. | Exam. 7, | Exam. 8. 
g 1 5 4 — 64 34 + 2b a+b 
1x2 |3\ 152% | +42d6b j 16a +12b| 5ab+5bb_ 


Caſe 3. When the Quantities have unlike Signs; join them 
and the Product of the Coefficients together (as before), but pre- 
fix the Sign — before them ; 


| |Exam.g.| Exam. 10. Exam. 11. | Exam. 12. 

1] +a | — 6d | 4a—76 4a—76 
Thus 425 + 7b | 3 f — 37 3 
1x2 3—- 427 [— 424% 24 — 2177 — 2 bf 


T hat is, + into +, or — into —, gives ++} 
But ＋ into — or — into +, gives — — in the Product. 


That + into + will produce ＋ in the Product, is evident 
from Multiplication in Common Arithmetick : viz. + 5 into + 7 
will give + 35 &c. But that ＋ into —, or — into -+ ſhould 


produce the Sign —, as in the four laſt Examples; and that 
L into — ſhould produce the Sign , as in the ſecond, fourth, 


Suppoſe | 1 44 —7b=0 


and fixth Examples, may perhaps ſeem ſomewhat hard to be 
- conceived ; and requires a Demonſtration, 


Firſt to prove that — 7 b into + 37 = — 21bf, As in 
Example 11. 


Then will [2 42 2 76 
But 3 +3f=+3f 
2x3 [412% = 2167 
4 — 2157512 — 21 bf 0 


per Axiom 1. 


per Axiom 3. 
per Axiom 2. 


Conſequently —— into —, or — into =_ produces — which 
Was the Thing to be proved. 


Secondly to prove that — 7 into — 3f gives ＋ 216 FA as in 


| £ xample 12. 


Let 1 ta —7b=0 
Then [24228765 | 5 before. 


But 3 —3f=— 37 


| che 2 * 3 is 4 0 


; 4 4 21bf |5| —12af +21bf =o. 


per Axiom 1. 


Or 


Ms ts ——ͤ ——— —H ma 
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Or theſe may be otherwiſe proved by Numbers, Wu 


a= 20 c = 12 7 or any other 
Thus, ſuppoſe , b = 14 c and , d = 8 Numbers. 


Then a—b=b => 424 per Axiom 2. 


— — 


Conſequently, a —bxc—d 6 4= 24, per Axiom z. 
but a—b * c d, according to the precedent Rules, will be, 
ac - c -d — da, which, if true, muſt be equal to 24. 


a6 2% x 12 = 240 cb —=12 x 14 = 168 
Proof 4 mis x = 113-44 =: 5.x 20'= 100 
Hence ac -+ bd = 352 per Axiom 1. 
And ch + da = 328 which being ſubſtracted, 
Leaves ac-+bd — << — da = 352 — 328 = 24, which 
plainly ſhews, 


That -+ into — produces — ); 
And. — into — produces -+- in the Product. 


2. E. D. 


Note, If the Multiplier conſiſts of ſeveral Terms, then every 
one of thoſe Terms muſt be multiplied into all the Terms of 
the Multiplicand ; and the Sum of thoſe particular Products, will 
be the Product required, as in Common Arithmetick, 


EXAMPLES. 


145 — 4 | 7b+5d 
2] a—b 34 — 5 f 2 
I x 413 aa+ba—da 21ba + 15 44 
3 x4]4] —de—d# +45} —360/ —25df  - 
3+4j5190—40—# +£aplaite +i5da —355/—256/ 
I aa—ba 2c — 24 
2 4a ＋- 6 Ja — 4b - : TY 
1 23444 —abb| bca—qgda—B8bc+12db 
| 1 aa + 2a + 4 | aa —ba—+bb 
2 a — 2, bY a+b 
aaa +2aa+44 aaa—baa—+bba 
5 —244—44—8 ＋ baa —bba +bbb 3 
Ix 213} aaa — 8 i aaa +bbb " 


n 


Sect. 


— 
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— | Set. 4. Diviſion of wwhole Quantities, 

*- De, of Species, is the converſe or direct contrary to that of 
; Multiplication, and conſequently is performed by converſe 

3. Operations (as in common Arithmetick), and admits of four Caſes, 

85 


Caſe 1. When the Quantities in the Dividend, have like Signs 

to thoſe in the Diviſor, and no Co-efficients in either; caſt off 

g expunge all the Quantities in the Dividend, that are like thoſe 

+ the Divifor; and ſet down the other Quantities with the | 

F S8 er the Quotient required, 4 


i] ab —ab | ad +bd | —ad —bd 
2 b — 5 4 = — 4 T3 
3|-e. + ee ++ | e-+8 2 


a Caſe 2. When the Quantities in the Dividend have unlike 
Signs to thoſe in the Diviſor ; then ſet down the Quotient Quan- 
8 tities found as before, with the Sign — before them. 


Thus J 


1 2 


3] 5a j} — b4 | 4a—76 


—_— — , 


7 Is Il kab| —ab—bd abc +bed+bef 
” * Thus} 42 b] + 5 | — bc 5 Ss 
rr =a—=d-f 
5 Caſe 3. If the Quantities in the Dividend and Diviſor, have » 
® Coefficients; divide the Numbers (as in common Arithmetick) % 
; and to their Quotients adjoin the Quotient Quantities. 1 
* 9 I] 15 46 42 4b 1227 — 21577 vu 
| 4 Thus 4 2 | 26 = 7 h 3 f - | 1 
1 1 — 2 


Note, When the Quantities and Co-efficients in the Diviſor and 
Dividend are all the ſame, the Quotient will be an Unit, or 1. 


S$|i}ab| gbc | 7ab+5bc 8256444 
Thus} 24% — 91 % | 7ab + 5be | —Bab—44 
12131 r] —1 SAS | —1 ; 


- , 


Caſe 4. When the Quantities in the Diviſor cannot be exactly 
found in the Dividend; then ſet them both down like a Vulgar 
Fradlian, as in common Arithmetick, 


X Thus 


" - 4 08 
—— — 
— — — >> ˙ 2x Loo, coy * _ 
- « E-» — _ 


"Algebra. Pare ll 
I * | 5b aa THe 
2 |; #3 5 4 +76 44 he 
2 31 255 | 1.4 44.12 2 PO 
1: 3 | b d 5 4 ＋- 76 b 

N. B. In Diviſion one thing muſt be very carefully obferved ; 
vi. that like Signs give -+ and unlike Signs give — in the Quo- 
tient ; which needs no other Proof than that already laid down in 


the laſt Section, if duly compared with what hath been ſaid con- 
cerning Multiplication and Diviſion, in Vulgar Arithmetick, 


Examples of Diviſion at large. 


112132 + 15 da —3J5bf — 25 4/ (+ 3e 
12 7b +54 
2x 3a |3| 21ba + 15 da 
F.. DB 
2X — 575 —35bf/ —25df 
4—5 6 0 O 
1 ＋ 2 [732 - 5 the Quot. collected from the 3 and 5 Steps. 


Or Diviſian of Quantities may ſtand as Numbers in common 
Arithmetick do; thus 


34 — 6) 642444 — 96 (2444 +4aa+8a+16 
baaaa — 12aaa 8 
O + 12444 — 90 
— 12444 — 2422 2 
0 —+ 2 24 aa — 96 
＋ 24 aa — 48 4 
2 + 484 — 96 
+ 48a — 96 
O O 
That! is, 5288 — 96 — 3a — b gives 244% 444 ＋ 84716 
for the e as may eaſily be proved by Hulliplication, viz. 


244 ＋ 444 ＋ a6 x 34 — © will produce 64“ — 96; 
and ſo for the reſt. 


1 — 
9 


Sect. 3. Involutton of e Quantities, 


; 1 is the raiſing or producing of Powers, from any 
propoſed Root, and is performed in all reſpects like Multipli- 
cation, ſave only in this; Multiplication admits of any different 
F actors, but Involution ſtill retains the ſame. 


EXAMPLES. 
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EXAMPLES, 


VV the Root, or ſingle Power. 
18 [244 -+-4 4 Square, or ſecond Power. 
18331444 — Cube, or third Power. _ 
18.4[4 42444 ＋ 44 44 Biquad rat, or fourth Power. 
18. 5 a —aaaaa | Surſohd, or fifth Power, &c. 


Note, The Figures placed in the Margin, after the Sign (S) of 
Involution, ſhew to what Height the Root is involved ; and are 
called Indices of the Power ; and are uſually placed over the in- 
volved Quantities, in order to contract the Work, eſpecially 
when the Powers are any thing high. 


3 a =aaaaa 
a* 2 42 a =aaaaaa 

Thus a* —=aaa And a* bS =aaaaabbbhbbb 
a =aaaa _ a3 bs M =aaabbbddd 


If the Quantities have Co-efficients, the Co- &fficients muſt he 
involved along with the Quantities, as in theſe, 


Thus [1| 22 — 2832 5 bc 

1S*|2 444 ——gaa 25 bbcc 

1S*] 3 Saga | — 27424 125 bbbece 

I &-*|4] Ibaaaa | + 8raaaa|l 625 b* 

Ia [6224244 — 24346 | 3128 5 © K . 


Involution of Compound Quantities is performed in the ſame 


manner, due regard being had to their Signs and Co-efficients, 


if there be any. As for inſtance, ſuppoſe a -þ b were given to be 
involved to the fifth Power, 


Thus | 1] a + called a Binomial Root 
a +6 9 


23 0 a4 ＋ 4 


+ ab bb 
aa+2ab+bb, the Square of a ＋ b 
a+b | | | 
4 xa| 5|aaa+2aab+abb 
4* 516 + aab+2abb +btb 


1 &* | 7 aaa + 3aar + 3abb+6db, the Cube of ab 
X 2 4 4 U 


1X3 
18. 


+ WW 


Algebza. Part IT, 


7 |aaa + 3aab+ 3abb + bbb 


a + þb 
a* ＋ 34 + 3440 - avbb 
+ @a*b + 3420 ＋⁊ 34 4-b* 
a* ＋ 44 b þ baabb +4gabbb ? 
E. 
a5 ＋ 44 U + ba* bb + 4 - 2 
a*b 4a* bb + baab® bah* +hs 


a + 5a*b-+Io0a® bb +10aab*+5$ab* +b> 


&c. 


Again, Let a — b, called a Reſidual Root, be given. 


Then 


Wo SG 
I x —Þ 


18.2 


4 * a 
Ax—b 


18.3 
7 * 4 
7*—5 
18.5 


IO x @ 


10 * —3 


19 


1 


42 — 6 
a — 6 


42 4 — 46 | 
—ab hb : 
aa — 240 + bb the Square of 4 — b 
42 — 5 
a a4 — 244 + 460% 
— 249 ＋ 224 — 555 5 


aaa - 344% 340 — b, the Cube of a —5 
a—b 


"aaaa— Zaaab + 344% — 42 | 
— aaah -Jaabb — Qabbb 4- bbþþ 


aaaa — 444ab + baabb - 44abbb + bbbb © 
a—b 
a5 — 445 ＋ baibb — gaab' + ab* 
— a*b + 4a* bh — baab' b-4ab* þbs 
OF 5a*b+1loa* bb 104 +5ab*—þ5' 
| &c. 


By comparing theſe two Examples together, you may make 
the following Obſervations. 


1. That the Powers raiſed from a Reſidual Root (viz. the 
Difference of two Quantities) are- the ſame with their like Powers 
raiſed from a Binomial Root (or the Sum of two Quantities) ſave 
only in their Signs; viz. the Binomial Powers have the Sign + 
to every Term, but the Reſidual Powers have the Signs + and 
— interchangeably to every other Term. | 


2. The Indices of the Powers of the leading Quantity (a) con- 


tinually decreaſe in Arithmetica Progreſhon ; viz. in the Square 


it 


* 


* # 
— OS 
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it is aa, a: In the Cube aaa, aa, a: In the Biquadrat 
aaaa, aaa, an, a, &c. 


3. The Indices of the other Quantity b do continually increaſe 
in Arithmetical Progreſſion; viz. In the Square it is b, bb: In 
the Cube b, þb, be In the Biquadrat 6, 66, 666, bbbb, Ke. 


4. The firſt and laſt Terms, are always pure Powers of the 
ſingle Quantities, and are both of the fame Height. 
* 8 N 


. 5. The Sum of the Indices of any two Letters joined together 
n in the intermediate Terms, are always equal to the Index of the 
higheſt Power, viz. of the firſt or Jaſt Term. 


Theſe Obſervations heing duly conſidered, it will be eaſy to 
conceive how the Terms of any propoſed Power raiſed from a 
Binomial or Reſidual Root muſt ſtand, without their Unciæ or 
Numerical Figures, 


For Inſtance, ſuppoſe it were required to raiſe the Binomial 
Root a ++ 5 to the ſeventh Power; then the Terms of that 
Power will ſtand without their Unciæ in this Order, 


Viz. a7 TA bþa*b*+a*b* þa*%6tÞ+a*b* T4 b* +8b*, 


And becauſe the Uncia (not only of any ſingle Letter, but alſo) 
of every ſinzle Power, how high ſoever it be, is an Unit or 1 
(which neither multiplies nor divides) and all the Powers of any 
Binomial or Refidual Root ate naturally raiſed by multiplying of 
the precedent Power into it's original Root, which is done by only 
joining each Letter in the Root to the precedent Power, with it's 
Unciz, and then removing the ſaid Power, when it is ſo joined 
co the ſecond Letter, one place forward (either to the left or 
> right Hand) it muſt needs ſallow, 
- = T hat the Unciz of the ſecond Terms (in any ſuch Power) will 
always be the Sum of ſo many Units added together more one, 
as there have been Multiplications of the firft Root ; which will 
always be determined by the Index of the firſt Term in the 
Power. | 
And becauſe the Unciz of all the intermediate Terms, are 
only removed along with their Letters, it alſo follows; that if 
they are added together, their teſpective Sums will produce the 
true Unciz of the intermediate Terms in the new raiſed Power. 
As doth plainly appear from the following Numbers ſo removed 
without their Letters; which both ſhews and demonſtrates an 
eaſy Way of producing the Unciz of any ordinary Power (viz. 


of one not very high) raiſed from either a Binomial gr Reſidual 


Root. 
be 55 T bus 


_ - 
* 5 way” 4 


i 
*s 
8 
* 

1 
1 


perior Power in the third Term, and may be found by Propoſi- 
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2 


Thus 
Add 5 . 5 The two Unciæ of the Root. 
Add * „14 „ 1 The Unciæ of the Square. 
g 1 
$1.3. 3. 1 The Unciæ of the Cube. 
133 
1. 4. 6. 4 . 1 The Unciæ of the fourth Power, 
Add | I. 4+ 0-48 
I. 5. 10. 10. 5 I Unciz of the fifth Power. 
Aa T0420, ©: 
1. 6. 15 . 20. 15 6 . 1 Uncizof the 6th Power. 
add „ß ũ UU. 


FFF Unciz of 7th Pow. 
And fo on in this manner ad infinitum. 


Now if theſe Numbers are prefixed to the aforeſaid Letters, 
all the Terms will be compleated with their reſpective Uncize, 
and will ſtand thus; 


a Þ7a*b+2145%b*+354*6*+ 35a*b*Þ21a*b5 +7 ab* +6. 


But that the Buſineſs of finding theſe Unciæ, may be rendered 
yet more eaſy for Practice, it will be convenient to conſider what 
Series or Progreſſion, the Unciz of each Term do make from the 
aforeſaid additions. 


„ |... .. Uncia of the ſingle Quantities 
: ON 2 „.. . Unciz of the Square, 
J 3. I. . ...e... Vociz of the cube. 

4.4 3} | „ .. . Unciæ of the àth Power. 
10 10% % 1] Unciz of the 5th Power. 
1 5 20 |1 5 6 Unciz of the 6th Power. 
21 35 [35 [21 [7 | x Unciæ of the 7th Power, &c, 


4 


3 26 f 838 6 
35 8 SS fl EEE]; 
98 [2 [8882 88 Mal CEP 
2 | £8 [EEE 889 
SSS SESIS 


2 2:2: 2 
: A: :: 8 


— 


The Unciz of the firſt Term are only a Series of Units, whoſe 
Sum is every where the Unciæ of the ſecond Term. The Unciz 
of the ſecond Term, are a Series of Numbers in Arithmetick Pro- 
greſſion, whoſe Sum is every where the Unciæ of the next Su- 
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tion 1. Chap. 6. Part 1, For Inſtance, in the ſeventh Power 
v6+1x0O 
2 


it will be . = 21 = the Uncia of the third Term. 


The reſt of the Unciz are a compounded Series, whoſe re- 
ſpective Sums may be obtained from the Unciæ of their prece- 


dent Terms. \ 
Thus LED 35. Then W = 35. Again 27 : == 35; 
And _ 5 27 Ce. 
From hence may be deduced this general Rule. 
RU L E. 


If the Index of the firſt Letter of any Term be multiplied into it's 
own Uncia, and that Product be divided by the Number of Terms 
to that Place; the Quotient will be the Uncia of the next ſucceeding 
Term forward. 

That is, by the help of thoſe Indices that belong to the ſeve- 
ral Powers of the firſt or leading Letter only (as a) the true 
Unciz of every Term may be eaſily underſtood. 


EXZAMPES-2, | 
Let it be required to compleat all the Terms of the aforeſaid 
ſeveral Powers, viz. a7 A b+as b* ba* b3 þa? 
b a UA b* +87, with their proper Unciæ. 
1. The Index of a7 the firſt Term will be the Uncia of the 
ſecond Term. Thus a? +7 46 b, 


2. Then half the ſecond Term's Index into it's Uncia, Viz, 
24 = 21 will be the third Term's Uncia. Thus a7-+ 


_ 
7a* b + 21 a5 b* will be the three firſt Terms, 
X'3 


3. Again : = 35 is the Uncia of the fourth Term, whence 


a?+745 b*+214* b*+35 a+ b* will be the four firſt Terms. 

4. And TY = 35 will be the Uncia of the fifth Term, 
whence a7 -A bþ2145 b* + 35 4 bI +35 4 b+ will 
be the five firſt Terms. 


And ſo proceed *till all the Terms are compleated with their 
reſpective Unciz ; which will ſtand, thus a7 +7 a® b-+ 2145 
b* + 354* b34-35@4* bt-þ21@* bi +7a b* +b”. 

Now 
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Now here it may be further obſerved, that the Unciz do only 
increaſe until the Indices of the two Letters become equal, or 
change Places; and then the reſt of the Unciæ will return or 
decreaſe in the ſame order. That is, wherever, the Indices of 
the Letters are alike, there the Unciæ will be alike. 

And therefore one needs to find the Unciæ (as before) but to 
half the Number of Terms in any Power, 

If what hath been ſaid, and the Work of the Example be well 
underſtood, I preſume it will be found very eaſy to raiſe an 
Power from a Binomial or Reſidual Root, to what Height you 
pleaſe ; without the Trouble of a continued Invclution; and 
without the Help of ſuch a Table of Powers as is propoſed by 
Mr Oughtred in his Key to the Malbematichs, Page 40, and 
ſince by others. 


Now from theſe Conſiderations it was, that I propoſed this 


thod of raiſing Powers in my Compendium of Algebra, Page 57, 


as wholly New (v:z. ſo much of it as was there uſefu]) having 
then (I profeſs) neither ſeen the Way of doing it, nor ſo much as 
heard of it's being done. But ſince the writing of that Tract, I 
find in Dr Wallis's Hiſtory of Algebra, Page 319 and 331, that 
the Learned Sir //aac Newton had diſcovered it long before : 
which the Doctor ſets down in this manner. 


Let m be the Exponent of the Power. 


Then} T K rn fs 
Z 2 3 4 5 

Will be the Series of the Unciz required ; but he doth not tell 

us how they firſt came to be found out, nor have I ever met with 

the leaſt Hint of it in any Author. 


. ara ALES * 


— - 


Sect. 6. Evolution of whole Quantities. 


Eier is the extracting of Roots from any given Power. 
That is, it is the Converſe Work to that of Involution, and 
in ſingle Quantities it is eaſy, if the given Power have ſuch 4 
Root as is required, which may be thus known. n 

If the given Power have no Numbers prefixed to it, and it's 
Index can be divided by the Index of the Root required, the Quo- 
tient will be the Index of the Root ſought. Thus, if the Cube 
Root of aaaaaa, viz. @* were required (the Index of the 


Cube is 3) then 3) 6 (2. That is, a Sa the Root required, | 


And ſuch Operations are uſually ſet down 


. Thus | 


— — FIT — 
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ly Tb | r|.: ef [ r gs 
Ir I vw |2 a | a? þ1 4 þ3 d3 
of 1 ws [3|_a ar | aPe_ 
3 us* 4 | ne a b a b d | 
to 1 
Note, The Figures placed in the Margin after the Sign (ww) of 4 
1] Evolution, denote the Index of the Root to be extracted. | 
] | 
y If the given Powers have Co-Efficients : (viz. Numbers pre- (7 
id | fixed to them ;) then you muſt extract their reſpective Roots, as 7 
y in Vulgar Arithmetick, 
id N Thus [1] 81% 1 7296 a® b* 20736 a* * 4 
is 1 % 2 gat |__36 a+ #8 144 a Þ of 
„ „„ 
'g or2zw |4| 30a FFP 
as — — — 
[ But if the Root required cannot be truly extracted out of both 
8 the Co- efficients and Indices of the given Power; then it is a 
wh Surd, and muſt have the Sign of the Root required prefixed to it. 
Thus | 1 a® 67 as | 216bbb ddd 
- 1 |2| vo | v br a* |  210bbbddd 
« 1 31 | 3v/ 67 as 7 7” a 
- 7 Evolution of compound Quantities or Powers, is a little more F 
th $2 troubleſome than that of Single Powers; and would require 2 
bar great many Words to explain the Manner and Reaſon of forming | 
— the ſeveral Canons, that are commonly uſed in extracting the 1 
"£4 Roots of compound Quantities ; eſpecially if the Powers be very . 
high, &c. I ſhall therefore for Brevity's ſake omit them, and in- q 
5 5 ſtead thereof propoſe an eaſy Method of diſcovering the Roots of | 
14 all compound Powers in general, And in order to that, it will 
10 5 be neceſlary to premiſe ; that if either the Sum or Difference of 
* ſeveral Quantities be involved to any Power, there will ariſe fo 
C | many ſingle Powers of the ſame height, as there are different 
, Quantities, 
= * | 
be * As for inſtance, if a d be ſquared, that is, be involved 
he to the ſecond Power, it will be aa+24b+2adþbb+2bd4+dd, 
PEE 8 here you have aa, bb, and 44. Again, if ad were cubed, 


VIZ, involved to the third Power, then you will have aaa, b, 


A dd, in it, Sc. 
Y W hence 


- 
1 A 1 — * 2 , "= gn % 


* 
* 
— 


1 102 Algebꝛa. Part I I. 


— 


Whence it follows that in extracting the Roots of all com- 
pound Quantities, there muſt be conſidered, 


1. How many different Letters (or Quantities) there are in the 
given Power. 


2. Whether the ſingle Powers of each of thoſe Letters be of 


an equal Height, and have in them ſuch a ſingle Root as is re- 


quired : which if they have, extract it as before. 
3. Connect thoſe ſingle Roots together with the Sign TL, and 
involve them to the ſame Height with the given Power ; that be- 


ing done, compare the new raiſed Power with the given Power; 


and if they are alike in all their reſpective Terms, then you have 
the Root required; ; or if they differ only 1 in their Signs, the Root 
may be eafily corrected with the Sign — as occaſion requires, 


Example 1. Let be required to extract the Square Root of 


cc + 2b — 2d +bb— 2b4d-+ 4d. In this Compound Square, 
there are three diſtin Powers, viz. bb, cc, d d, whoſe ſingle 


Roots are b, c, d, wherefore I ſuppoſe the Root ſought to be 


Fed, or rather b + c—&, becauſe in the given Power 


there is — 2c4, and — 23 d, therefore I conclude it is — d; 


then b+-c—4, being ſquared, produces þb + 2bc — 2bd ce 
— 2c4+44, which I find to be the fame in all it's Terms with 


the given Power, although they fland in a different Poſition ; 
conſequently b+c —d is the true Root required, 

Example 2. It is required to extract the Square Root of a4 
— 2aavb+-b+*, Here are but two ſingle Powers, viz. 4“ and 
54, whole Square Roots are aa, and bb, And becauſe in the given 
Power there is — 2 aabb, therefore I conclude it muſt either be 


aa—bb, or bb— aa, Both which, being involved, will produce 


a* —2aabb+b*; conſequently the Root ſought may either be 


aa— bb, or bb — aa, according to the Nature or Deſign of the 


Queſtion from whence the given Power was produced, 

Example 3. Let it be required to extract the Square Root of 
3644 + 108% + 81. Here the two fingle Powers are 
36a α ,, and 81, whoſe Roots are baa and 9. And becauſe 


the Signs are all , therefore I ſuppoſe the Root to be baa -& 9, 
the which being involved doth produce 364 t08aa 81; 
"conſequently 6aa — 9g is the true Root required. 


Example 4. Suppoſe it were required to extract the Cube Root 
of 125aaa + 300aae — 450aa + 250aee —720ae-þ+ 64 zee 
+5404 —288ee+ 432e—216. In this Example there are 


three diſtin Powers, wiz. 125aaa, 64zee, and — 216. And 


the Cube Root of 125 44 is 5a; of 64eze is 46; of — 210 


is — 6, Wherefore I ſuppoſe the Root ſought to be 54 + 4e 
'— 6, which being involved to 1 third Power, does produce 
x * 


the 


% als 
4 V. E. 
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2 the ſame with the given Power; conſcquently 5 4e - 6 is 
the Cube Root required, 


ige But if the new Power, raiſed from the ſuppoſed Root (being 
involved to it's due Height), ſhould not prove the ſame with the 
pf given Power, viz. if it hath either more or fewer Terms in it, Sc. 
8 then you may conclude the given Power to be a Surd, which muſt 
have it's proper Sign prefixed to it, and cannot be otherwiſe ex- 
d preſſed, until it come to be envolved in Numbers, 
e Example 5. Suppoſe it were required to extract the Cube Root 8 
15 of 274 + 54baa-+ 859. Here are two diſtinct and per- 0 
'E fe Cubes, viz. 27 aan, and £bbb, whoſe Cube Roots are 3a 
ot and 25. Wherefore one may ſuppoſe the Root ſought to be 
3a-+26b, which being involved to the third Power, is i 
of 27aaa +54baa+ 30bba-+8db, Now this new raiſed Power | 
e, hath one Term (viz. 30% % a) more 11 it than the given Power 
le hath; but this being a perfect Cube, one may therefore conclude 
0 the given Power is not ſo, viz. it is a Surd, and hath not ſuch 
2 2 Root as was required, but mutt be expreſſed, or ſet down, 
s Thus / 27aaa + 54baa + 8bbb. 
a If theſe Examples be well underſtood, the Learner will find it 
5 very eaſy by this Method of proceeding to diſcover the true Root 
4 pt any given Power whatſoever. 
id 1 ” 
n LY — 
De : 
” a C H A P. III. 
| 3 f | TY 
* Of Algebzaick Fractions, r Broken Quantities, 
of I | | 
' 2 Sect. 1. Notation / Fractional Quantities. f 
le a: ö 
9) be Rational Quantities are expreſſed or ſet down like Vulgar | 
15 25 Fractions in common Arithmeticł. | | 
of oF . 
* Ig Thus 4 Wy 235 $# d 4 Numerators. 
re b 4 44.7 Denominators. 
d : % N * 
6 Ke How they come to be ſo, ſee Caſe 4, in the laſt Chapter of 
4e Nen Theſe Fractional Quantities are managed in all reſpects 
de ike Vulgar Fractions in Common Arithmetich, 


Y 2 Sect 
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Sect. 2. To alter or change eren Fractions into 
one Denomination, retaining the _— Value. 


| RULE; 
ULTIPLY all the Denominators into each other for a 


new Denominator, and each Numerator into all the Deno— 
minators but it's own for new Numerators. 


ES. 
Let it be required to bring 55 and 2 into one Denomination. 
Firſt a c, and K, will be the Numerators, and b xc will be 


ca 


the common Denominator, viz. . and — - are the two FraQtions 


required : that is, — 3: = 


Again, 11 8 — 2 and 1c 7 be brought in one Denomination, 


bb Ne- -A ad —ac+bd—bc: 


and they will be - and 


&c. 


— rare 


— 


Sect. 3. To bing wool: Quantities into Fractions 


of a given Denominat;on. 


RU L E. 
ULTIPLY the whole Quantities into the given Dens- 


minator for a Numerator, under which ſubſcribe the given 
Denominator, and you will have the Eraction required. 


EXAMPLES. 
Let it be required to bring a + b into a Fraction, whoſe Deno- 


minator is d—a, Firſt a & 4—a is da d- a- 
2 11 . 
Then E. 7 2 K. is the Fraction required. 
— 6 


a d 


Allo a +b + e will be 5, 


Again b + Mill be db+ts ce oil wit 


When 


ba Tbs. ba +bb da —bat 


3 i 
$9 
£3 
” 


+ 
- 
5 
a. 
* 
* 
* 
* 
„ 
5 
112 
vo 
= * 
1 
* 
and 
a, 
by 
4 
= % 
pad * 
* 
i 
$ 
: 
5 
* 
o 
o 
*; 
* 
7 
4 
N 
4 
1 
* 
* 
* 
7 
© 


8 
- 
— 88 
5 7 


. 1 3 LS bs of 


* 
» - —_— 

Ws # 1 * 45 . 3 IEF : „ 
. 5 & N. 1 K 
KK | 

* 


b 
F 
E 
t 
0 
J 
1 


be 
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When whole Quantities are to be ſet down Fraction-wiſe, 
Thus ab is = And 


ſubſcribe an Unit for the Denominator, 


—bb 
aa—bþ, is * x. 


Sect. 4. To abbreviate, or reduce Fractional anti- 
ties into their loweſt Denomination. 


R'U LE. 
VIDE both the Numerator and Denominator by their greateſt 
common Diviſor, viz. by ſuch Quantities as are found in both; 
and their Quotients will be the Fradtion in it's loweſt Term. 


Thus _ 3 


abbb. bb 
1 


In ſuch ſingle Fractions as theſe, the common Diviſors (if there 
be any) are eaſily diſcovered by Inſpection only; but in compound 
Fractions it often proves very troubleſome, and muſt be done 
either by dividing the Numerator by the Denominator, until no- 
thing remains, when that can be done: or elſe finding their 
common Meaſure, by dividing the Denominator by the Nume- 
rator, and the Numerator by the Remainder, and fo on, as in 


Vulgar Fractions. (Sect. 4. Page 51.) 
EXAMPLES. 


aac—aad 
7 were to be reduced lower. 


Suppoſe - 


Then cd — dd) aac—aad 


aac—aad 


( F the Fraction required, 


* - 
a = 
* p , - l ? 1 1.26.0 
n 1 FS „ * , : bs N 52 . 
ba ks 7 5 a 2 „ „ . = 4 * of 45 fl * 4 # 1 EY , 0 
F LL AS HAST BEE ob gs — et EI I 
* uy © 2 i b A — 5 * 1 
* 


In this Example it ſo happens that the Numerator is divided juſt 
off by the Denominator; but in the next it is otherwiſe, and re- 
quires a double Diviſion to find out the common Meaſure, viz. 

244 — 435 | 
aa ＋ 240 ＋ 16 
Firſt aa +24b+bb) αα - 4b (a 

aa t2aab4-ahbh 


— 244 — 2abb the Remainder, 


) aa 2ab-þbb 


Let it be required to reduce to it's loweſt Terms, 


Then =2aab—24abb 


— = —A 


* 

1 

I " 
y 
: 

1 
wal 
it 
"2 
1 
Tis 
al. 
All 

BY 
114.4 
194 
= 
"ut 
N. 
1 
wh 
"vs 
. 
"48 
- 


merator, &c, Thus, 


If 
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Hence it appears that — 2426 — 240% is the common | 
Meaſure ; by which aaa 4 bb being divided, 


Viz, — 2446 — 243 444 —abb (272 
| 44 ＋ 4225 . 1 


Pn 
— 240 — 4565 


O O 


7 


Ss Wo. 9 
_—- SE Gow 


Then — — —_— — is the new Numerator ; and (+ — _ 


EE ; 
ANN” 7g the new Denominator, But — _ + — — = — | 


— 4245 1 1 ” a 
the Numerator ; and — 33 


gg 2 b 


= ZE=£ the Denominator. Let both be multiplied with 2 5 a, 


2ba 
—aa + ab the Numerator. 
and you will have — —_ 4. OI 


Or chang- 


b 
ing the Signs of all the Quantities, it will be =———— 2 21 the new 


a2 4 — 26 a a 4a — 4233 


Fraction required, That is, = — . 1 


42 ＋ 6 a a ＋ 2464-46 


dd—bb 


Again, let it be required to reduce Fr ES. 


The common Meaſure of this Fraction will be the eaſieſt found 
(as appears from Trials) by dividing the Denominator by the Nu- 


24 — bb) ddd —bbb ( 


ddd —bbd 
YE) ut 
dd — 54 N77 
+bd—bb (bbd—b* b 
(559 =ss | 


O O 


Hence it appears that 5 J — bh is the common Meaſure that 
will divide both the Numerator and the Denominator. 


Conſequently 


—— 


, - 
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Conſequently b4 — bb) J : = ” (- —+ 1, is the newNumerator. 


— db — bb 
 db—bb 


O O 
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— — — 


And d=) ddd — bbb {dd a 
6 (= + 4d + 6 the new Denominator. 


+ ddb - 
ddd —dbd. 
+ bbd —bbb 
5 - bbb 


ERS. . 
2 " * 4 * * 


O O 
N Let both be multiplied with 6, and then you will have 
N 4 ＋ 5 the Numerator, { X i 
n the Denominator, of the Fraction required, 

But if after all Means uſed (as above) there cannot be found 
one common Meaſure to both the Numerator and Denominator 
then is that Fraction in it's leaſt Terms already. 

Note, Theſe Operations will be underſtood by a Learner after 
he hath paſſed thro' Multiphcation, and Diviſion of Fractions. 


ba - 
4 of = 


5 


* —— 


— 


' Seat. 5. Addition 2% Subſtraction of Erationa! 
Quantittes, 


T HE given Fractions being of one Denomination, or if they 
are not, make them ſo, per Set. 4. Then, | 
NUL E. 


Add or ſubſtract their Numerators, as Occaſion requires, and to 


5 their Sum or Difference, ſubſcribe the common Denominator : as in 
1 : Vulgar Frattions. 


Examples in Addition. 


Th E 249 2a—b | | a—b+4 
13 c 4 d e d4＋ 4 

13 il | aa 2 4 -e 2b — 4 444 — . 
3 * [4 4 | 4 Ac a Ia 

bb aa 3Ja+b+c ab | "PEE 
. | da. 


E camples 
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Examples in Subſtraction. 


| bb daaf| _a-+b 3a—+b—+c' 
ä c Ie 4 d +a 
bb 2b — a 2a +c a ＋ 5 —4 
2 NTT 1 1 4 FEES 
| aa | 24 — 6 | a + b | FE 
1—2 3 —— — — mp 
1 c 4e 4 d +a 


— 


Sect. 6. Multiplication of Fractional Quantities, 


IRST prepare mixed Quantities (if there be any) by mak- 
ing them improper Fractions, and whole Quantities by ſub- 
{cribing an Unit under them; as per Sect. 3. Then, 


- 


RU LE. 


Multiply the Numerators together for a new Numerator, and the 


Denominators together for a new Denominator ; as in Yulgar 
Fractions. 


3 34 — 235 
x . 2 4d --c : 
EE d 4a+2b 
. n 
abd | 12aa —2ab — 4 bb 
* 2 3 cf 24d + dc 


Suppoſe it were required to multiply 2 a + „ with 
36 ＋ 4c. Theſe prepared for the Work (per Sect. 3.) will ſtand 


| 122 +b—25c 
Thus c 
5 . 
2x2] 3 6bac+3bb—75bcÞ+Bacec+4bc—100cc 
c 
| 355 
= 7 6ba—7J1b+8ac —100c + 2 per SeQt. 4. 
: 85 


— — — — 


N. B. 


VM 
. 


* WV 9 


Il 


be 


i 


* 
p 
4 

— 

Ts 4 
7 
* 
* 
* 

= 
a 


= * 
* "4 
Wy 
} 4 
* 
* 
bl A 
85 
—_— 
. 
Av 
2 
71 
: *J 
1 
FF 


Ti of 
n 
* * 


* = 
— ß ˙— ↄ. —— 
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N. B. Any Fraction is multiplied with it's Denominator by 


caſting off, or taking the Denominator away. Thus — x a gives 


b. „ &c. 
cl 


a I 


he; __— ——_— 
— — 


r 


Sect. 7. Diviſion of Fraclional Quantities. 


TH E Fractional Quantities being prepared, as directed in the 
laſt Section. Then, 


RU L. 
Multiply the Numerator of the Dividend, into the Denominator 
ef the Diviſor, for a new Numerator ; and multiply the other tun 
together for a new Denominator ; as in Vulgar Fractions. 


EXAMPLES. 


bd b 
Let = be divided by = the Work may ſtand thus, 
ab abd jabde 4 


77 abt 7 per Sec. 4. 
8 | abd | a-+6b aaa —bbb 
& WT: 2 2 
ab c—b aa—ab+bb 
*. py | a C 
4 aaa] aaac—bbbc 
CO 3] 7 —_— aaa +bbb 


| : 3 345 
Suppoſe it were required to divide a a + 2 by a. 
The Work prepared will ſtand thus, 


D e a a4 442464345 
I a+46 ( aa ＋ 544 ＋- 44 But 


aaa ＋ 4426 T 3213 aaÞ 36. 


T = Toda 4) 

When Fractions are of one Denomination, caſt off the Deno- 
minators, and divide the Numerators. Thus, if 2— were to 
be divided by == it will be 65) le (ab the Quotient required. | 
Z Far 


— I 
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bb\ ab {ab'c a b 
For — _ (7 But . = ab (per Sect. 4.) 


Again, ſuppoſe it were required to divide . by 


aa ＋ 246 bb 
c — 4 : 
2ab + bb)aas —abb (Ae Nec. 


a + 


Caſting off c — 4 in both, it will be aa + 


Sect. 8. Involution of Frafional Quantities. 


' UL 
5 I NOL the Number into itſelf for a new Numerater, and 


4 the Denominator into itſelf for a new Denominator; each as 
often as the Power requires, | 
* 


* | b 3bc 1444. 
T'hus 11 a |2ad a—c 
\ | 5b |qbbec [bb + 2b4d Æ 44 
1G. aa 4aadd Jaa—2ac—+cc 2 
16. ee e eee 
I a4 SA ,,ꝭ aA - 34 - Jace —Ccc 


Sect. 9. Evolution of Fractional Quantities. 


IF the Numerator and Denominator of the Fraction have each 
of them ſuch a Root as is required (which very rarely happens) 


then evolve them; and their reſpective Roots will be the Nume- 


rator and Denominator of the new Fraction required, 


Tt : gaabblaaÞ2ab+bb 
1 44d Jaa—_2ab-bb 
24 346 |a +6 
1 . 
cnt be 24 4 — 5 
: 27aaabbblaaa + Jaab + Jabb + bbb 
Again | 1 8 4 dd 44 4 — Jaab + 3420 — bbb _ 
3 34 b a + b 
| 2 4 a—b FT 


— 


Sometimes it ſo falls out, that the Numerator may have ſuch a 
Root as is required, when the Denominator hath not; or the Deno- 
* 


minator 


kh wy + oa - 


nw 


_ A. ty... tre . — —  Leef — — 


1 


4 * — Ah a = - 2 
n rr 
** *. 3 "WL Wo - Ia * * S 5 N = 
x 7 - 2 3 2 nr os E 7 Pe * — 
> 2 * Fe. 4 * ' - . 
: * 4 
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minator may have ſuch a Root, when the Numerator hath not. 
In thoſe Caſes the Operations may be ſet down 


a 42 435 aaa + 4bb — dd 
Thus: | 1 | ddd aa — 246 +bb 
15 ab Vaaa+abb—dd 

255 8 Add 21 


_ — EEE 


But when neither the Numerator, nor the Denominator have 
juſt ſuch a Root as is required, prefix the radical Sign of the Root 
to the Fraction; and then it becomes a Surd, as in the laſt Step 
which brings me to the Bulinels of managing Surds. 


— — — — 
— CM 


HAF. IV. 
Of Surd Quantities. 


1 HE whole Doctrine of Surds (as they call it). were it fully 
handled, would require a very large Explanation (to render 
it but tolerably intelligible); even enough to fill a Treatiſe it- 
ſelf, if all the various Explanations that may be of Uſe to make 
it eaſy ſhould be inſerted ; without which it is very intricate and 
troubleſome for a Learner to underſtand. But now theſe tedious 
Reductions of Surds, which were heretofore thought uſeful to fit 
F Equations for ſuch a Solution, as was then underſtood, are wholly 
_ laid aſide as uſeleſs: Since the new Methods of reſolving all ſorts 
A of Equations render their Solutions equally eaſy, although their 
Powers are never ſo high. Nay, even ſince the true Uſe of 

3 Decimal Ar:ithmetick hath been well underſtood, the Buſineſs of 

1 Surd Numbers has been managed that Way; as appears by ſeveral 
Py Inſtances of that Kind in Dr /Yalliss Hiſtory of Algebra, from 


$H Page 23, to 29. | 
2 { ſhall therefore, for Brevity ſake, paſs over thoſe tedious Re- 


ductions, and only ſhew the young Algebraift how to deal with 
ſuch Surd Quantities as may ariſe in the Solution of hard Queſtions, 


— 


— — ö * wy 
Sect. 1. Addition and Subſtraction of Surd Quantities, 


Caſe 1. HEN the Surd Quantities are Homogeneal, (viz. 
are alike) add or ſubſtract the rational Part, if they 
f 2 are 


— 
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are joined to any, and to their Sum, or Difference, adjoin the 
irrational or Surd, 


Examples in Addition. 


I 5 be | 6b / ac bY aa +-cc 

2] 7vV be 4bv ac. 3bV aa+cec 
1423] 124 bc iobvac | 4bv aa +cc 

I 44 Vaalb+*YV aa—cec be: aa +d 

2 4*vV aa 0 — 44 — cc 3e Laa AA 
14213 54 Vaa| b + c | 4bc:* v aa +d_ 

Examples in Slibſtraction. 

1 12 be 10b Vac 4b Haag + ce 

2 7vVbc 46 Vac 3b Waa +cc 
J—2]3]| 5 Ve 6b Vac bY aa + cc 

1154: 5 be 4e 99 

2144: 344 — 4 — 4 306 2344 ＋ 4 
. hb + ? JS eq=necl. be: *v aa + d 


Caſe 2. When the Surd Quantities are Haterogenes): (viz. 


„ 


their Indices are unlike) they are only to be added, or ſubſtracted 


by their Signs, viz. + or —, 
either Binomial, or Reſidual. 


Examples in Addition. 


And from thence will ariſe Surds 


1 [v/be 44% a *Vac—ba 
2 Wag 3e  Vac-+vba 
I+2 3 be: r PE +3by/ad ber er 
, *amples in Subſtraction. 
1e 5 — dV aaa + ca 
2 vba d—=20vbd + d4 N - 
T=—=2|3]vic—ybal b—dy/aoaFea: —4+ 26/08 2 


N 


jo 
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Sect. 2. Multiplication of Surd Quantities. 
I. WI EN the Quantities are pute Surds of the ſame 
"a Kind; multiply them together, and to their Pro- 
duct prefix their radical Sign. 
ZEL. * 
1 1 [VFa+4a VIA 
1 21 LI 4 Vaa—bb hes 
1 | | — — 5 
7 1 * 213 ba VS a L d4caalvaaaa—bbbb + 
7 Caſe 2. If Surd Quantities of the ſame Kind (as before) are 
— Joined to rational Quantities, then multiply the rational into the 
rational; and the Surd into the Surd, and join their Products to- 
gether, 
EXAMPLES. 
1] 44 bc 8 15 Va 
2\3by a 34 Vc 4 17. 

þ 1 * 2 3134 bealtscdaviiaa 5 434 
= as = 
a Sect. 6. Diviſion of Surd Quantities, 

7 * Coſer. W HEN the Quantities are pure Surds of the ſame 
28 : Kind, and can be divided off, (viz. without leav- 
| ing a Remainder) divide them, and to their Quotient prefix their 


I | 


* 
7 - © LY 
Bo. 7 


radical Sign. 


EXAMPLES. 


V ba V bcaa+dcaa Vaaaa - 
ys b Vea 5 Vaa—bb 
vs a vba + da Vaa bb 


1--2| 3 


Caſe 2. If Surd Quantities, of the ſame Kind, are joined to 


can be, and to their 


— 25 rational Quantities; then divide the rational by the rational, if it 
bs Quotient join the Quotient of the Surd di. 
vided by the Surd with it's firſt radical Sign. 


EXAMPLES. 


| I 345 74a 15 a N + dcaal75vV abd 
21364 a 3awvca 154 
12213 4 , 5gcdw/ba + da IS ab 


Note, 
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Note, If any Square be divided by it's Root, the Quotient will 


be it's Root. 


EXAMPLES. 


141 bb + 2be + cc aaaa — 2bbaa + bbbb 
21% V bb + 2bc + cc V a* — 2bbaa + þ+ 


T—-213 Valv bb + 2becbec| V a* — 2bbaa + b+* 


Sect. 4. Involution  Surd Quantities. 


HEN the Surds are not joined to rational Quan- 


tities ; they are involved to the ſame Height as 
their Index denotes, by only taking away their radical Sign, 


Caſe 1, 


SA 4 MEFLES 


bea | aa —bb | y/ 5a — da 
be aa—bb 5a — da 


5 2 
G. * 4 a 


ME 


Caſe 2. When the Suids are joined to rational Quantities; in- 
volve the rational Quantities to the ſame Height as the Index of 
the Surd denotes; then multiply thoſe involved Quantities into the 
purd Quantities, after their radical Sign is taken away, as before. 


EXAMPLES. 


[7 by a s4/)ca| 3byJ aa — dd 

187% [2 bba | 25ddca gbbaa—gbbdd _ 
F 34: / aa+bb da: 

19*|2lagcabc I 27 dd daa +27dddbbi dddaaab 


The Reaſon of only taking away the radical Sign, as in Caſe 1. 
is eaſily conceived, if you conſider that any Root being involved 
into itſelf, produces a Square, c. And from thence the Reaſon 


of thoſe Operations performed by the ſecond Caſe may be thus 
ſtated. 


Suppoſe VA =x. Then ] _ per Axiom 4. and both 
Sides of the Equation being equally involved, it will be a= 


& * 


IT Then multiplying both Sides of the Equation into 5 6, it 


becomes bba = xx per Axiom 3. Which was to be proved. 


Again, 


0 L „ 
FEC ST Eo 


ti 
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"ll Again, Let 5dy/ ca=x: Theny ca=x 1 and ca 
1 5 
33 . *. 25 dd 
8 | Alſo from hence it will be eaſy to deduce the Reaſon of mul- 
e tiplying Surd Quantities, according to both the Caſes. For 
Sepp 1 : | 72 = * | Pxample 1. Caſe 1. 
| 1 .* 3 Y = 2 2 
1— | 2 @&* | 4 Senn 0 
= | 2x4|5 ba S Ex x. per Axiom 2. 
. 5 w*|6|vV ba=zx. which was to be proved, 
| a dy be = 
; Let f . | 3 b * 22 3 Example I, Caſe 2. 
: ] I — 4 3 * b 1 "EF 
| 2364] 7 


. : 4x3|5|v abc= —T ” from what is proved above. 

3 5 5 34 6 334% les rn zx. &c. for the reſt. 5 
* Diviſion being the Converte to Multiplication, needs no other 
K Proof. 

= CHA KV; 

5 2 Concerning the Nature of Equations and how to prepare 

| j 8 them fe or a Solution, 

3 . HEN any Problem or Queſtion is propoſed to be analy- 

ö 32 tically reſolved ; it is very requiſite that the true Deſign or 
= Meaning thereof, be tully and clearly comprehended (in all it's 

= Parts) that ſo it may be truly abſtracted from ſuch ambiguous 


Words as Queſtions of this Kind are often diſguiſed with; other- 
wiſe it will be very difficult, if not impoſlible, to ſtate the Que- 
ſtion right in it's ſubſtituted Letters, and ever to bring it to an 
Equation by ſuch various Methods of ordering thoſe Letters 
as the Nature of the'Queſtions may require, 


Now 
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fought ; then is the Queſtion truly limited, viz. each Duantity 
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No the Knowledge of this difficult Part of the Work is only 
to be obtained by Practice, and a careful minding the Solution 
of ſuch leading Queſtions as are in themſelves very eaſy. And 


for that Reaſon I have inſerted a Collection of ſeveral Queſtions; 
wherein there is great Variety. 


Having got ſo clear an Underſtanding of the Queſtion propoſed, 
as to place down all the Quantities concerned in their due Order, 
Viz. all the ſubſtituted Letters, in ſuch Order as their Nature re- 
quires; the next thing muſt be to conſider whether it be limited 
or not. T hat is, whether it admits of more Anſwers than one, 
And to diſcover that, obſerve the two following Rules. 


KEE UL E x 


Ib hen the Number of the Duantities ſought exceed the Number of 
the given Equations, the Queſtion 1s capable of innumerable Anſwers, 


EXAMPLE, 


Suppoſe a Queſtion were propoſed thus ; there are three ſuch 
Numbers, that if the firſt be added to the ſecond, their Sum will 
be 22. And if the ſecond be added to the third, their Sum will 
be 46. What are thoſe Numbers? 


Let the three Numbers be repreſented by three Letters, thus? 
call the firſt a, the ſecond e, and the third y. 


Then 1 wa = 16 according to the Queſtion. 


Here the Number of Quantities ſought are three, a, e, y, and 
the Number of the given Equations are but two. Therefore this 
Queſtion is not limited, but admits of various Anſwers ; becauſe 
for any one of thoſe three Letters you may take any Number at 


Pleafure, that is leſs than 22. Which with a little Conſideration 
will be very eaſy to conceive, 


RULE 2. 


When the Number of the given Equations (not depending upon 
one another) are juſt as many as the Number of the Duantitics 


ſought hath but one ſingle Value. 


As for Inſtance, let the aforeſaid Queſtion be propoſed thus, 
There are three Numbers (a, e, and y, as before); if the firſt be 
added to the ſecond, their dum will be 22; if the ſecond be added 
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© the third, their Sum will be 46; and if the firſt be added to 
the third, their Sum will be 36. What are the Numbers? That 
is, a +e==22. e+y=46. and ay = 36. Now the Que- 
ſion is perfectly limited, each ſingle Quantity having but one 
ſingle Value, to wit a=6, e= 16, and y = 30. 

N. B. It the Number of the given Equations exceeds the 
Number of the Quantities ſought ; they not only limit the Que- 
ſtion, but oftentimes render it impoſſible, by being propoſed in- 
conſiſtent one to another. 

Having truly ſtated the Queſtion in it's ſubſtituted Letters, and 
found it limited to one Anſwer (or at leaſt ſo bounded as to have 
a certain determinate Number of Anſwers), then let all thoſe ſub- 
ſt tired Letters be ſo ordered or compared together, either by 
adding, ſubſtracting, multiplying, or dividing them, &c, accord- 
ing as the Nature of the Queſtion requires, until all the unknown 
C1antities except one, are caſt off or vaniſhed ; but therein great 
Care muſt be taken to keep them to an exact Equality; and 
when that unknown Quantity, or ſome Power of it (as Squafe, 
Cube, Sc.) is found equal to thoſe that are known; then the 
Queſtion is ſaid to be brought to an Equation, and conſequently 
to a Solution, viz. fitted for an Anſwer. 

But no particular Rules can be preſcribed for the caſting off, 
or getting away Quantities out of an Equation ; that Part of the 
Art is only to be obtained by Care and Practice. And when that 
is done, it generally happens fo, that the unknown Quantity 
which is retained in the Equation, is ſo mixed and entangled 
with thoſe that are known, that it often requires ſome Trouble 
and Skill to bring it (or it's Powers, c.) to one Side of the 
Equation, and thoſe that are known to the other ſide; (Mill 
keeping them to a juſt Equality) which the ingenious Mr Scaoten 


in his Principia Matheſeos Univerſalis, calls Reduction of Equa- 


tions. 

The Bufineſs of reducing Equations (as of moſt, if not all 
Algebraick Operations) is grounded and depends upon a right Ap- 
plication of the five Axioms propoſed in Page 146, and therefore, 
if thoſe Axioms be well underſtood, the Feral of ſuch Opera- 
tions muſt needs appear very plain, and the Work be eaſily per- 
formed; as in the following Sections. | 


A a Sect. 
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Sect. 1. Of Reduction by Addition. 
REPUCTION by Addition is grounded upon Axiom 1. 


and is only the tranſpoſing (viz. the removing) of any Ne- 
gative Quantity from either Side of an Equation to the other Side, 
with the Sign -+ before it; as in theſe 


EXAMPLE 0. 


Suppoſe] 1 | a—b=4| Again, 
Then |2|a=d-+b Let[i] aa—d=c—aa 
For | 3 b =d} 1-+d]2] aa=c—aa+4d 
143 ala=d+b 2422 2aa =c +4 
TY HS Note, When any abſolute Number is 
Let I} 3a —4= 6 —a regiſtered in the Margin, you muſt draw 
I 24242 6 mw if a Line over it, to diſtinguiſh it from the 
2 T ; 3 - —_ & T5 2 10 other Numbers. As I in the 2d Step of 


this Example. 


* 


Let 144 — 4c — 2 dd — 264 
I+Hbj2Jaa—de=dd—2ba—+b 
2--HdclgJaa=dd—2bakHb+ac 

3 425414 aa+2ba=dd+b + A 


4 


. 


1 . N 
„„ IEEE. Tong Yn 
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Suppoſe| 1|[2da —d = cc - 3baa — aaa 
I-Laaa [2Jaaa+2da —d=cc— 3544 
2 + 3baa|3[aaa 34A ＋- 244 — d cc 
3＋4 4a α ＋-- 3A +2da=cc d, &c. 


Sect. 2. Of Reduction by Subſtraction. 


REDPUVCTI ON by Subſtraction is grounded upon Axiom 2, 
4% and is performed by tranſpoſing (or removing) any Afar- 
mative Quantity from either Side of the Equation, to the other 
Side, with the Sign — before it; as in theſe 


EXAMPLES, 


Suppoſe IIa pb — 4] Letji|[3ab4 =6-+s 
And | 2 b = b|1—aſ2|2a--44=6 
1— 213] — 52 — 1322 = b — 4 =2 
Suppoſe[1] aa ++dc +6b = dd -+ 2ba 
1 — 2353424 4 — 2 ba ＋L-4ACH＋ 2 dA 
2 — 4c 3 (Aa - 2b - dd — de 
3544 — 254 d- 4 — 5 

— — — — 


. 
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5 =" Ta 


| tlaaa+d=cc+3baa ＋ 244 
15 1— 33422/28444 — 34 ＋ = E 24a 
N . 2 — 244 [3]444 — 3544 — 244 ＋ d ce 
5 5 3— 4 44 — 314A — 2 da - 4 
5 
Set. 3. Of Reduction by Multiplication. 
FRACTIONAL Quantities, in any Equation, are brought 
into whole Quantities by multiplying every Term in the 
Equation with the Denominators of the Fractions, per Axiom 3 ; 
as in theſe 
» EXAMPLES. 
112 
« Suppoſe 1 7 * 
* N Then 2 2632830. For — * 5 == 4. 
3 3 44 
L Let] 1} 3a =—=7F Suppoſe | 1 | 2 = yen 
5 i Ix2b |2| 6ba=dc} Ixa—b|2Jaa—ba=dd 
N +] |, | — 4x 
: Suppoſe | 1 e I ü 
„e = 
5 W: 2 213 aaa +bcabbfa=dzsb 
* ö 5 8 5 
13 8 | aaa 5 54 — 55 
25 e a ＋ b 
1. 1 panes 7 | aaa — aaa —bbaa — bbha + bbbb 
& = 55 | a -+ b 
_ 7x+ ZIA +baaa=baaa—bbaa —bbba +bbbh 
bs Sect. 4. Of Reduction by Diviſion, 
_ i= WIEN any Quantity (either known or unknown) is in 
9 every Term of an Equation, if the whole Equation be 


divided by that Quantity, it will be reduced into lower Terms, 
| Ma Axiom 4, as in theſe following Examples. 


* 0 

9 A2 2 EXAMPLES, 
„ 
1 
3 
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EXAMPLES. 
Suppoſe | a | baa ea bed Let | I l 


1—5 aa ＋Ccα cd 1212 12 #829 


: 


Let fes Efes fe =ffda +ffdda 
I=ff\i2|aabicaa—a=da+dda 
2a | 3[abia—ri=d+dd 3 


Or when the unknown Quantity is multiplied (p:z. joined) 
with any that is known ; let the whole Equation be divided by 


the known Quantity, that ſo the unknown may be cleared ; as 
in theſe 


EXAMPLES. 
I f[ha—ca=d Let 
2 I—c—& 


Suppoſe 


I—þ—c 


Ilcaa—daa=cd—d: 
cd — dd 
a — 4. 


214d — 


— 5 —e — 


bbaaa —2bbaa =bda-+cba 
baa—2?ba=d-+c 
424 c 

b 


Let | 1] 49 daa +42? 4 
1272744 ＋ baa 
2 --a|3| 744 ＋ 62 
| _5c+3c 
2 — 6 


Suppoſe | 1 
134 2 


2253 


44 — 24 — 


8 


nbca $21ca 
bca-þ 3ca 
be + 3c 


— 


— j — 


Sect. 3. Of Redu#tion by Involution. 


WJ HEN there happens to be an Equation, between any ho- 
mogeneal or like Surds, take away the radical Signs from 
the Quantities, and they will become rational; as in theſe 


EXAMPLES. 


—_— we! i 
_ 1@*[2} a= Adele 2| aa= db+bc 


Chap. 3. 
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Or if one Side of the Equation conſiſts of Surd Quantities, and 
the other Side be rational, then involve the rational Quantities 3 
| | the 
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the ſame Power (or Height) with the Index of the Surd, and take 
away the radical Sign; as in theſe 


TAE. 
Let : vVa=b6 | * | I | Va=b-+c 
1 4 226 2 a=bb+2bc+cc 
— I 07 e N Toa 
18 12 aa — ba = ddd 4 aa = 16807. 


Set. 6. Of Reduction by Evolution. 


W HEN any ſingle Power of the unknown Quantity is on 
one Side of an Equation ; evolve both Sides of the Equa- 
tion, according as the Index of that Power denotes, and their 
Roots will be equal; as in theſe 


EXAMPLES. | 
128 NN D 
1 % 21 a=v 3b=6 a ="v/ 27 = 3, &c. 
Suppole |1] a = -A | Letlaaa=06H* + 3bbc+ 3bcc+ fd 
Ius 12) a=4/ bb—dd N a= b+c 


Suppoſe 


I wy 


2 — 


Or if any compound Power of the unknown Quantity be on 
one Side of the Equation (that hath a true Root of it's kind) 
evolve both Sides of the Equation, and it will be depreſſed into 
lower Terms; as in theſe 


EXAMPLES. 


i F aa - 2 ba 4g ddce 
a+b=d a - de 


— 


1 


Here follow a few Examples of clearing Equations, wherein all 
the foregoing Reductions are promiſcuoufly uſed, as Occaſion re- 
Quires, 


EXIMPLE I:. 
8 —d . — = h 5 
uppo | —.—, what is a = to? 


144 |2 e — 


2 * 5 
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2xb 3 baa be — 4 =4g — 44 à4 ws 
3＋424 4144 + 44 -C — d= 4 
4 +64 |5] baa-þ4aa+be=4g +bd . 
5 —be [b| baa ＋ 4% 4 +b4—bc þ 
6=—6bÞ; 455 7 the bd — bc 7 ly 
7 uu 8 22 1 SEE as was required, 
EXAMPLE: 2, 
Suppoſe | I L354 = 7 what is the Value of a? : 
| 3 4 a y 
1x 21212 — — ©, 
xal ＋ 354 N ö 
2 x 353 — 23125316 —aa = 344 1 
2 + 4244242125316 5 
＋ 4 1231329 5 
5 a = 31329 2177, the Value of a required. 4 
_ | x 
EXAMPLE 3. # 
1 * . 
Suppoſe] 1 9 2 2 8 
| 4 * 5 175 
aa ＋ 3bb aa + 355 aa— 3bb Va. 
1 ©] 2 4 i + " + 4 1 
| aa—3bb baa * 
5 + wy SEE c 2 7 
12 o 4+ 3 5 
That is] 3 — 275 — = — 4 
« 1% Ws 4 "206. 
And} 2 — it LILY 
| + — 
* 24 — 35 + — 95 
Then] Vaa+36b xv - 7 4 N 
| | I 
Sc. | 4 [£4 — 25 . 
r 
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3422 24 5 ½%j, „4 967 
R 5 R * 
a* b a* b b a* — 24 — 94 
„ ES a Wag Kay 
b a* a* b b a* af — gb* b a* 
6 + 7 7 4 * . 4 * 
DU 
ce + C 
8-—b] 9 0 af 3 55 
x cc 6 
9 xcc|10 1 + 2 r 
10 4111 4ba* + g9ccb3 404“ 
11 — 4ba*|12| 9ccb®? = 404“ — 4ba* 
a, ern To 
12 113144444 = 7 
For 4c —46bXa* 464 — 4ba* 
2 9 cc 63 
13 |14| aa * 
c : 
14 4 " a = * 9 as was required. 


By Help of theſe Reductions (properly applied) the unknown 
Quantity (a) or it's Powers, are cleared and brought to one Side 
of an Equation; and if the unknown Quantity (a) chance to be 
equal to thoſe that are known, the Queſtion is anſwered: as in 
the firſt Example of Sedt. 1, and 2, Or if any ſingle Power of 
the unknown Quantity (a) is found equal to thoſe that are 
known, then the reſpective Root of the known Quantities is the 
Anſwer; as in the firſt four Examples of Se. 6, &c. 

But when the Powers of the unknown Quantities are either 
mixed with their Root, as aa + ba = dd, &c; or do conſiſt 
of different Powers, as aa.a ＋ baa == dd, &c: Then they 
are called Affected, or Adfected Equations, which require other 


Methods to reſolve them ; viz. to find out the Value of (a) as 
{hall be ſhewed further on, 
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NI. 


Of Pꝛapoꝛtional Quantities ; 5% Arithmetical, 
Geometrical, and Buſical. 


WHAT hath been ſaid of Numbers in Arithmetical Progr. 


ſion, Chap. 6. Part 1. may be eaſily applied to any Ser; 
of Homogeneal or like Quantities, NI oa: 


1 — — 


Sect. 1. Of Quantities in Arithmetical Pꝛogꝛelsion. 


TH OSE Quantities are ſaid to be in the moſt ſimple or na- 
tural Progreſſion, that begin their Series of increaſe or de- 
creaſe with a Cypher : 
Thus o: 4: 24: 3a: 44: 54: ba: &c. increaſing. 
o: — 4: — 24: — 34: — 44: —5 4: — b: &c. decreaſing, 
Or Univerſally, putting a the firſt Term in the Progreſſion, and 
the common Exceſs or Difference. 
o 24910437164 Bake 
a: — e: — 2:4 — 3e: 4 — 4:4 — 5e: — Ge: &c. 
In the firſt of theſe Series it is evident, that if there be but 
three Terms; the Sum of the Extreams will be double to the 
Mean. 
As in theſe, : 4: 23: or, 3: 24: 34: or, 24: 34: 4a, &c. 
viz. 24: O a 4 or, 4 + 3a 24 + 2a, &c. 
Alſo, in the ſecond Series, either increaſing or decreaſing, it is 
evident, that if the Terms be a:a+2:a + 2e, &c. increaſing; 
then a +a -+ ze, viz. 2a + 2e the Sum of the Extreams, is 


double to a e the Mean, or if they bea: a—e: a— 2e, &c. 


decreaſing ; then a +a — 22: viz. 24 — 2e, the Sum of the 
Extreams, is double to a — e the Mean, And ſo it will be in 
any other three of the Terms. Secondly, if there are four Terms; 
then the Sum of the two Extreams, will be equal to the Sum of 
the two Means; as in theſe, a: a-þe: a+2e: a Ze, in the 
Series increaſing ; here a + a-+Ze=a+e-ba+2e 

Alſo in theſe, 2: a—e:a—2e:a— 3e, in the Series de- 
creaſing; here a +a—3Ze=a—e-@a—2e, &c. in any 
other four Terms. | 

Conſequently, If there are never ſo many Terms in the Series, 
the Sum of the two Extreams will always be equal to the _ 
0 


- * 5 
* * F 
. * * wo « 2 mY * 
= « A , FR „ * 


N., 


_ — - 
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ok any two Means, that are equally diſtant from thoſe Extreams. 
As in theſe, a:a4e:a+2e:a+3e:a+4e:aþ5e: &c. 
Here aba+b$5e=a+e+a+qge=a+2e+a+30 &c. 
And if the Number of Terms be odd, the Sum of the two Ex- 
al, Þ * treams will be double to the middle Term, &c. as in Corol. 1. 
Chap. 6. before-mentioned, 


rel. ; | 
Ties CONSECTARSTYT. 1 
IV hence it follows, (and is very eaſy to conceive) that if the Sum 
FO of the two Extreams be multiplied into the Number of all the Terms 
in the Series, the Produtt will be double the Sum of all the Series. 
Ol. Now for the eaſier reſolving ſuch Queſtions as depend upon theſe 
Progreſſianal Juantities. 
na- | | 
de- a = the firſt Term, as before, 
y = the laſt Term. 
'* LetYs = the common Exceſs, &c. as before. 
ng. 6. — the Number of all the Terms. 
* Fj $ = the Sum of all the Series, v:z. of all the Terms. 
8 1 Then will a +3 x N=28, by the precedent ConſeQary : 
e. 6 * 2 N + N y 
c. ; that is, Na + Ny = 28. Conſequently - 1 S5, the 
but Saum of all the Series, be the Terms never ſo many. Thirdly, 
the In thee Series it is eaſy to perceive, that the common Difference 


(e) is ſo often added to the laſt Term of the Series; as are the 
Number of Terms, except the firſt ; that is, the firſt Term (a) 
hath no Difference added to it, but the laſt Term hath ſo many 
times (e) added to it, as it is diſtant from the firſt, 

Conſequently, the Difference betwixt the two Extreams, is only 
the common Difference (e) multiplied into the Number of all the 
Terms leſs Unity or 1. That is, N —1xe=y—a, the Dif- 
ference betwixt the two Extreams, viz, Ne —e=y—a. 


CONSECTARY 2, 


IVhence it fellows, that if the Difference betwixt the two Ex- 
treams be divided by the Number of Terms leſs 1, the Quotient will 
be the common Difference of the Series, 


B b Now 


. = 2 — 
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Rn 
Now by the Help of theſe two Conſectaries, if any three of 
the aforeſaid five Parts (viz. a. 3. e. N. S.) be given; the other 
two may be caſily found. 
Thus, 1 == 39 
ED as before, b 
And = = # : ; 
2 xN=1| 35 —=@=Ne—7 N 
3 ＋ ADT MN. : 
4 —e 1 = N, the Number of Terms. ; 
1 * 2 5 : 
6— Nal 7|Ny =28 — Na : 
S — N 2 
— N 8 ——_— = y, the laſt Term. E] 
6 —yN| g[Na=28—Ny 1 
28 — Ny 1 
9 ＋Nio— — Sa, the firſt Term. . 
2 8 Y 
6+a +51} = N, the Number of Terms. ; 
y—ac-ke 28 ; 
5, and 11 122 3 2 per Axiom GL 9 
— aa N 
I2xa+y 13 2—— ＋ aT = 28 0 
| "P90 5 
13 + 20% %% T. ns, de Sum of all the Series: 
14 «x 215% — 4 Hae +ye=28e 
15 — 3 160 — 44 T e 28S — a 0 
16 —yell7|yy —aa 2e —ge—ye A 
: NL — 86 2 5 9 
17 2118 — e, the common Difference. 8 "9 
3+ altg|Ne—e+a=y, the laſt Term. * be 
19 + eſzo|]Neþa=y+e 8 
20 — Neſ21]y ſe — Ne Sa, the firſt Term. 1 
be. = 
In like Manner you may proceed to find out any of the five | 4 
Quantities (a. e. y. N. S.) otherwiſe, viz. by varying or com- q 
paring thoſe Equations one with another, you may produce ne, 


Equat in 


© 1 #3, 
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& of : Equations with other Data in them ; the which I ſhall here omit 
other * purſuing, and leave them for the Learner's Practice. 
L | Sect. 2. Of Quantities in Geometrical Proportion. 
. 8 GEO ETRICAL Proportion continued has been already 
1 defined in Sect. 2. Chap. 6. Part 1. And what is there 
aid concerning Numbers in ==, may eaſily be applied to any fort 
"- S 2 ne 
f Homogeneal Quantities that are in . 
1 0 The moſt natural and fimple Series of Geometrical Propor- 
* > tionals, is when it begins with Unity or 1. 
1 
5 As 1. 4. 44. 444. 4442. 6 , a5, &c. in = 
5 For 1: 4:: : 44: : 44: 444 :: 4a: aa], &c. 
5 hh bbb bbbb þs5 


Ora. 5. 2. &c. are Terms in — 
33% BY 3. bs 


6 0 — 8 — . 
aa. aa a3 as a* 


95 35 bb 3335 
"= For a: :: 3:— : : — : — 
5 a a 


: 
Go 
2 


That is, when all the middle Terms betwixt the two Extreams 


ö 0 are both Conſequents and Antecedents, that Series is in Geome- 

4 trical Proportion continued, Therefore in every Series of Quan- 

 tities in <= all the Terms except the laſt are Antecedents ; and all 

5 the Terms except the firſt are Conſequents. But univerſally put- 
ries; Bs | . a pres 

ting a the firſt Term in the Series, and e the Ratio, viz. the com- 


3 8 


mon Multiplier, or Diviſor; then it will be 


a . a . ae. ae. detee. ae , 4e. Kc. in = 


: a a a a a 6 
Or & On ˙ 0 og ST, Hm—_, I &c, are in — decreaſ. 
, 28898 8? | 


a ace 
For a: e:: 22: = axe, &c. 
a 


a a a = a 8 a ; 
And a: :: -: — 2 = 42: :: — : —, &c. 
E 6 A e EE E EE Fre 


I. In any of theſe Series it is evident, that if three Quantities 
are in <>, the Rectangle of the two Extreams will be equal to 
: the Square of the Mean; as in theſe, &: ae. ace, here à X 40 
ew 8 —=#ex6@e, Sade, &c. 


B b 2 Or 


* — _y + Ow 
% — - * — 
——— »M— | | 
4 Ty , N LA ** 
a 3 i — * _ of = W 
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” | a S..---4 | 
Or a. - . 2; hereallo ax— == x = ==—, &c, 
E ee ce Er E 


IT. If four Quantities are in = the Rectangle of the Extreams 
will be equal to the Rectangle of the Means. 


As in 2 a. ae. ace. geee; here a. =arex att, 


4 a a. 1 ana 
Or 4. 7 75 .; here alſo a x — == — &e. 


3 tee eee e ee tee 
Conſequently, If there are never ſo many Terms in the Series 
of ==, the Rectangle of the Extreams will be equal to the ReQ- 


angle of any two Means that are equally diſtant from thoſe Ex- 
treams. 


As in theſe, a. ge. ace. gerte. ae“. ae 
viz. ae x az=ac* xae, Orae* xa == geen at == 4 


III. If never ſo many Quantities are in = it will be, as any 
one of the Ant=:edents is to it's Conliwents ; ſo is the Sum of 
all the Antectdents, to the Sum of all the Conſequents. 


; #025 e eee ee CONT &c. inoreaſing. 
As in 


a a Aa a 
theſe, 2 =, , ea_wy ,, cm__ , * N &c, decreaſing. 
OE ET Z DF OS 5 


a : e e 
Or 5a +$S+E+S +$S:5+5+5 mi 


a a . Lat OE _ 5 » 
— - ＋— viz. av hace ae + at ae = at 
? * . 
% 4e ace ae* + ae. 


That is, the Rectangle of the Extreams is equal to the ReQ- 
angle of the Means 5 per Second of this Sec. 


Note, The Ratio of any Series in r increaſing, is found by 
dividing any of the Conſequents by it's Wie- 


Thus, a) ae (e Or ae) ae (e, &c. 


But if the Series be decreaſing, then the Ratio is found by di- 
viding any of the Antecedents by it's Conſequent. 


Tho, g) « (+ Or £) (E. 
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54 a CONSECTARY, 


Theſe Things being premiſed, fuch Equations may be deduced from 
* them, as wiil ſolve all ſuch Queſtions as are uſually propijed about 


ams Duantities in Geometrical Preportion. In order to that, 
a = the firſt Term. 8 
ate, E the common Ratio. Fas Before. 
& let y = the laſt Term. 
<2 & — the Sum of all the Terms. 
eriez Then S — y = the Sum of ail the Antecedents, 
ect. And S — 4 = the Sum of all the Conlequents. 
Ex- Analogy 1 a : ge:: 8 — 7 , 58S — 4 per III. of this Ser. 
1.1 2|Sa—aa=ars —ary 
2 - 43S - Ses — ey 
ae 3+ey 4 S ey —am=es 
17 4 — 5 03.8 W579. ms 
1 of S146 TX _ 8, the Sum of all the Series, 
5 1 
Ie non Rati 
g. 1327 = e, the common Ratio. 
; 5 4a| 8]ey=eS++a—s 
8 — 9 — = = y, the laſt Term. 
4+aſio|SHey=eS+a 
10 — es fiir PF Shey—eS = a, the firſt Term. 


Note, The. ſet in the Margin at the ſecond Step, is inſtead 
of ergo; and imports that the ReQang'le of the two Extreams in 


the firſt Step, is equal to the Rectangle of the Means. And ſo 
for any other Proportion. 


ms 


„„ » 


Sect. 3. Of Harmonical Proportion. 


df ARMONICAL or Muſical Proportion is, when of three 
15 Quantities (or rather Numbers) the firſt hath the ſame Ratio 
to the third, as the Difference between the firſt and ſecond, hath 


| A 10 the Difference between the ſecond and third. As in theſe fol- 
owing. | 


di- 


0 „ 


Suppoſe a, b, c, in Muſical Proportion. 
IT hen | L 14:81: uo rms 
FX 40 %- c = 44 4 


< 
* 
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* 


2 43e =2ac — 4 
3 — 2c — 614 ——= = a, the firſt Term. 
3-+balS]| 2ac =cb-+ba 
6 2 a Cl 


S e 2 = 6, the ſecond Term. 


5 — 5 7 2ac —£b=ba 


7 24 — 48 Rn == c, the third Term. 
24 — b 
NOT Th * OTA ; ks m 
7 p 
If there are four Terms in Muſical Proportion, the firſt hath b 
the ſame Ratio to the fourth, as the Difference between the firſt * 
and ſecond hath to the Difference between the third and fourth. 1 
That is, let a, b, c, d, be the four Terms, Cc. y | 
Then|ija:d::b—=a:d—c ; 
I''[2|[ db — dag da — 42 ; 
2 —dal3]| db =2da —ca i 
_ 3 2 
Z3Z—=2d4 —c 4 mg $0 2 Toney $ 
2da — ca ty 
3 — 45 b = — 5 : | 
3+ca|6| db +ca=24a S 
6 I EE Ie —0> F 
| 244 — 45 $ 
J +48] = ——— N. 
7 27 9 4 1 


N 
N 
g 
= 
— 


* —» N * 


CHAP. VII. 


Of Proportion Disjunct, and how to turn Equations inlo 
Analogtes, &c. 


PROPORTION Disjunct, or the Rule of Three in Num- 
bers, is already explained in Chap. 7. Part 1. And what | 
hath been there ſaid, is applicable to all Homogeneous Quanti- 
ties, viz. of Lines to Lines, &c, 


Sect, 


— 
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Sr. . 


3 


14 F four Quantities, (viz. either Lines, Superficies, or Solids) be 
1 proportional: the Rectangle comprehended under the Ex- 


treams, is equal to the Rectangle comprehended under the two 
Means. (16 Euclid 6.) 


E For Inſtance, Suppoſe, a. 5. c. 4d. to repreſent the four Ho- 
mogeneal Quantities in Proportion, wiz. a:b::c:4; then will 
ad —= bc, For ſuppoſe b = 2a, then will d = 2c, and it will 
be 4: 24 :: c: 2c. Here the Ratio is 2, But ax2c=2a xc. 
diz. 2ca = 2ac, Or ſuppoſe b = 3a then will d = 3c, and 
b. it will bea:34::c:3c. Here the Ratio is 3. But @ x 3c 
© 2234 xc. Viz, 3cœca = Jae, Or univerſally putting e for the 

> Ratio of the Proportion, viz. making b = ae, then will d=ce, 

and it will be 4: e:: c: ce. But a ce D de xc, Viz. ace 
Saec. Conſequently, ad = bc which was to be proved. 
: Whence it follows, that if any three of the four proportional 
> Quantities be given, the fourth may be eaſily found ; thus, 


1 i Let A iS 
; I *.'|2]ad=bc as before 'Y 
be * 
4 JR. BR — . 
. 2 = a 3 " = IF | a 
N I . ö a 4 1 
2 — C — — *z 
4] =— 5 
2 —b — 52 ul 
5 as, 1 
14 2 ＋ 46d —= 2 4 
l a 2 3 1 3 bY 
TY” al 1 -£ Nele, In this Manner Euclid in Hh 
i / b — d | \ bis 5th Book, expreſſes the Ratio *"_ 
of Proportionals, viz. the Ratio of 1 
nlo , 2 
Or2+ac|8|— = £ } wy to þ Is ——= i 
np | a P. + : | 
m- ſi [| 
bat Tf four Quantities are Proportionals, they will alſo be Propor- | '- 
ntl» tionals in Alternation, Inverſion, Compoſition, Diviſion, Con- 1 
verſion, and Mixtly. Euclid 5. Def. 12, 13, 14, 15, 16. | 1 
ect. | 


That 


——— 
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That is, ifj i: 6: : c: d be in dire Proportion, as before. 
Then 24a: c:: &: 4, alternate. For ad = bc. 

And 31%: 4: : d: c, inverted, For ad = bc. 

Alſo | 4] a+6:b6::c+4: d; compounded. 

4 *.*| Sf da+bd=bc+ 6d, that is, ad = bc, as before, 

Or | Cl a+c:c::b+4: 4; alternately compoundedl. 

G. | Fl adþid=bd+cad, that is, ad = bc. 

Again, 6] a—b:b::c—&4: d, divided, 
8.9 ad —bd =bc— 14, that is, ad be. 
Or jio] a - ::: 6 - 4: d, divided, 

10. fill ad -e =bc—cd, that is, ad =bc. 

And |12]Ja:b+a::c: d + © converted, | 
12. 13 Fac=bect ac, that is, ad = bc. | 
Laſtly 14. +$b:a—b::c+d:c—4, mixtly. | 
14. 15 [c- 4d bbe—bd=achHad—bc—bi, 
15+ 161230 = 2ad, that is, ad be; as at firſt. 


ſote, What has been here done about whole Quantities in 


Simple Proportion, may be eaſily perform'd in Fractional Quan- 
tities, and Surds, Oc. 


For Inſtance, If - 


to find the fourth Term, it will be 2 


b  d—e d+c 


„and if it be required 


df the Rectangle of the 


Fe 


Means; which being divided by the firſt Extream © will be 


a *) 
come — 
c 


Orifb: 


dd - c ue - ccc dd - c 
N bor ' F 73 — 2 the fourth Term. 


vVbd + be: :Vbe + bc: to a fourth Term, Then 


is, VAT Xx Vbd+bc=bd+be the Rectangle of the Means; 


and b) bd +bc (4 +c the fourth Term. That is, &: Vbd +0 | 


:: VdT: de, &c. 


n 


Sect. 2. Of Duplicate and Triplicate Pꝛopoꝛtion. 


Thx Proportions treated of in the laſt Section, are to be un- 
der ſtood when Lines are compared to Lines, and Superficies 
to Superficies; or Solids to Solids, viz. when each is compared 


to that of it's like Kind, which is only called Simple Proportion. 


But 


Part I | * 


2 K 
W 


— . a 


art II FE 


—— 


before. 


before, 


unded, * 


— 34. 
r{t, 


it ies in 
Han- 


Then 


I 

* 

* 
1 
A 
4 
Py 


——————————————— 
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gut when Lines are compared to Superficies, or Lines are com- 
pared to Solids, ſuch Compariſons are diſtinguiſhed from the for- 
mer, by the Names of Duplicate, and Triplicate, &c. Propor- 


tions; ſo that Simple, Duplicate, and Triplicate, &c. Propor- 


tions are to be underſtood in a different Senſe from Simple, Double, 


\ Treble, &c, Proportions, which are only as 1, 2, 3, &c. to 13 
but thoſe of Simple, Duplicate, Triplicate, &c. Proportions, are 
- thoſe of 4. 44. 444., &c. toi, Or if the Simple Propor- 


tions be that of @ to 5, whoſe Ratio or Exponent is = 
f 4 a a a. 

Then + x + = is the Exponent of the Du- a 
plicate. of 7 
, LES 073 

' And JxIJx7 = 37 3 the Exponent of the 
Triplicate Proportions, &c, 


7 


OF — * 
& 


And if there are three, four, or more Quantities in ==, as 
1. 4. 44. da. 4 45, &c. (as in the firſt Series, Se. 2. of 
the laſt Chapter.) Then, that of the firſt to the third, fourth, 


and fifth, &c, (viz. 1 to 44. 444. 4. a) is Duplicate, Tri- 


plicate, Quadruplicate, &c, of the firſt to the ſecond (viz. of I 
to a); and by Inverſion, that of the third, fourth, fifth, is Da- 
© plicate, Triplicate, &c. of that of the ſecond to the firſt (a to 1) 


per Def. 10. Eucl. 5. But the Name of theſe Proportions will 


appear more evident, and be eaſter underſtood when they are ap- 


plied to Practice, and illuſtrated by Geometrical Figures, fur- 


ther on. 
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Sect. 3. How to turn Equations into Analogies, 

FROM the firſt Section of this Chapter, it will be eaſy to con- 
ceive how to turn or diſſolve Equations into Analogies or Pro- 
portions. For if the Rectangle of two (or more) Quantities, be 
equal to the Rectangle of two (or more) Quantities; then are 
hole four (or more) Quantities Proportional. By the 16 Eucl. 6. 
| T hat is, if ab =cd, thenis@:c::4:6, orc:a;:b: d, &c. 
From whence there ariſes this general Rule for turning Equations 


1 Into Analogies. 


ts RULE, 


: , 1 A a — . «Oh 0 V A — 
9 — . . 9 . A £ . wo _ m 
» I” pada — * 11 1—— > wa . — — — 2 
— 2 y — . Ne — . — to 20m —* % , N 22828. — 8 . d 1 2 — - 
g: f En EO ni POS. . . D 2 e _— : . e * < 7 — * 
8 a 1 . —— n . = 2 —_— 0 = = * . e 2 N. 1 
—— > — 8 — . ys 4 = N 5 — . 
- 5 — = S 
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RUE. 


Divide either Side of the given Equation (if it can be done) into 
two ſuch Parts, or Faftors, as being multiplied together will pro- 
duce that Side again; and make thiſe two Parts the two Extreams, 
Then divide the other Side of the Equation (if it can be done) in the 
fame Manner as the firſt was, and let theſe two Parts or Factors 
be the two Means. 


For Inſtance, Suppoſe ab + ad =bd. Then a:b::d:b +4, 
orb:a::b+4d:d, &. Or taking ad from both Sides of the 
Equation, and it will be ab = bd — ad; then a: d:: b — 4: b, 
or, 6: d:: b—a: a, &c. 

Again, ſuppoſe aa + 2ae=2by t . Here à and a2. 
are the two Factors of the firſt Side in this Equation; * 
a ze „4 = aa +— 24e. 

Again, y and 2b + are the two Factors of the other Side; 
therefore, a: y::2b-+-y:a+2e, or 2bþy: a＋ 26 :: :), &c. 

When one Side of any Equation can be divided into two Factors, 
as before, and the other Side cannot be fo divided, then make the 
Square Root of that Side either the two Extreams or the two 
Means. For Inſtance, Suppoſe bc bd =da—+ 2, then: 


Mag :: Vda g: cd, orVda+g:b::c+d:vdahg, &c. 


HK. VIII. 


Of Subſtitution, and he Solution of nn. 
Equations. 


Sect. 1. Of Subſtitutton, 
WH EN new Quantities not concerned in the firſt ſtating of 
any 


Queſtion, are put inſtead of ſome that are engaged in 
it, that is . Sub/litutim, For Inſtance, If inſtead of 
V bc — dc you put z, or any other Letter; that is, make z = 
 Vbc—dc.. Or ſuppoſe aa +ba—ca+da=dc, inſtead of b— ce 
+4 put 6, or any other Letter not engaged with the Queſtion, 


viz, $=b—c +a, then aa+5a=dc, That is, if c be greater 
than 


my Md Wa, 2 — — A } 1 
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than b+d, it is aa — g de; 3 but if A be greater than c, 
then it is aa +$@=4c. 

And this way of ſubſtituting or putting of new Quantities in- 
ſtead of others, may be found very uſeful upon ſeveral Occations ; 
viz. in Order to make ſome following Operations in the Que- 
flion more eaſy, and perhaps much ſhorter than they would be 
without it, as you may obſerve in ſome Queſtions hereafter pro- 
poſed in this Tract. 

And when thoſe Operations, in which the ſubſtituted Quanti- 
ties were aſſiſting or uſeful, ate performed according as the Na- 
ture of the Queſtion required, vou may then (if there be Occa- 
ſion) bring the original or firſt Quantities into the Equation, in 
the Place (or Places) of thoſe ſubitituted Qantities, which is 
called Reſtitution, as you may ſee further on. 


Scct. 2. The Solution of ilabzatick Equations. 
WI EN the Quantity ſought is brought to an Equality with 


thoſe that are known, and is on one Side of the Equation, 
in no more than two different Powers wlivſe Indices are double 
one to another, thoſe Equations are called Quadratick Equations 
Adfected; and do fall under the Conſideration of three Forms or 
Caſes, | 


Caſe 1. aa 4 2ba = dc. a* ＋ 2ba* = dc. 
And 


Caſe 2. aa — 2ba = dc. + — 24. = dc. 
Caſe 3. 2ba — aa = dc, 2ba* — a* = de. 


a® ＋ 2ba* = dc.) a + 2ba* = dc. 
Alſo 335 — 2ba3 = dc, > And ”* — 2ba* = dc. F &Cc. 
2643 — 4 = dc, 2ba* — 2 = dc. 


When there happens to be more Terms in one of theſe Kind 
of Equations than two, and the higheſt Power of the unknown 
Quantity is multiplied into ſome known Co-efficients; you muſt 
reduce them by Diviſion; as in Sect. 4. of Chap. 5. and for the 
Fractional Quantities that may ariſe by thoſe Diviſions, ſubſtitute 
another Quantity doubled, 


For Inſtance, let laa + caa—ca—da de cb, then 44 — 


ca - da 4 3 3 
Ss © 7 — Make TIT, = 2x, and if you pleaſe, 


E for 
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for Dn put z. Then will aa —2xa = 2 be the new I 
Equation, equal to the other, being now fitted for a Solution. 4 
Now any of theſe three Forms of Equations being thus pre- — 
pared for a Solution, may be reduced to ſimple Powers by caſting 
off the ſecond or loweſt Term of the unknown Quantity; which _ © 
is done by Subſtitution ; thus, always take half the known Co; zn 
efficient, and add it to (Caſe 1.) or ſubſtract it from (Caſe 2.) its 
fellow Factor; and for their Sum, or Difference, Subſtitute ano» ; 
ther Letter; as in theſe, 1 
Let [1{ aa + 2ba=4dc Caſe 1. 
Put [2] a +b=e 
2 G. [3] aa+2ba+bb=eex 
— T1 |4| bb =ee —dc 
4 +dc |5]} eem=bb+adc 
5 U 6 e=4/ bb + dc 
2 andb [9] a+b=\/ = dc, per Axiom 5. - 
: T—bþ |8]a=vVbb+dac: — 5 e 
Again, 2 
Let 1144 — 212 =ac Caſe 2. - 
Put 2a —b=e | of 8 
2 G. 324 — 2b ＋- See ä 3 8 
3—1]|4| b6b=ee—dc 335 ˖ 
4 ＋ des [ee g= dc 5 | * k 
5w* Ge Sg Vdc . p 
2andb|7 [a —b=vdec+bb 13 : 
7 +bI8)a=b ST 57 12 | 
E | 
| { 


In Caſe 3. From Half the known Co- efficient ſubſtract it's & 
fellow Factor. $67 | 


Thus, Let | 
Put 
2 G. * 


254 —aa= dc 
b —@a —=e 
55 — 2ba -aa=—=cee 


_ rx q 4 
1 CI o . * 
. 5 UL 288 « £ * 5 . \ 4 
4- vs Fs * — , * 8 13 . 
* - - * 


I 

2 

3 
T1-+3|j4| S Ac ee 
4—dcls 


5 | ee=bb— dc 


5 
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s b | © e 2 bb — de 
2 and 67 - — de 
7 ＋ [SYS AL 4e 
8 , Kc. [o 1 -N 


And this Method holds good in thoſe other Equations, where- 
in the higheſt Powers are a*, 4, a*, &c. As, for inſtance, 


a bb =4 bb + dc 

a3 - - e: —þ 
— — 2 

a N 4 — 6 


— 


Let 1 a +- 235% = de. Cale 1. 
Put 2] a* +b=e 
2 -* | 3] a* + 2ba* + bb = ze 
— 1 |4] bb=ee—ac 
4 +cd|5] eembb+adc 
5 uy* 6 e V Ac 
7 
8 
9 


— 


* 


The ſame may be done with all the reſt, Care being taken 
to add, or ſubſtract, according as the Caſe requires. 

But all Quadratick Equations may be more eaſily reſolved by 
compleating the Square, which is grounded upon the Conſideration 
of raiſing a Square from any Binomial, or Reſidual Root. (See 
Sect. 5. Chap. 1.) Viz. if a 6 be involved to a Square, it will 
be aa ＋ 2ba +6bb; andif a — 6 be ſo involved, it will be 
aa — 2ba + bb. Whence it is eaſy to obſerve, that 
aa + 2ba = dc (Caſe 1.), and aa — 2ba = dc (Caſe 2.), 
are imperfect Squares, wanting only 55 to make them com- 
pleat. And therefore it is, that if half the known Co- efficient 
be involved to the ſecond Power, and the Square be added to 
both Sides of the Equation, the unknown Side will become a 
compleat Square. | 


Here half the Co-efficient 
Thus Let | 1 | aa + 24 =dc 2b is b, which being ſquared, 
But | 2 bb =bbCis bb, © 
i+2|3| aa +2ba+bb=dc+bb Caſe 1. 
3 ww? } 4 as before, 


. — — * 
- 


a -U H , 


Again. 
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Again. 
Let I [aa - 2b. dc Caſe 2. 
But | 2 bb =bb 
1＋ 3 34 — 2a ＋- O H de 
3 ub 4 la -= Vdc , &c. as before. 


—— 


But in Caſe 3. you muſt change the Signs of all the Terms in 
the Equation, 


Thus | 1] 2ba—aa D de Caſe 3. 
1 +]2]|aa—2ba=—dc 
Then | 3] aa — 2ba +bb = bb — dc, &c. 


_— 


And this Method of compleating the Square, holds true in 
thoſe other Equations. 


Vis. | 
For FM 


1| aaaa--2baa=dc Caſe 1. 
2 bb = bb, as before. 
1-+2|2} aaaa -2baakbb=dc+bb 
3w* | 4 aa bb — U $-bb 
S [AY bb:—b 
612 2 V: Vde : — b, and ſo on for the reſt. 


t| a® + 2baaa = dc, as before, Caſe 1, 
2 bb = 0b 
3 a® + 2baca+bb=dc+bb 

I ww? [4] ana ＋- Vdc - 
5 
6 


aaa =H/dc bb: —þb 
a =V: Vdc +bb:—b, &c. 


] 


COROLLARY. 


Hence it is evident, that whatſoever Method is uſed in ſolving 
theſe (er indeed any other) Equations, the Reſult will flill be the 
ſame, if the Work be true; as you may obſerve from the Operations 
of this Section: for both theſe Methods here propoſed, give the ſame 
Theorems in their reſpective Caſes for the Value of (a). 


Thus 


0 
1 
*. 
8 


FN 
. 
1 
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Thus, when aa + 2ba = dc, then 
Theorem 1, a =V dc ++bb:—b 
And when aa — 2ba = dc, then 
Theorem 2. a =b +v de + bb 


Again, when 2ba — aa = dc, then 
Theorem 3. a =b —V bb — dc 


| 
»% 
5 
þ 
* 
$ 
. 


The like Theorems may be eaſily raiſed for the reſt... 


If the known Co-efficients (of the ſecond or loweſt Term) be 
any ſingle Quantity, as aa +b@a:=4c, &c. then is 3 6 it's Half, 
8 and 45 will be the Square of that Half; that is, 10 x 4b = bb, 
Y and then the Work will ſtand 

Thus { 1] aa +. ba de 

iCn|2|]aa +ba+Hibb=dc+ibb 

2 % | 3] a +35 =vdc Fir 
—iþ | 4 | a=M/dc+Ibb: — Eb, and ſo for the reſt. 


Note, C © placed in the Margin againſt the ſecond Step, ſig- 
nifies that the imperfect Square a4 -+ ba in the fitſt Step, is there 
compleated, viz. in the ſecond Step. 

Now by the help of thefe Theorems, it will be eaſy to calculate 


> or find the Value of the unknown Quantity (a) in Numbers. 
N EXAMPLE 1. 
] Suppoſe aa+2ba=z. Let b = 16, and z = 4044. 
5 then a e bb: — b per Theorem 1. 


| But z + bb = 4644 + 256 = 4900, and y/ 4900 = 70 
; Conſequently a = 70 — 16. viz, a = 54. 


But every Adfected Equation, hath as many Roots (or rather 
Values of the unknown Quantity). either real or imaginary, as 
are the Dimenſions. (viz, the Index) of it's higheſt Power; and 
therefore the Quantity a, in this Equation, hath another Value 
either Affirmative or Negative ; which may be thus found, 

The given Equation is aa + 32a=4644, and it's Root a=5 4. 

Let theſe two Equations be made equal or r equated to o, VIZ, 
to Nothing. 


Thus, 


— — IT 
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Thus, aa + 324 — 4644 o, and ae — 54 . 


bef 
Then divide the given Equation by it's firſt Root, and the or, 
Quotient will ſhew the ſecond Value of à. 1 
Thus, a — 54 o) 4 ＋ 324 — 4644 2 (a ＋ 86 o | 5 — 
aa — 542 3 | 
＋ 564 — 4044 = 97 
864 — 4644 14 of 
1 1 th 
(0) _ T 
Hence the ſecond Value of a is = — 86, or 86 = — @, which = th 
ſeems impoſſible, viz. that an Affirmative Quantity ſhould be 
| equal to a Negative Quantity; yet even by this ſecond Value of 
| a4, and the ſame Co- efficient, the true (or firſt) Equation may be 
formed | 
| Thus, Let|i| a= - 86 
| 1G. [2] aa=+7396, viz, — 86 x — 86 = + 7396 
I x 32|3i 324 = — 2752 h 
| 2 ++ 314 aa+324a==4644, as at firſt, v 
ö . : 5 
| | 
EB AMCMEPLE 2 
Suppoſe | 1 [| aa — 7a = 948,75, then per Theorem 2. 
10a 24 ⁰ -= 948,5 + =9g61 : 
2 1314 — 4 (or 35) 2 g961=31 | 2 
3+3514j2=31 +35=345 — = | 
' Wn 


Again, for the {econd Value of a, let aa—7a—948,75 =0, 
and a—34,5=0. Then 
a—34,5=0) 4a—7a—948,75=0 (a +27,5 =0. 
Conſequently this ſecond Value is a = — 27,5 which will form 


the original Equation, aa — 74 2 948, 75 if it be ordered as the 
laſt was, 


EK MELEE 2 


| Suppoſe 364 — 44 = 243, then per Theorem 3. a = 158 
— v/ 324 — 243, viz, half 36 ſquared is 324, &c. that is, 
a=18—y i; but / 81=9, therefore a =18 —q =9. 
Now this third Form is called an ambiguous Equation, becauſe 
it hath two Affirmative Values of the unknown Quantity (a), 
doth which may be found without ſuch Diviſion as was uſed 


before. 


— * . — — 
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before. For in this Caſe, a =18 + 81, viz, a 218 ＋9 =27, 

e 3 or, a=18—9=9, as before, And both theſe Values of à are 

1 equally true, as to forming the given Equation; viz. 364 — 44 

d = 243. For if a=9, then aa=81, and 364 = 324; but 324 
2812 243, therefore a=9. 

Again, if 2 2 27, then will aa =729, and 36a=972: But 
972-729 = 243, conſequently it may be, a=27, Now either 
of theſe Values of a may be found by Diviſian, as thoſe were in 
the other two Caſes, dne of them being firſt found by the 
Theorem. Thus, let 364 — 44 — 243 = , and 9 - = O. 
then 9 —a =0) 364 — 44 —243=0(«—27=0 

ga —aa © 
27a —0— 243 

5 —— 8 
1 (0) (o) 


Hence, if a — 27 = ©, then 4 27, as before, 


Notwithſtanding all Quadratick Equations of this third Form 
have two Affirmative Roots (as in this), yet but one of thoſe Roots 
will give a true Anſwer to the Queſtion, and that is to be choſen 
according to the Nature and Limits of the Queſtion, as ſhall be 
ſhewed further on. 


} » 


* 
1 


We. Yo. 
— 
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7 From the Work of the three laſt Examples, it may be obſerved ; 
3 that the Sum of both the Roots will always be equal to the Co-efficient 
of their reſpeftive Equations, with a contrary Sign, 


Thus. In Exampie 1. aa + 32a = 4644 
Here = 54 
And = ith Add 


— 


* 


24 = — 32 


In Example 2. _ aa—7a=948,76 
= erea= , 2445 
12 4 And a = — 275 0 Add 


23 ＋7 
In the laſt Example 36a — aa = 243 
hich was changed 2 aa — 364 = — 243 
n 
And a = 27 ; Add 


_— 


24 2 30 
Ds. Honce 
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| Hence it is evident, that if either of the Roots be found, the 
| other may be eaſily had without Diviſions, a 
| | If the Contents of this Section be well underſtood, it will be E 
| eaſy to give a Numerical Solution to any Quadratick Equation, 8 
| that happens to ariſe in reſolving of Queſtions, &:c. And as for © 
1 giving a Geometrical ConſiruQtion of them, I think it not pro- f 
F per in this Place; becauſe I here ſuppoſe the Learner wholly ig- 
norant of the firſt Principles of Geometry, therefore I ſhall refer | | 
that Work to the next Part, 1 


HAF. HE. 


Of Analyſis, or the Method of reſolving Pꝛobleins 
exemplified by Variety of Numerical Queſtions, 


N. B. LVL RE I adviſe the Learner to make uſe always of the 
ſame Letters, Io repreſent the ſame Data in all Queſtions. 


F If & repreſent any Number , 
Vu. And e repreſent a leſs Number For other Quantity, 


a Ter their Sum, 

a —e=d their Difference. 
ae = þ their Product. ; 
5 = 9 their Quotient. | ps 


aa ee gz the Sum of their Squares, 
424 — ee the Difference of their Squares. 


Then let 


7 


Any two of theſe ſix (s, d, p, 9, x, x) being given, thence to 
find the reſt; which admits of fifteen Variations, or Queſtions. 


Quęſtion 1. Suppoſe g and d were given, and it were required 


by them to find 4. . p. . 2. and x. 
I| a-þe=s s =240 
Let | 2} a—e=d and Tuppole 2 192] Then 
I+2|3] 2a=5$s-+d = 432 
| 3 s +4 . 
| Y 372422 = 216, here a is found. 
1— 25 l 202-4848. 


2 
. 
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5 216 =" 24, here e is found. 
ö | 4 * 4 7 ao= EEE p= 5184, here þ is found, 
f f 14268 tg. here g is found, 
1 
5 
14829 aa = Ein 45656 
f 6 G2 [lo] ee = —— 55e 
| 9 + 10 [11 aa þee=TELE 2 47232, z found. 1 
6 _q—10[12] aa—ze=5$1d=wx=46080, x found. 4 
Queſtion 2, Lets and p be given, to find the reſt, 1 
1 
: I] a+e=s.= 240 
That is 4 | ae=pþ=5184 Quære 4. e. d. . 2. «. 
I O. 344 + 24 ＋ e = = 57600 
2 x 4| 4 46.245 2 20736 
3 — 454A - 2 e — 45 = 36504 
5 6A — == — 4p 2 42192 
1＋ 6722 2147 
72218 . hence a = 216 
1— 69 2e=s —vis—4Þ 5 
9 = 2|10] e= , hence = 24. 
8 — 10|11 3 | 
; e — , — 452 
5 8 ©* [12 n 
- | 
10 &*|13 FOES Bunch Sd 7 2m 7 OY 
2 | 
12 +1I3]14| aabee=55s —2þ = z = 47232 
12— 1315 a@ —ee=$4Y 5s — 4þ = x = 46080 


D d 2 


Queſſior 


* 


— 
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Queſtion 3, Suppoſe : and g are given, to find the reſt, 


. 
2 2212 bee 4. e. d. p. x. vx, 
| — — 

2 xe\ 3 a=qe 
I — 34e 2 — ge 
4 +9g*e] Sl geem=s 
＋ 771 6 = for 7 FI N ee 
1 7 rr = r 
R de . e ! 
| | 7—6]g9 a= EI_= 
l 295 2 2 8 122 
| was 2 ha - IT SN 
| 10 +11 [12] aa pee = TEETH — 
T 


E w. - 2 * E 7 IO.” 


Rueftion 4. Let q and z be given, to find the reſt. 


I da dbe=s = 
| *. 4 23 43232 | Urne. . d. f. · x. 
18 [2] aa +2ae+ee=ss 
Z—2|4] 23e =5$55s — 2 
2— 415 a 4 - 24e bee =2% — 67 
Swi j6| a—e=VvVIz=ri=d 
j-+ 6 


n 
1399 
1939 
= 
: . 
5 
[ 
a 
3 
| 
N 
* 
„ 


. * — _ 
A : * * _ 
-E 4 4 F 
; > ok l -& 2 > 
. 2 2 4 8 & 3 ff $f x 7 2 "WF : 4 1 N ven. R 8 
r Mi 2x * 2 X Ra 94 2 5 N n ö 
Lo he a PHE x. FS; J N. . Re IG; ( £5 SEE iP 1 5 5 8 * 2 RY . * I 2 nd AG 
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1 +6 1] 2a =5s + 22 — $5 
F. 72218 = L= 
5 | "pm % gf 2e=5—vVIz—ss 
| I . 2 gn 22 —So 
9 Si: R A 


| The reſt are found juſt as in the 2d Queſtion; the 8 and 10 
Steps here being the very ſame with the 8 and 10 Steps there. 


— 


Queſtion 5. When 5 and x are given, to find the reſt, 


1] a e 5 
Viz. 1 2 2 ere Verte 6. 6. . P-f-2. 


x ; 
2213 a-. d, vis. a ＋ e) aa — ee (a — 


5 1 . 


$* 4 255x + xx 


45 
$* —255ÄX＋ xXx 


ce = — 
475 
— 
255 


CE "_ 


J 
d 
[| 


aa Tee = 
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Nuęſtion 6. Suppoſe d and þ are given, to find the reſt, 


| 


O VV Oe Um A ND w 


13 
14 


U 


7 


42 — 8=d =102 
ae = 5 197 FQuere 4. e. S. . Z. «. 


aa — 24 ＋ee r dd 


ae ee eee YT. oo 
* 
- 


4ae=4þ 
a - 24 Leer Add 4p 11 
a ＋ = N,, ＋ 4 == F | 
2a =d+vY dd + 4p wy 
a= +444 +4p | Js 
2 


218 dd gpv/ —4& 
= Yi tapy=—=d 
2 
— 4+4vdd + 4p _ 
Vd TAD 7 
eee 
2 
dy/dd +4þ 


a 
e 


— 44 4-2 þ — 
85 2 
aa pSee=dd+2þ=z 

aa —re=dYdda4p=x 


ee 


Queſtion 7, Let d and q be given, to find the reſt, 


2 x E 
1e 
3 and 4 


3.93 0 


6 —7—1 


1 +7. 


7 +8 


OO — OSG . 


\O 


nag 

— a . . . . . « 
 =q=9 Quzre a. 4 p. . 4 
2 2 7 5 

a 2 de 

9e 2 Ade 

qe — e 4 

4 , for — I „e e 

8 AEM 

odds wr Fong 

a He= „ 


1721 


234 — 
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7 * 8 10 48 = 244 . 1 
| 49 —-29-+1 4 
| $8 6* 1 ag = 1142 1 
. | * 171— 29 — 1 i 
* 7 62: [12] ee = 4d 1 
n 4 
974 — dd 1 0 


| 9q — 297 —＋—1 


. — 


— 5 Wenn 
— 1 —— ; 8 


| 

; Queſtion 8, Suppoſe d and z given, to find the reſt. ö 

5 n 11e Ad 192 1 

f Viz, 4 . 3 42.6. . p. . 4. 1 
2 1 G31 44 — 24 ee dd 

5 2 —3| 4] 22e=z2—dd 

; 2 +4| 5] 24 ＋ - 24 ＋4 22 — 44 

; Sw*| 0] aÞem=wv2z—dd=s 

a 14617 24 2 — dd 
ieee 
0 2 

_ p b—1]g|] 22e=/2z—dd—d 
5 922 Io e=mY2n=dd—rd 
5 2 
; TY SB erm EQ =p 
2 
8 &= 12 om EEE. 
| 2 
10 Org] eve = — — 
12 — 13 [14] aa — een dN — dd x 
22 — 4d 
8 —10 [15 = > 98 227 
| e V2z2—dd—d_ 
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Dueftion 9. Let d and x be given, to find the reſt. 


Viz. j 


66 
9 +10 


| 


Il 


la —et=dI= 240 
2 era bete] Were 4. 6. 5. p. 9. z. 
x 


42 T 5, v. 4 — 0% aa—ee(abe 


dd + x 
7 
4. 


22 


| 24 


122 
2 f 
* x — ff _ 
=> 
£5 dd + x 


| 


4 4 


— 
— 


8 

4* + 2zddx + xx 
"7 

_xx—2ddx +d 

EM NY 444 

CLE 


a 
e 


a a= 


Dueftion 10. Let p and 9g be given, to find the reſt. 


vn. 1 


D» M 


ae =þ = 5184 
* =9=9 Je "FIST 
a a 2 2p. for —x = = — = @@ 
a=vqp 
ce 7 þ 79 2 ee 
2 
7 
2 ＋ = UV 


= - f hy S 8 * 
2 * g k 
c AN So Et a 1 : N > 
PIC 2 ba 3 Wt TA Sug ts. PTSD OE TEST 


— — Ba 


7 = 
Sy 
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A IE 
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2 4 — 6 5 e A 
4 R 
. þ 
5 347349 r 
', 3— 5 a2 —ecempy—; =x 
7 A 
] a Dueſtion 11. Let p and 2 be given, to find the reſt; 
. 
4 ; | tf ee =P =-5184 | 
27 Fiz. | 2] aa ee =2Z=4723J2 QUE #7. &c. 
po. 1X 2143 2d e = 25 
Fi 2 + 3] 4] aa +2ae-bee=z+2þp 
® 4 w*| 5 abe=vVvVz+2þ=s 
2 2 — 3] b| aa — 23 2 — 25 
4 6w]na—e=vVz—2p=d 
; 5 +7] 8] 2a=v/z+2p+vz—2p 
F 8—z| 9 1 
5 
þ 5 — 7 fiof 22=vz2z+2þ—Vz—2p 
4 o LA e 
> 2 
04-11 1,5 „ 
8 E229 — 2 — 25 
960 aa q ZE == —=4?2 
: 2 1 
þ 11 . 14 r 
$:1 | A 
3:4 6a —eei| aa — ee 22 — 4% b K 


Liz. ; 


1 &* 


. 


A Dueſtion 12. Let p and x be given, to find the reſt, 


oben? Fn Lo. IP | Quare a, e. &c. 


44 —ee=x=46080 
aace=PP Sy 


Ee 2 82 


14 
. 
F 


4aaee =4þpd 
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26? | 4|aaaa — 2aatre eee xX ler 
15 


7 

2 +7]8 
82 2 9 
O un? 10 

l 
1141 12 


10 + 13 


10 — 13 


9 -+ 12 


15 
16 


add T- Za α , Lee 2 


24 R ＋ NY 
—x+vxx+40/ 


aa 


5 


—— 


* — 


2 
200 =V xx _— 4 % —x 
VA 


2 


EE ==> 


. V. 


2 


2 


2 2 N 


xx 455 


aa bee=vaxx+4pp=z 


ee * +: _ Se. 


— — 


— xxl _ * XX +4þp— x 


aapee=Vxsx+4Þp = 


2 


—— 


== 4 


DOveſtion 13. Havirg g and 2 given, to find the reſt. 


a 


aa TA e = 2247222 


4 = 98 


i OGG 


| 


4 — 


da 2 9e 
EE = 2 — 99e. 


77 e -ee 2 2 


— 


74 


Quære a. e, &c. 


2—7 


—, for gg +1 xee=qqee + ee 


r | ae? 
F ME 
* 


. 6 * 2 a 
— a e #5 * <5: * * : . 
ar, jokes it I Cr CA: WE 


„ 


„ 2 * „ 
N 


1 22 2 * — * 4 * #3, 4g * 3 2 * - \ 8 2 5 2 
EEG AST IE La 7 oro ate, 3 


4 


e 


8 
2 


— — 


rt II. 


— 
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I RS 3 4 
99 +1 Fe 4-1 
3 272 
N 
2 
= RX 
5 772 3 
e 77 + RN 5 
— e 4 — 
ee 7171 771 +1 
424 22 4 


Þ 2 , * ** a £ # * 8 
b . 
2 F 8 W S ws 1 n | 
9 * Vx 4 . - — . "3 TEEN A EECRDGNY $0 — ASH IS ST ig — 0 oy * < \ a. af Ne # 7 9 * 


1 - 
0 3 * 4 : = "4 
9 


&<© WI nw ny 


When 4 and x are given, to find the reſt, 


RE — 
722 129 


a2 — ee=x= 460% 


dee a. 6. &c. 


a — qe 

aa —=9qgqee 

aq d S tee 

ee ==x ee 

147 ee — ee XM 
4K 


f 2. —— 
EE V2 
x 99x 
K — — — 22 8 
＋ 7 9 
a =y 12 
1 
. — 
1 
77 * 
412 * 225 
* . * I 
E e 2 IO —11 
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„ to Mc | 
+ wk, ; 

IO x IT [I4] 2e = — e — — 5 
V 4 4 

8-E£9g9|ig| aa ＋LE T - 2 5 
s 4 8 79 —T _ 
i — 

* 

Queſtion 15. When 2 and x are given, to find the reſt. 1 


If a@ ＋ ee 2 = 47232 ; 5 
Viz. ; 2 e * 


_ * 8 n _ a _ — * 
= . — — - — — - 2 
= HY an — — ²˙ - N — - 
2— — „ 9 2 - — —— 


| - | 
x 4 2 ce 2 2 — X 4 
| — 2 4 => : 
| a 6 n 
Fa 2 + x | 

Wy a 2 x 

| nag . : 4 
6: 4 „ 8 

a 8 f J 

* + Xx 2 — X by, 

7 +8] 9] a-þe= * ＋E — 2 3 

15 


L 2 — X 
1014 — — — 4 


«I 


72812 = 2 vVS+x 
Ee 


Theſe fifteen Queſtions are propoſed in Dr Pell's Agebra; 
but he purſues only the firſt Queſtion throughout, and breaks 
| off in the other fourtecn, after the Values of what I call 4 
1 and e age found. But I have proceeded in every one of them, 
to find the Values of all the unknown Qualities, becauſe 2 
AHT 
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afford ſuch Variety, as being well obſerves) by Learner, will be 
found very uſeful in the Solution of mol {21 ons, 


Note, I have choſe to uſe the tance Number, tr the reſpeRive 
Value of each Quantity throughout alt the QAueſtions, becauſe 
they will be more ſatisfactory in proving the Work than various 
Numbers would have been. Not but that any Numbers may 
— F- be taken at Pleaſure, provided that the Number repreſented by 
a, be greater than that by e. &c. I have omitted the Numerical 
' Calculations purely for the Learner to practiſe on, 


Py 4 . $M * 


r 


LL 


Queſtion 16. There are two Numbers, the Sum of their 
Squares is 2368; and the greater of them is in Proportion to 
the leſs, as 6 toi, What are theſe Numbers? 


2 


C. 


E een 


Let a = the greater Number, e = the leſſer, and z = 2368. 


4 Then| 1] aa Tee = 2 1 8 
8 poet 0 a:e::0:1 {by * Queſtion, 
5 2.31 1a=be 
3 3&2] 4| aa = 3Gee 
; I —4|5| ee=2z — 3bee 
1 5 ＋ 36e e 6 37e 2 
4 — > 
£ 6 — ee = — = 64 * 
3 1.7 37 and e = 8 
1 7 8 e= — 8 \ aa = 2304 
3 37 | + 7 &— os. © 
14 8 x 6 9 en * 75 — 48 132 +- ee = 2368 
3 zandglio| « = 48 and 45:8::6:1 


Queſtion 17. There are three Numbers in continued Propor- 
tion, the Sum of the Extreams is 156, and the Mean is 72; 
W hat are the two Extreams ? 


That is, Suppoſe a.m .e in , and m 72. 


i| ae = 5150 = 5? by the Queſtion, 
Then { 4 2 8 12 3 
2.384 = n : 
I &*|4| ag +2ae hee =5Ss 
3545 4a + 4mm 
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4 — 5 5 aa — 24 ＋ — 4mm 
Ou | fa —e=vV 5s —4mm 
1＋ 71822 = ＋ 55s — 4mm 
87219 . L cg 
52 Or 
2 4 m 
1— 9 102 = — 5 = 48 


Dueflion 18. There are three Numbers in <>, their Sum is 
74, and the Sum of their Squares is 1924; What are thoſe 
Numbers: 


That 0 a, e, y are in = 


a ＋ e Y 274 


Then 21. V Quere a, e, 5. : 
32 4 N 
5 | 4] 4) = J 
1—eSla+py=s—e Z 
2 —ee\ bl TY =2—ee 4 
+ X24} 7 2d) = 22e ö 
6 +7| 8] aa + 2ay + yy 2 ＋ ee . 
5 2902 + 2ay + yy = 55 — 2e ee | 
8 and 0 jJro| z S e = —2Je bee 
IO + [11]. 28482 1 Z | 
| $5 — 2 : ; 
w 2 5 S 2. 5 
11 — 2 4a * + ; 
2 
c, 113 a py = . e 50 * 
13 % nene 1 
4 x 4 15 4a =4ee = 2394 1 
F 14 — 15 16] aa —2ay ++ yy 196 4-3 
. 16 ⁰ HCA -= N 196 = 14 ©. 
1317 118] 2@ = 59 + 14 = 64 R E. 
+ — — wy 
1 18 219 4232 8 9 1 
13 — 19:20] y = 50 — 3221 y = 32 Wes F 
| — : 
1 


+ 

Note, In all Queſtions about continual Proportionals, (either 
Atithmetical or G-ometrical) where three Terms are ſought, 
the Man is the ealieſt found firft (as above) and if all the Terms Ve. 
be Afhrmarive, then it ts equal whether the firſt or laſt Term be 40 


the vreatcit, 
ie greatel Oneftion 


— * 


— —— 


—  —— — 
* 
_— — 


— — 
* 


— 
— 
888 * 


- » ws - 
” 
— 
9 
— 


| 


IT 


Je 


% 7 ww ** 59 3 — 


»' £ "_ 
— * 87 — 4 * 
nee ag. | ; 
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Queſtian 19. There are three Numbers in ++ their Sum is 
76; and if the Sum of the Extremes be multiplied into the Mean, 


that Product will be 1243; What are thoſe Numbers? 


1 } 
a +e+y =5s = 76 >by the Queſtion. 


I 
Viz. 2 f 
2 22 145 =D 12483 
3 4j ay = 
5 IJ„elsſlgeeeye se 
4 5 — 2] ol ee=5se —þp 
N — 7 7 & — e — — 5 ; 
7C n | Se —Iie+ iS Zi —þ 
8 4e e —Is=V4iss—þ a 
2 7 3 2, per I heor - 
; 9 + is ioje=z5s +v 35 — = $5 "Chap. & 
55 2 — 10 fifa 5 = 52 
5 4 x 41121 425 = ee 2304 


118621324 + 2ay + yy 2704 
13 — 12444 — 2ay + yy = 4co 


| I4 w? jig] 4 —y = 400 = 20 
” 11+ 15 16 24a = 52 + 20 = 72 
16 = 2|17] a= 36 | eee 
> 11 — 1788 2 — 36 =16 and y = 36 


N. B. If you take = + 4/455 —p =52 (at the 10th 
Step) then it will be 76 —52 =24 =a-+ y, which is impoſſi- 
ble, viz. that the Mean ſhould be greater than the Sum of the 


two Extreams. Therefore it muſt be - n -p = 24. 
(See page 201.) 
Dueſtion 20. There are three Numbers in Arithmetical Pro— 
5 greſſion, the firſt being added to twice the ſecond, and three 
0 times the third, their Sum will be 62; and the Sum of all their 
cgquares is 275; What are thoſe Numbers? 
7 Suppoſe | 1 | a, e, „ in Arithmetical Progreſſion. 
F And ; F oy the Queſtion 
5 [ZN : 
4 Ten IIa e per Sect. 1. Chap. 0. 
1 2 — 415 | 2e +2y = 02 — 2 
22 57 26 ＋5231— 
$: 6 —eſ7|y=31—2e 
4—7 8 | a=4e — 21 


— — — IRC. ES. one ee nd 
” CY * 


Algebꝛa. 


8 & | 9] aa = 16e — 248 + 961 

7 S* [10] yy 961 — 124e + 4ee 
9 ＋ 10 [II aa + yy ==20ee — 372 e + 1922 1 
3—11|12| ee =372e —20ee — 1647 
12+20ee| 13! 2128 = 3720 — 1647 8 
13— 372.1421 — 372e = — 1647 = 
14 = 21 [I5| ee — = — £32 3 
15 C0 |16 . %. % 192 — » a 
16 ub, 17]. rs, , 
17 +78 M ,. or 8 5 the Mean : 
18 x 4119 4e = 3b, or *F* ; 
8 and 19 |20 a=3b—31=5, or 349 —31=3? 
18.x:2 121-.2e= 718, or 17.5 ; 
7 and 21 [22 „231 —18 = 13, or 1 —17; =13 + 1 


Qucſtien 21. 


greſſion; the Square of the firſt Term being added to the Pro— 
duct of the other two is 570; the Square of the Mean being added 
to the Product of the two Extreams, make 612; and the Square 


of the laſt Term being added to the Product of the firſt into the I 
ſecond, is 792: What are thofe Numbers? 5 
Suppoſe | 1] a, e, y in Arith. progrefſf. as before. . 
2] aa + ye = 576 5 
Then 5 Jl ee + ya = Ho the 3 8 
+ YI ＋ 42 e = 792 5 
1.5 [AY =2e, per Sect. 1. Chap. 6. F 
5 xe [GH eye =2ee7 a 
2 +— 4 7 aa +ye+yy +ae = 1368 i 
7 —6|8|aa+yy = 1368 — 20 7 
3 —eeſglya=bi2—ee b. 
9 x 2 [10] 2ya = 1224 — 2ee ; 
8 +10 |11] aa + 2ya + yy = 2592 — 4 7 
5 SG * [12] aa + 24 -- yy = 4ee 5 
11 and 12 [13] 4ee = 2592 — 4ee 2 
13＋ 4 |14] Bee = 2592 5 
14 — 8 [15] ee = 324 I 
15 av* [tio] e = 324 = 18, the Mean 5 
8: [17] aa E= 1363 — 20 = 720 
10, [18 2954 = 1224 — 2ee = 576 
17 — 18, 9144 — 294 + 9 = 720 — 576 = 144 


— 


There are three Numbers in Arithmetical Pro- 


1 . 


3 


3 ; þ 3 1 f * I 1 g a wt = > "> - : 4 * L 
CY” Da 73ü 
* 8 9 * 3 


youre wo—m_y Jy * 
+, 


> A 4 . * 
bo * Fw TR 
2 WI of, 


5 
* 


4. a * * nd hs . bs, nr I 
c 


Chap. 9. Of Numerical Queſtions, 217 
1 us [20] a —y = 144 == 12 

5 + 2021 24 = 28 ＋ 12 = 48 

212 27222224 ee 

5 — 22]23) y = 2e — 24 = 12 5 = 24 


2 


Queſtion 22. It is required to find two ſuch Numbers, that the 
Sum of their Squares may be 8226 f; and their Product being 
added to the Square of the leſſer, may be 6921 Z. 


Viz. 4 


Therefore 
And 


] 
2 
3 
4 
5 
6 
7 
8 


82264 
69212 


aa ee 
ae + ee 5 
aa — ae = 1305 
ae S 44 — 1305 
oh Bare os 
a 
a* — 2610424 + 1703025 
a a fn 

ee = 8226,5 — aa 
a* — 2610 + 1703025 _ 
he 2 = 8226 
a* — 26104 +1703025=8226,5aa — 4“ 
244 — 2610aa -þ 1703025 = 8226, 5 44 
244 — 10836,5aa = — 1703025 

a* — $418,254 a = — 851I51,2 
a* — 5418. 2544 +7339352,20562=6487845,765 
aa —2709,125 = v 6487545,765025—2547,125 
aa=2709,125 4 2547,125 
aa=2709,125 + 2547, 125 =5256,25 
a = v52506,25 = 72,5 
aa +1305 5256,25 — 1305 

JC 


n F Queere a and . 


EC — 


ff = 


5— 42 


EC — 


= 5455 


— 


aa = 2709,125 — 2547,125 = 162 
8 = +1402 = 12,73 Nc. 

162 — 13095 
12,72 
4=72,5 
e=54>5 


— 
— 


0 = 


„which is impoſlible, 
Fas at the 17th and 18th Steps. 


——————_—. 8 


This 


— 


Queſtion may be performed with leſs Trouble, by ſubſti- 


tuting Letters from the known Numbers. 


pia San ny 
g erer p 


{Then let 2 — P d= 44 - ae, &«. 
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— 
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Queſlion 23. It is required to find three ſuch- Numbers, 
the Sum of the firſt an 


may be 37824 ; 
with the firſt, may be 59944 ; alſo, 
third, being mul 


Let a, e, repreſent the three Numbers, 


| 
Then 3 


8 
4-2 
3 
722 
6 — 2 
6—1 
10 — 4 
8* 11 


9 and 12 
13 x 42 4 
14 — 
15 10 


11 


1 


G GO 


12 
13 
14 
15 
16 
17 


, that 
with the third, 
ird, multiplicd 
that the Sum of the firſt and 
th the ſecond, may be 52456. 


d ſecond, being multiplied 
and the Sum of the ſecond and th 


tiplied wi 


ay +ez 37824 =b 
ea -- ya = 59944 = c 
2 ye = 52456 4 
24 +2ay 2 = e 4 
Z=bc+hd 


4e AY Y 22 


2 2 


2 — 24 . Se 


2 4 + 


Quære a, e, y. 


— 


9 


e 


—— ͤG—. 


Je 22 — c 


22—2d2 — 2bz + 4 
e e TAS 
22 — 24% — 2bz ＋ 4bd 
> #& _ II 
2244 — 460% = 22 — 242 — 232 ＋ 434 


XK — 248 — 2bz + 434 
22 — 4c = 5.55090 


— Me as RR 


44 = 


— 


&- = 


e 


7 * 


n 


Drueftion 24. It is required to find two ſuch Numbers, that their 
Sum being ſubſtracted from the Sum of their Squares, 4 
and if their Product be added to their Sum, it may m 


Let a and e be put for the Numbers, and let 


Then ; 


may leave14, 
ake 14. 


ae 
"4 0 by the Queſtion. 


I 
2 


aa +peem—y = 
ac +—y =14 


— 0 


1477 
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at — — - 
hird, 1 +7 aa See=14+y 

plicd 2-5 ae =1I4—y 


3 
4 
t and "0 4% 2] 5 24e =20 — 2 
* 3 ＋5 [G ＋ 2 - 42 — 5 
6 7e. = N42 — 9 
But 8 a ＋e = y, by Subſtitution above. 
7 and 8 O01} == 42 —y 


Conſequent 15 a + e = 6, by Reſtitution from above. 
3and14 jlibſaaþer=14-+ b=20 
5 and 15 [17 242 =28 —12 =106 
16 — 17 84 —2ae bee =4 
18 w* 19a — e 2 422 


2 It a A, ie 
1 oP Y 0 on l 8 Proof) Then aa4-ee—a—e=l4 
1 vg 5 ER And ae ba be =14 
e NA * According to the Queſtion. 


77 | 74. Queſtion 25. Three Men diſcourſing of their Money; faith 
— , the firſt, if 100 J. were added to my Money, it would be as 
much as both your Money put together; ſaid the ſecond Man, 
if 100/. were added to my Money, I ſhould have twice as much 
as both you have; faith the third Man, if 100 J. were added to 
my Money, I ſhould have then three times as much Money as 
both you have : How much Money had each Man ? 
Let à repreſent the firſt Man's Money, e the ſecond, and y 
the third, 


"3 
3 
. "I 
10 *. p 
* 3 
5 1 
\ * 
wo 
= 
3 
: * 
1 . 
7, q _ 
. 1en 
| x 
us 
"> - . 
* 
E. — 
« 
4 3 
E 


I[aTIOO S e ＋ 97 

2] e 100 222 Feger the Queſtion. ; 
3|y+100=30 +3 | 
4 e+ y—a =100 =s i 
5 a0 Frye S100 =5$ Quare a, e, Y. ö 
6] 3a ＋ 36e —y 1D = 4 
7] $93 —a4=3a+3e—y 
8] 2y =4a þ+2e k 
9] 24 —e=s—4a —2e 

Io] babe =s = 100 

11 2a + 4 = 25 = 200 


F 2 10 * 
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IO x 4 12 24a + 4 = 45 = 400 
12 — 11 [I] 224 = 25 = 200 


13 — 22 I4 a = 2 == 9 3r 


i SP ps | 
10 — ba|t5| e=5s — ba = 100 — $2 = 45 4; 1. 
8 2622 ＋ = + 2 = = 6371, 
firſt 91. 13. 9 ir d. 
Anſwer, They ſecond > Man had Js J. 95. 1 0. 
a U third c 641. „ 8 


Dueftion 26, Three Men have each ſuch a Sum of Money, 
that if the firſt and ſecond Mens Money be added to Half of 
what the third Man hath; that Sum will be 92/, And if the 
ſecond and third Mens Money be added to one third Part of the 
firſt Man's Money, that Sum will be 92. Laſtly, if one fourth 
Part of the ſecond Man's Money be added to the firſt and third 
Man's Money, that Sum will alſo be 921. How much was each 
Man's Money ? 


Put @ for the iſt Man's Money, e for the 2d, and y for the 3d. 


| 1] abebiy=s 
Then 2 3a 1 TY by the Queſtion; and g= 92 
| Ste +$a+y=s | 
1and 2 4] a þe+3y=3a+e+y 
4 —2|3]a+iy=3e+y 
S Xx 2X 3 6 ba + Jy 24 + 65 
6. 7144 = Jy 
2x3| $]a+z3e+3y9=35 
8B —7|9]a+3e=35 —44a 
g9 — @ JO] Ze =35s—50@ 
10 311 r 


3 x +112 ＋ 42 +4y = 45 = 368 
13] 33a + 35 = 35 = 276 

13 and 7 [14| 34a + 44 2 3 276 
14 * 3 15114 ＋ 124 = gs 828 


15 ＋ 23164 = S = = 361, the 1// Man's Money. 


"MY | 
11|17| e= . 321. the 2 Man's Money. 
7 — 3 12 72 _ — 4 = 48 . the 34 Man's Money. 


* 


. * 
* . Ms A 
_ . he e N — o 


Dee, 


5 
g 
- 
N 
* 
* 
2 
Fa 


Chap. 9. Of Numerical Queſtions. 
Jueſtion 27. Four Men walking abroad, found a Purſe of 
Shillings only, out of which every one took a Number at an Ad- 
| venture; afterwards by comparing their Numbers togther they 
$ found, that if the firſt took 25 Shillings from the ſecond, it would 
4 make his Number equal with what the ſecond had then left; if 
1 the ſecond took 30 Shillings from the third, his Money would 
FA * then be triple to what the third had left, and if the third took 40 
1 Shillings from the fourth, his Money would then be double to 
what the fourth had left; laſtly, the fourth taking 50 Shillings 
from the firſt, he would then have three times as much as the firſt 


221 


- F had left, and 5 Shillings more: It is required to tell how many 
8 . Shillings each Man had. 
of Put a for the firſt Sum, e the ſecond, y the third, and u the 
. ; [iſaþ25= e— 25 
| 4 2] e 0 = — 90 ; 
4 ; Then 3| » 4 55 * 25 BR 35 by the Queſtion, 
n 4] « + 50 = 3a —145) 
| 14 25 SIT Fo 
. 2 — 30 0f 37 — 120 Se 
ü 5 and bl ol a +50=3y — 120 
2 7 + 125 8] a +170=3zy 
I 8 2 + —— 170 
; SALE 
2 3 — 40|[10] 2 — 120 
« 
f 9 and 1011 2 — 120 = <2 
1 + 120|12] 24 = —.— + 120 = _ 
FA +2 I3] 4& =<I, $30 
4 — 50114] 4 = Za — 195 
13 0d g 36 = 198 = 2 
15 X 5 16 184 — 1170 = a + 530 
16 ＋ 1717 @ = 1700 
17 — 17 [18] a = 100 the 17 
by the 5 19 © =159 24 (Man's Number of Shillings, 
by the 9 20 y = go 3d FA 
by the 14 21] « =105 4th. 


- 


— 


Quęſtion 
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n — 


Queſtion 28. Four Men have each a Sum of Money, which 45 


being put all together makes 250 Pounds; and if to the firſt 
Man's Money be added 8 Pounds, it will be juſt as much as the 
ſeond Man's Money decreaſed by 8 Pounds, and as much as 8 
times the third Man's Money, and but as nuch as one eighth 
Part of the fourth Man's Money ; how much had each Man ? 


Let a, e, y, u, repreſent the four Men's Money. 


1 [ae — 
| 4 . 1 by the Queſtion. Let Li 


'T hen A = 250 and 5—=8, or any 
2|[yb = 7 = a N b } other Number at Pleaſure, 
2 -b6]|4]a+4-2b=e 
5 a —— b — , 
Z3-—=b 5 Y = oo becauſe 30 =a +5 


7. 
3x6| 6[u=ba ＋ 23, for > =@ ＋ 6 


4+-5+6]7 e+3+umabab+ = +ba+b 


I —@a| 8] epjkua=s—a 
a ih 
7 and 849 6p 2 ＋ bak bb — 4 
9 * ba 2D Lab bba + bbb = bs — ba 
10 — UI 26a + bla a= bs — bbb — 255 — 5 


h — 555233 — 56 
— = = 16,091358 &c. 


12 4: = wo 
TRY bb 4-26 + 1 


by the 4, ſizf e=a +26b = 32,691358 &Cc. 
| b 
by the 5,1445 = == = 23,c80419 &c. 
by the 6, [15] v = + bb = 197, 530864 Ko. 
5 a. 
| „ 14--:0,02808 
That is, J = 32 13. 9,92592 
7-56-23 „ F086 
u =197 . 10 . 7.40730 


0 
ta 


« 
2 
x 
* 


Conſequently a T TA 249 . 19 . 11,99976 


which ſhould be juſt 2507. the Sum propoſed in the Queſtion. 
Now what it wants of that Sum, proceeds from the Imperfection 
of the Decimal Parts being not continued on to more Places, 
which would have brought it nearer the Truth, tho' not perhaps 
exactly ſo. Sec. 5, Chap, 5. Part 1, 

| Quseſtion 


CA 
7 
4 


| | Diffe! 


G, 
2 


1 2. 
= 


Chap 
3 
Qu. 


one p 


* Ls 


Partni 
per IC 
and f 


. 2 5 RY bd * — * 
* 8 Y * 
* „ * * 3 
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— * 2urftion 29. Several Merchants enter into Partnerſhip, every 
ch one put into the Stock 65 times as many Pounds as there were 


rſt partners; with that Stock they traded and gained as many Pounds 
he per 1001. as there were Partners. Now if 10/7. 10s. be added to, 
8 and ſubſtracted from, their Gain, the Product of that Sum and 


th X Difference will be 04917. 65. 34. 
| O9uere, How many Merchants there were, &c. 
6. Let 1 a = the Number of Merchants. 
, = 1x 65 2] 65 a = every one's Sum put into Stock, 
iy BY 2 x a| 3] 65 4 = the whole Stock. 
, == boaaa 2 
8 3 And 4 100: 4:: 65 48: 55 by the Queſtion. 
3 ov G a a àa : 
3h Liz. 5| 2—— = the whole Gain. 
= 100 
= — 6 42 2 
= 5 + 10,5 81 —＋＋ 10,5 
FE 100 
Pp —— 65 4 4 4 
Las 5 10,57 N — 10,5 
7 225aaaana 1 
13 6* 78 1 0s — 110, 25 = 6491,3125, by the Queſt, 


® 8x 10000| 0 42254 — 1102500 = 64913125 
5 9 + [10] 4225 4 = 60015625 

k — 66018625 

be 104225 11126 — 3 — 15625 

| 225 | 
11 % 124 =y/ 15625 =5 the Number of Merchants, J 

12 x 65 [13] 65% = 325 the Number of Pounds each put in, 


Queſtion 30. Three Merchants join Stocks together; the firſt 
Man's Stock was leſs than the ſecond Man's by 131. the ſecond 


"> and third Man's Stock was 175 J. in trading they gain 484. more F 

J 5 than their whole Stock was; the firſt Man's proportional Part of 7 
„the Gain was 78. What was each Man's Stock and Part of the F 
„Gain? | 
; —_ Let a, e, y repreſent each Man's Stock, 2 
"oh | f 
ö == 1] a +e+y=s the whole Stock, 4 
> Fm en 2| 5s + 43 = the whole Gain. 

3 15 3 a —— 13 — > . f 
| E And , by the Queſtion, 
| be” 41 + y=175 * 5 N | 
—_ 4 +a|5]a+e-py=175 + 4 [ 
1 1 and 5 61 175 +a | 


; | 6 and 2 


—_— 


— 
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as 
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6 and 2 
But 

PEO 

— 78 a 
98 Q 
©; 0.00” 
I2 — 72,5 
35 

4 — 14 
Then 
Again 


Proof 1 


| 18 — 19 


7 
8 


9 
10 
11 
12 
13 
14 
15 
16 
I 
10 


19 


s + 48 = 223 + 2 
175 +a:223+a::a: 78 per Queſtion, 
aa ＋ 2234 = 78a + 13650 2 
aa ＋ 145 4 = 13650 6 
aa + 1452 ＋ 5256,25 = 18906,25 

4 + 72,5 = 18906, 25 = 137,5 

a =137,5 — 72,5 = 65 

e =a +13 = 78 

y = 97 

65 :78:: 78: 93/1. 12s. = es Gain. 

65 : 78 :: 97 : 1161, 8s, = y's Gain, 5 
1161. 8s. ＋ 931. 12s. + 781. = 288. the Gain. 
65 + 78 + 97 = 240. the whole Stock. 2 


_— 
3 
A 
* 
2 
N. 


20 


288 — 240 =48 the Gain more than the Stock. 


Dueſtion 31. 


; Money in this manner; to the eldeſt he gave half of it, want- 
ing 44 Pounds; to the ſecond he gave one third of it, and 14 
Pounds more; to the youngeſt he gave the Remainder, which 
was leſs than the Share of the ſecond Son, by 82 Pounds: What 
was each Son's Share ? KC 


Then 


2+3+4 


Let a, e, y be the three Shares, and z = the whole Sum. 


—— 


A Father at his Death left his three Sons his 


a eU =z 
= {3 — : 
12 40 7 by the Queſtion. 

= z + 14 — 824 
4 => +; — 98 


2 2 2 


32 =22 + = — 294 


62 =4%z + 32 — 588 

Z = 588, the whole Sum that was left, 

a —=$8£ 44 = 250, the eldeſt Son's Share. 
e = #3 + 14 = 210, the ſecond Son's Share, 


* 
* 2 7 8 
11 
7 * 


„ =448 þ 14 — 82 =128, the voungeſt &c. 


 » Oueftion 32. A Man playing at Hazard or Dice, won the 
rſt Throw juſt ſo much Money as he had in his Pocket; the 


ſecond 
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IX 2 


And 


2 + 3 
4 &S* 


4 +5 


CY 
"VAST — n 
8 8 * 99 1 1 
LD r IF 4 893 
8 s 8 1 n 1 ] = 
— 7 o 1 9 7 * 5 ua 4 
2 * x 4 oy © 1 
n „ MF - LES 6 %. i 
ad 8 x WS a * 


ſecond Throw he won the Square Root of what he then had, and 
five Shillings more; the third Throw he won the Square of all he 
then had ; after which his whole Sum was 112/, 16s, What 
Money had he when he began to play ? 


Suppoſe | 


a = his firſt Sum. Then 

| 24 = his Sum after the firſt Throw. 
5+4/2a= the Winnings at the 2d Throw, 
2a +5 ＋ 2a= the Sum after the 2d Throw, 


4aa +22a +25 +4a,4/2a:+10/2a=the 
Winnings at the 34 Throw; and therefore 


4aa +244 4-30 + 44 2a +11 2a==2356 Shil. 


4 + 5 


W UH nwWw ND mw 


But to avoid theſe Surd Quantities, let us, inſtead of ſuppoſing 
a = the firſt Sum, make a ſecond Trial, viz. 


24a = the firſt Sum. 

4aa= the Sum after the firſt Throw, 

'2a +5 = the Sum won at the 2d Throw. 
4aa+2a+5= his Sum after the 2d Throw, 
164 ＋ 164 + 44aa+20a +25 = the Win- 


nings at the 3d Throw ; and therefore 


164*+ 164? + 48aa +229 +30 =2256Shil. 


ö | * 


"RY 

* 

# * 

4% ” 
1 

es 

; p ” * 

* 

3 

be; 

"4 

* 4 

- 


Let 


* Yet again, to avoid theſe high Equations, let us make a third 
. Suppoſition ; thus, 


= the firſt Sum. 


aa = the Sum after the firſt Throw. 

a ＋5 = the Winnings at the 2d Throw. 
aaa +5 the Sum after the 2d Throw. 
e=aa+a-+5. F 

ee = the Winnings at the 3d Throw. Then 
ee +e= 2256 Shillings by the Queſtion, 
ee+e-þ0,25=2250,25 
e+0,5 = 2256,25 = 47,5 

e=47 

aa +a +5 =47 

aa +a = 42 

aa -þ a + 0,25'\= 42,25 

a +0,5=v42,25=6,5 


4 = 


Pocket when he begaa to play, 
Gg | Nate, 


2 181 The Shillings be had in his 


4 
K ——— — —— 2 — — —_— — 2 — 


Se. 
1 1 
2 8 
3 27 
4 64 
3 125 
6 216 &c. 
"21 x 21 = 441 Sum of their Cubes. 
Let | 1 | a= the Sum of all the Parts the 1ſt Circle moves. 
| Then | 2 | aa = the Sum of all the Parts the 2d moves. 
Conſequen. | 3 | aa +a = 44310 by the Queſt, (per Lem. 
2 C o|4|aaba+0,25 = 44310,25 | 


--- 1 Algebra, - 1 Part II. 


Note, In reſolving of the laſt Queſtion, I have made three dit- : 1 
ferent Suppofitions for the Thing ſought, purely as an Inſtance, 
to ſhew the young Learner how well he ought to conſider the 
Nature of the Queſtion, when he firſt ſtates it, and make choice 
of repreſenting the "Thing ſought, ſo as to avoid running it into | 
Surds, if poflible, viz. as in the firſt Suppoſition of a = the firit * 
Sum, Sc. Not but that ſuch Vquations may be ſolved, as ſhall } 

* 
5 


be ſhewed in the next Chapter. However, it is moſt like an 
Artiſt to perſorm Things of this Nature the neareſt and eaſieſt 
way they can be done. 


Queſtton 33. Suppoſe there were two equal Circles, wheſe Peri- 

P heries (viz. Circumferences) are divided into 44310 equal Parts; 
and that thoſe Circles were ſo placed upon one Axis, as to move the 

contrary way to each other ; and ſuppoſe one of them to move but one 

of theje equal Parts the firſt Day, two Parts the ſecond Day, three 
Parts the third Day, and ſo on in Arithmetical Progreſſion, viz. 

1, 2, 3, 4, 5, &c. and the other to move every Day the Cube of 

thoſe Parts, 1, 8, 27, 64, 125, &c. of the ſame Parts: Hoy 
many Parts and how many Days muſi each Circle move, before the 
fame two Points meet that were together when they began to move? 


In order to give a ready Solution to this Queſtion (or any other 
in this Kind) it will be convenient to premiſe this Lemma, 


LE VHV A. 


The Sum of any Series of Cubes whoſe Roots are in Arithme- 
tick Progreſſion (the firſt Term, and common Difference being 
Unity or 1) is equal to the Square of the Sum of all thoſe Roots, 


As in theſe 
Terms in Arith. their Cubes. 


4 


1 
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4 5a + 0,5 2 44310,25 = 210, 5 | 
the Number of Parts the firff Circle 


muſt move. 


q 5 the Number of Parts the ſecond 
6 &*[7 | 46 = 44100} Circle moves. 


5 — 0,5 6 a =210} 


Next to find the Number of Days chey moved there is given 


eſt the firſt Term = 1, the common Difference = 1, and the Sum 
of all the Terms = 210, thence to find the laſt Term, which 
in this Caſe is the ſame with the Number of all the Terms. 
re Let a=1 the firſt Term, e=1 the common Difference, and 
53 2210 the Sum of all the Terms, to find y = the laſt Term; 
he as per Sect. 1. Chap. 6. Then yy ey =25 + aa—ae by the 
ne 16 Step, Page 186; that is, yy + y=210 x2 ==420 &c, Hence 
ee D 20 the Number of Days required. 
2. 
of 2 4 
70 
be N I ſhall now proceed to give an Example or two of the Method 
4 4 uſed in arguing about unlimited Queſtions; viz. ſuch Queſtions 
er 1 which admit of various Anſwers, ſuch as thoſe in Alligation Al- 
| ternate promiſed in Page 117. 
In order to ſhorten that Work, it will be convenient for the 
Learner to know the two Signs of Compariſon, > and T. The 
= Sign > is of Greater than; as 5 > @ fignihes that & is greater 
A I than a. The Sign I is of Leſſex than; as Q ſignifies that 
8 * b is leſſer than 4, Ec. 


EXAMPLE I. 


Queſtion 34. A Tobacconiſt hath three Sorts of Tobacco, viz. 
one of 25. 8d. the Pound, another of 20 d. the Pound, and a third 
Sort of 16d. the Pound; of theſe he would make a Mixture to con- 
tain 56 Pound, that may be fold for 22 d. the Pound: How much 


of each Sort may he take © Fe 


5 | Let a= the Quantity of that worth 32 Pence the Pound, e= 
p that of 20 Pence the Pound, and y that of 16 Pence the Pouad; 


| viz, each Quantity multipli- 
Then a + e +3 =56 ed into it's own Price, equals 
And 32a þ+20e+163=1232{ } their Sum multiplied into the 
mean Price. 


Os | This 
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T his Queſtion being thus ſtated, it appears by Rule 1, Page 176, 3 


that it is capable of innumerable Anſwers; becauſe for any one of 


theſe three Letters, a, e, y, there may be taken any Number at Y 
Pleaſure, provided it be leſs than 56. But although that may be 


truly done, yet there are ſeveral Ways of arguing about theſe Sorts 


of Queſtuns, which will limit or bound them to all their proper 


or poſſible Anſwers in whrle Numbers, Thus, 


Let (IIa Te T= 56 
And 2 WIE N 28, = 1232 1 _ 
I—a|,3Je+y=56—ag 8 
2— 3244 20e + 1by = 1232 — 324 
3 * 165 [16 + 16y = 896 — 16a 
4—5|6] 4e = 336 — 16a 
6 — 447 e 84 — 4a; hence a S2 
3— 718] 5 = 3a — 28; hence 2 2 org} 


From the two laſt Steps it appears, that the Quantity ſignified 
by a, ought to be les than 21, and greater than 93; that is, 
any Number betwixt 94 and 21, may be taken for the Value of a: 
Conſequently there may be eleven Anſwers to this Queſtion in 
whole Numbers. We . | 

Suppoſe a=10, then -—= 84 — 40 = 44, per 7th Step; and 

= ;0—28 == 2, per $th Step. Again, if a=11, then e 
= $4 — 44 == 40, per 7th Step; and y = 33 —28 = 5, per 
8t/: dtep: and ſo on for the reſt, which will be as in the follow- 
ing Table. l | * 


| a 2 y | a | P y a | e * 
101441 2 14 | 28 | 14 | 18 | 12 | 26 

11144015 151241719 8 q 29 

112361 8 1620 20 | 20 | 4 | 32 
31 %% [0 


Thus it will be eaſy to find out and collect all the limited An- 
ſwers to any. Queſtion (of this Kind) wherein there are only three 
Quantities propoſed to be mixed: But when there are more than 
three, then the Work requires a lit:le more Trouble; becauſe the 
ſingle Limits of all the Quantities above two muſt be found; that 
is, if there are four Quantities concerned in the Queſtion, the 
Limits of two of them muſt be found; if five Quantities are 
concerned, then the Limits of three of them muſt be found, &c. 
As in the following Queſtion, e 
PIT 0 a | * Oueſlin 
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176, | Oueſtion 35. Suppoſe it were required to mix four Sorts of [Vines 
ne of PE rogether 3 viz. one Sort worth 78. 4d. the Gallon, another Sort 
er at worth 4s. 7 d. the Gallon, a third Sort worth 38. 8d. the Gallon, 


sand a fourth Sort worth 28 od. the Gallon: How much 7 each 
Sort may be taken to make a Mixture of ©3, Gallons, ſo as that the 
whole Quantity may be ſold for 58. 6d. the'Galten, without Loſs, &c, 


« Firſt, let all theſe ſeveral Rates, and the mean Rate, be re- 
duced to one Denominꝭtion, viz. into Pence, 


, 71.44. =B6d. 44.786. = 55 6. Wy 
had 35. 8 d. = 44d. 25.94. = 33d. and 55. 6d. = 66. 


Put @ = the Quantity of that worth 88 d. the Gallon ; « = 
that of 55 d. the Gallon, y = that of 44 d. the Gallon, and 2 = 
that of 33 d. the Gallon, 


Then ifa e YZ = 63 by the Queſtion, 
fied | And | 2| 88 ＋ 55 ＋ 44 +33u=4158 = 63 x 66 
t is, 5 1— 423 e+y ＋- 2 63 — 4 
f: 2 — 8824/55 + 44% ＋ 33 4158 — 884 
in 3 * 335 33* + 335 + 33% 2079 — 334 
| 4 — 5 | 6] 22e+11y = 2079 — 55 4 
and MW 6—T |7| 2e+y 2189 — 54; hence a 22 or 37+ 
n « | 3x 55 | 8] 55e+55y + 55% = 3465 — 55 4 
per 8 — 4 | 9] 11y +224 = 334 — 693 
w- 9 — Ti [io] y ＋22 234 — 63; hence 2 7 or 21 
* From the 7th and 10th Steps it appears, that the Quantity of 
that Sort of Wine denoted by a, muſt be leſs than 37 + Gallons, 


and greater than 21 Gallons: that is, it may be a= any Num- 
ber of Gallons betwixt 21 and 37 4. Whence it follows, that 
there may be collected 16 Anſwers to this Queſtion from the 
Limits of à only. 


Next to find the Limits of e, y, and u. 


Suppoſe [11] a = 22, then will 5a = 110, and 3a = 66 
But j12} 2645 = 189 — 5 = 79, per 7th Step. 
12 — 2e [13% =79 — 2e; hence ex 22 or 394 
Again [14] s +y +a 63 - 41, per 3d Step. 
I4—e li} -= 41 — e ; 
15 — 13 16] u=e—38; hence e > 38 


Kb From the 13th and 16th Steps it appears, that if a = 22, then 
239, „2 79 - 2 1, andu=e—38=1, 


230 a, Algebza. 


Again, 


Suppoſe 17 a =23, then 5a=115, and 3a=69 
But | 18] 2e-þy=189 —5a=74, per 7th Step. 
18 —2e [19] y=74—2e; hence e A= 37 
Again 20 e-þ y+umzbz—a=4o, per 3d Step. 
20 — e 21 ＋-- 22840 — : N 
21 — 19 [22] 4 =e— 34, hence e 34. 


From the 19th and 22d Steps it appears, that if a=13, then 
e may be either 35 or 36. 


Once more for a further Illuſtration. 
Let 234 = 24, then 5a == 120, and 3a =72 
But [24| 2e +y=189 —5a= 60, per 7th Step. 
24 — 2e [25 y =69 — 2e; hence e S V or 34k 
Again [26] e+y+u=63—a=u3g, per 3d Step. 
26 — e 27 yHu=3Jg9 —e 
27 — 25 28 u 2 e 30, hence e > 30. 


From hence it appears, that if 2 = 24, then e may be either 
31, 32, 33, or 34, viz. it may be any Number betwixt 30 and 
34 2 by the 25th and 28th Steps; from whence the Values of) 
and may be eaſily fov 1d, 


22 IT 5-7 22 7-- ACT = 1 


„ „„ 1 3 
That is, if 8 723 Sa 
"3 — 7 2 RET» E 


Proceeding on in this manner with all the other ſingle Values of 
a, there may be found above 120 Anſwers to this Queſtion in 
whole Numbers: and if you pleaſe to put @ Fractions, there 
may be found an innumerable Set of Anſwers; whereas the Rule 
of Allization in Vulgar Arithmetick affords but only one Anſwer in 
Fractions, to wit, that of a=313, e=104Z, y=104, u=102; 
as may be eaſily tried per Rule Page 115, Cc. 

Theſe two Examples being well underfiood (eſpecially if the 
laſt be thoroughly purſued) may ſuffice to ſhew the Method of 
limiting the Anſwers to all Sorts of Queſtions of this Kind, I ſhall 
therefore conclude this Chapter of Queſtions with giving a Solu- 
tion to the Enizma (or Riddle) propoſed (but not anſwered) by 
Alc John K-r/-y, in the Cloſe of the Appendix to his 1 

| | Wie 


re. 2 „50 


3234 — 6 


— 


we - us — — 


— — 9 


. 
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which affords ſeveral pretty Queſtions, the Solution whereof will 
diſcover a certain Sentence conſiſting of three Words, which mutt 


be found by the Help of Figures placed (or ſuppoſed to be placed) 
over the twenty-rour Letters of the Alphabet. 


inn (12-3 4:55 0:9. e. . called Indices, 
Ps | ! b. c. d. e . g. Oc. to the laſt Letter. 


go that if the Index of that Letter be once found, the Letter to 
which it belongs is conſequently known, 


The Enigma. 


1. If the Difference between the Indices of the ſecond Letter 
of the ſecond Word, and the third Letter of the firſt Word, be 
multiplied into the Difference of their Squares, the Product will 
be 576; and if their Sum be multiplied into the Sum of their 
Squares, that Product will be 2336, the Index of the ſaid third 
Letter being the greateſt, 


| a= the greater Index, or that of the 3d Letter. 
e = the leſſer, or that of the 2d Letter, 


a—exaa—ee = 7261 Fo 
a--exaa + ee = 2330 by the Queſtion. 


aaa—aae—aeeeee=576 

aaa +aaearee-beee=2330 
2aae bee =="1700 

ga - 3a ag e ＋ Zee eee g= 4096 

a - = 4096 6 


4—a-+e|lo 2 r=, f: = == = 146 


9 S*|11] aaþ2aehee=256 
II — IO 12 200M 110 
10 — 12|[13] aa —2ae4-ee=306 
13 u 14] a—e=v36=0 
g9 + 14 |15 = mw hence it appears, that the 3d 


Let 
And 


Then f 


3 * 

4 * 
6—5 
6 +7 


8 uy 


25a Un þÞ> WW MD ww 


\O 


15 = 2|16] a=11 Letter of the iſt Word isl, and the 
9 —1i6|17l e= 54 Cad Letter the 2d Ward ts e. 


Note, In order to ſet down the Letters (as they become found) in 


their proper Places, it may be convenient to ſupply the vacant Places 
with Stars. 


Thus 0 Firſt Word. Second Word. Third Word. 
42 213 * * X * * * * * * * * 
2. The 
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— — & 

2. The Indices laſt found, are the two Extreams of four Num- ; 
bers in Arithmetical Progreſſion, the leſſer Mean being the Index | 
of the firſt Letter of the third Word; and the, greater Mean is | 
the Index of the fourth and laſt Letter of the firſt Word, Viz. 
5. 7.9. 11 are the four Terms in Arithmetical Progreſſiuli. 
Whence it appears, that & (whoſe Index is 7) is the firſt Letter 
of the third Word; and that 7 (whoſe Index is 9) is the fobrth or 
laſt Letter of the firſt Word; which being placed down, will 3 
ſtand thus, i 1 


* * li * * „. G42 *. 


þ 
5 
; 
? 
4 
* 
94 
v1 
N 
'4 


3. The ſecond Letter of the third Word is the ſame with the | 
third Letter of the firſt Word ; and the fifth Letter of the third 4 
Word is the ſame with the laſt Letter of the firſt Word: Whence A 
the Letters will ſtand thus, | 


6 0 . eee. Clenets. 


1 „ 


4. The Sum of the Squares of the Indices of the firſt and ſe- 
cond Letters of the firſt Word is 520, and the Product of the 
ſame Indices is ſeven Ninths of the Square of the greater Index; 
which is the Index of the ſaid firſt Letter. 


Let @ =-the greater, and e the leſſer Index. 


aa Tee 520 


7272245 according to the Data 


1 
2 
24 44 34 % 2 . 
382 [4] ee=y2aa 
1— 45 [44 2520 — 2 aca 
5 x 31 | 6 8Iaa 42120 — 4922 
6-+492@| 7] 13044 42120 
7 — 130 | 8] aa = 53 = 32 
8w*| 9] a = v/ 324 = 18, whole Letter is s, 
3 and 9 [10] e=4j@ = 14, whoſe Letter is e. 


Hence the Letters will ſtand thus, 
Soli. * © * * *. Gl. 1 #7 *#. 


5. The Difference between the two laſt Indices, is the Index 
of the firſt Letter of the ſecond Word, viz. 18 —14 =4 being 
the Index of the Letter D. Then the Letters will ſtand thus, 


Soli. Des Gl. 21 | 
6. The 
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6. The third and laſt Letter of the ſecond Word, -_ the 
third Letter of the third Word, are the ſame with the ſecond 
Letter of the firſt Word; hence the Letters will ſtand thus, 


4 Soli Deo Glo « 7 8. 
er | 
l {8 7. The Sum of the Indices of the fourth Letter of the third 
f Word, and the ſixth or laſt Letter of the ſame Word, being 
? added to their Product is 35; and the Difference of their Squares 
| is 288; the Index of the laſt Letter being the leaſt, 
be : Put a = the greater, and e= the leſſer Index, as before, 
rd ; 8 | 
ce Then | 1| a+ +a +e=35 
$9 And | 2] aa — ee = 288 Fby the Data. 
| 1— 43 e 
3 > Hawa 3 
£ | 3>a+1] 4 * for ex 4 ＋- IS ae Tee 
he = A Fr 1225 — 202 ＋ az 
X; 3 nth 51 Tons aa + 2a +1 
| 2 1225 —70a + an 
2+5| 6] aa = 288 + ESTES . 
a* þ2a* aa =288aa+576a +28 
bx aa &c. 7 41225 —70@ + aa + 
7+]8 $74 SE” — 288 44 — 5064 =1513 
This laſt Equation being reſolved according to the Method 
which ſhall be ſhewed in the next 3 it will be a=17 it's 
Letter; and from the 4th Step e = . — NY, the Index of 
the Letter a, Then theſe two Letters being placed according 
to the Data above, are all that are * by the Enigma to 
compleat theſe Words 
Soli Deo Gloria, 
eX 
Ng 


Hh CHAP, 
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H K. 
The Solution of Adfected Equations in Numbers. 


REFO RE we proceed to the Solution of Adfected Equations, 
it may not be amiſs to ſhew the Inveſtigation (or Invention) 
of thoſe Theorems or Rules for extracting the Roots of Simple 
Powers, made uſe of in Chapter 11. Part 1. I ſhall here make 
choice of the ſame Letters to repreſent the Numbers both given 
and ſought, as in my Compendium of Algebra. 
G, always denote the given Reſfolvend. 
| Fanny Number taken as near the true Root as 

Viz. Let Y" © may be, whether it be greater or leſs. 
the unknown Part of the Root ſought by 

which r is to be either increaſed or decreaſed, 

Then if r be any Number leſs than the true Root, it will be 
++ e the Root ſought. But if » be taken greater than the true 
Root, it will then be - e the Root ſought. And put D for 
the Dividend that is produced from E, after it is leſſened and 
divided by r, &c. (into the Co-efficients of Adfected Equations) 
according as the Nature of the Root requires. "Theſe Things 
being premiſed, we may proceed to railing the Theorems, 


Ee — 


— — 
—— — 


SKT. 1. 
J. FOR the Square Root, viz. aa =G, Quere a. * 


Let[1| r be=a 
168 * |2| rr 2rebee=aa=E0C 
2—rr | 3| 2rebe=CG-rr, Callit D, viz, D=G=—rr. 


*, 


D This ſhews the iſt Method of 
Then | 4 ; De 7 extracting the Square Root, 
| fs, Sect. 5, Chap. 11. Part 1. 
3225 rep tee SIS SD; 
| a i ; D 
Which gives this Theorem 0 * 


The Arithmetical Operations of both theſe Theorems, you 
have in the Examples of Section 2. Page 126, to which J * 
5 the 


b 
— 
10 
1 
4 10 
4 
> 
"7 
uy 
C7 
[1 X 
wy 
: + 
64 
* 
4 
Is + 
D 
$3 
= * 
* 


8811 


121 


% 
Ly 
. 
ao * 
1 
mY 
* 
2 
=y 
4 
8 
2 
* 
q 
\ 
Ta 
KY 
9 
N 
vi 
- > 
» 
by. 1 
I 
4 
* 
2 4 
. 1 
* 8 
9 
Fd 
R 
y 4 
7 
- 
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the Learner, ſuppoſing him by this Lime to underſtand them 
without any more Words than what is there expreſſed. 


II. To extract the Cube Root; vis. ada . Quere a. 
Let 


2 


I | era, ſuppoling r leſs than the true Root. 
I &* |2|rrr + 3rre ＋Zree ele = aaa = G 
2 —rrr [3] grre-- 2ree eee = G =— rrr 
4 eee G -r __ 


CIR "#8 — — 2 
e LT ＋ 37 3 v 


Let Iz be rejected or caſt off, as being of ſmall Value; then 


it will be, rej ee D, which gives this following 
r+o 

By this Theorem or Rule, the 1ſt and 2d Examples in Caſe r. 
Page 132, are performed ; the which being compared with this 


Theorem may be eaſily underſtood. | 
Again, Suppoſe aaa , as before, and let r be taken 


greater than the true Root. 


Theorem =e 


Then [Ir —e=@ ap being rejected 
1035 |2| rrr —3rred-3ree=a*=Gt as before. 
2 + 3 Zrre —Jgree =rrr —G 
2-=3r7 | 4 . 
3 7 


Which gives this Theorem — = e. 


Wy Theorem the third Example in Caſe 2, Page 133, is 
rtormed, 


pe 


* 


III. To extract the Biguadrate Root; viz, at G. Quere a. 


Let Il -e a ſuppoſing » leſs than juſt. 
I ©* [| 2] rt+4rrre brree=at=G rejecting all the 
2 — 7+ | 3] 4rrreb brree= GG - Powers of e a- 
bove ee. 


3—=2rr [+ 27e + Zee = Y == 
N ; D 
Which gives this Theorem zr Er =. 
H h 2 By 
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By this Theorem the Biquadrate Root of any Number may be 
extracted. But, as I have already ſaid, Page 134, thoſe Extrac- 


tions may be very well performed by two Extractions of the 
Square Root. Vide Example, Page 135. 


IV. To extract the Surſolid Root, viz, a5 = G. Quzre a, 

If v be taken leſs than juſt, then e = a, as before, and 
G — 75 ; ; 

- _ = D, which gives this Theorem "3 any Bach By 
this Theorem the Surſolid Root, Example 1, Page 136, is ex- 
tracted. But if 7 be taken greater than juſt; then y-—e=a, and 
1 — G N 8 

5 73 Pw ls 


this laſt Theorem the Example in Page 137 is performed, 


= D, which gives this Theorem 


I preſume it needleſs to purſue the raiſing of thoſe Theorems, 
for extraciing the Roots of Simple Powers, any further; becaufz 
the Method of doing it is general, how high ſoever they are; 
and therefore it may be eaſily underſtood by what is already done. 


SECT. . 


NOtwithſtanding I have already ſhewed the Solution of Qua- 

> * dratick Equations, two ſeveral Ways, viz. by caſting off the 
loweſt Term; and by compleating the Square, vide Seclion 2. 
Page 195, &c. Yet it may not be amiſs to ſhew, how thoſe 
Equations may be refolved E "ata by this Univerſal Me- 
thod of continued Series; wherein, if the firſt r be taken equal 
to the firſt true Root, or ſingle Side of the Reſolvend; and every 
ſingle Value of e (as it becomes found) be ſtill added to it, for a 
newer, then thoſe Roots may be extracted without repeating a 
ſecond Operation, as before in the ſingle Powers. 


Caſe 1. Let aa-+2ba=6C. It is required to find the 

Value of 4. | b. | 
Put Ir E 

IG [2| rr + 2re ee =ac 

Ix2b6|3| 2br þ- 2be 244 

2 +3]|4|rr+2br +2re-þ2be-þe:=aab2ba=tG 
4 —rr&c.| 5 | 2re-þ2bebee=G—rr —2br ED 

5 — 26 


re be TH =- rr -r 


5 LO 
Which gives this Theorem T YET hm e. 


Suppoſe 


- - ” * 0 . 1 RI — COT. 
A OG OE EEE ** „ 
8 8 2 * thy 1 d 0 9 * R 


** oF 
# + 
ä 
X! 
* 
* 45 . 
A 
#3 
A 
=>. 
* 
. 
w. 7 
P * 
— * 
. 
* 
z 
2 3 
-B 
Oy 
= 
* 
a. 
* 
=> 
3 
_ 
1 
8 4 
2 
* : 
* 
aY V; 
* 


1 


* 
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SECT. 2: 


IN the Solution of all Adfected Equations, that are above (or 
= higher than) Quadraticks, it will be the beſt way to take r = 
G the next neareſt Root of the Equation: And then it will be r + e. 
4 Sa, if r be leſs than juſt; or —e=a if r be greater than juſt 

(as at the Beginning of this Chapter). And all the Powers of the 

unknown Part of the Root, (viz. e) above it's Square (ee) are to 

8 be rejected or caſt off, as before in raiſing the Theorems for the 
oſs | | | | | Simple 


be BY Suppoſe 5 = 364, and G= 38692865 : It r= booo, then 
ac- i yr = 36000000, and 25 = 4368000. But 36000000 ＋ 
the 4368000 = 4036800 > 38692865 = G. Therefore the firſt 
T FIT 6000. Let r= 5000, then 
, 1ſt = 5000 19340432,5 =x G 
1 } 1 b = 304 — 1 4 Z2Z0008 = * rr + b r 
” b 1ſt - * þ = 5364 | 50204325 =D (800 = e 
By + 3 e= 400 40112 
... i 1 Diviſor 57 64) 41523 ( 6o = 
nd 2d r + b = 6164 37164 
| ＋ 2 2 30 2359 2.5 22 
By F 2 Diviſor 6194) 4359245 67 = 8 
1 3d 7 +b = 6224 (0) 
0 ＋ 1 28 
ns, | 3 Diviſor 6227,5 
" pp TT, 5865 0 = 5867 = @ as was required. 
ne. : | 
— Caſe 2. If a4 - 24 = G, then proceeding as above, there 
will ariſe this Theorem FIT = e, &c. And in Caſe 3, 
& viz, 2ba — 4a 2 , you will have this Theorem 5 _ ; 
1A- A _— K 
the 8 &c. as above. 
* 1 I think it needleſs to trouble the Reader with the Work of 
ſe. theſe two Theorems in Numbers; becauſe if the laſt Example of 
ua! = Caſe 1, be underſtood, the other will be eaſy. Not but that 
ry 5 the Method of compleating the Square is very ready and eaſy, 
- > as you may obſerve by the Work in ſeveral Queſtions of this 
., Chapter, 
be N = 7 
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Simple Powers. And therefore it is, that to ſupply the want of 
thoſe Powers (above ee in the Theorem) the Operation muſt be 
repeated : as in the Example of extracting the Cube Root, Page 


133, diz. when the Figures in the Root conſiſt of more than 
three Places. (vide Page 140, and 141.) 


Suppoſe aaa + ba=EC.. Quere g. 


| r 4-e=a viz, let er be ſuppoſed leſs than juſt, 
18. rrirzgzrreZ3ree = aaa 
I x b by - be = ba 


I 
2 
3 
2 + 3|4| rr br+grre+ be + Zree S ba = 
5 
6 


—_ 
— — - — — 
— —_— — 


— 


Let 


7 


r bred Zee 
5 — Ke. 


be G 1 1 
I?!!! 8 


| 


Which gives this Theorem — WIG 


o * * * : | _ - 4 - s . 
\ : a * SL NERC a 3 ww a 
** k F OILS n e 
* e r 
- 


. ——ůů 4 "Ez . <<. == EI —— 
— 898 ns — p 


4 - * . 5 e 2 
But if 1 be taken greater than juſt, then it will be re 5 y 
3 | 


G ; 
— = rr + — — = D, which produces this Theorem 


i 
i 


By either of theſe two Theorems the Value of a may be eaſily 
found. Or rather otherwiſe, as in the following Example. 


Let aaa-þ24a=587914. Here b=24. Suppoſe the firſt 
r= 90, then r* =729000 > 587914 without the 24 x 90 being 
added to it: Therefore r I 90 Again, Suppoſe r = 80 then 
1*:= 512000, and 24r=1920. But 512000 +1920 =513920 
J 58791, hence > 70, but nearer to it than 90. Therefore 

it muſt be | 


1|r+e=u a leſs than juſt. 
I S [2] rrr + grre | 3ree =0a44 
TI x 24 | 3| 24r + 24e = 244 
2 in Numb. | 4| 512000 + 19200e + 24028 = aaa 
3 in Numb. | 5 1920 + 242 244 
4 +5 6513920 + 19224e + 240ee = 587914 
5—513920 [7 19224e + 240ee = 73994 
7 = 240 [8 80,1 ＋ ee = 308,31 = D 
8 3 
: 2 | =” It e 


Operation 


——ẽ— 


4 
1 
vy 
4 
. 
* 
To 
1 
. 
5 
Gs 
Z . 
. 
* 
. 
o 
7 
3 
ö 
* 5 
* 
4a 
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3 

Operation 80,1 

83 : __ 2 — 
1 Diviſor 83,1) 308,31 ( 3,08 &c. Se 

2 24%3_ 83,08 &. 7e 
2 Diviſor 80, 7) 59,01 

+ e „07 52,02 

J), 37) 6,99 &c. 


Or rather new r= 83,7 for a ſecond Operation, which being in- 
volved and tried (as above) will be found greater than juſt: therefore 


it muſtbe [1] -e = 4 | 
1 6 [2] rr —2rre+3ree = aaa 
1 x 243 24r — 246 =24@ 
2 in Numb. | 4 | 586376,253 —21017,07e + 251,1ee=aaa 
Z in Numb. | 5 | 2008,8 — 24e=24a 
4 +5 | 6] 588385,053 - 21041, % ＋ 251,1 ee 2587914 
6 + | 7 | 21041,07e — 251, 1e =471,053 
7 + 251,118 | 83,79955e —ee =1,87595778 = D 
8 — 6 22 = 8 
9 835955 
2d Operation 83,795 5 
2332 83, 00000 = r 
1ſt Diviſor 83,7755) 1,87595778 \00,02239331 = 
| — — 4022 1.575510 03,07700669=a=r 
2d Diviſor 83, 7535) 52004477 — C 
— = 40023 ,1675070 
34 Divifor 83,7512) 03294078 
— = 2 Kc. 222512536 
33.751 0078 1542 
5 00753700 
Here the new Diviſors are 27782 
rejected, as inſignificant. 25125 
2657 
2812 
145 
03 


. 


ꝶ6—— — 


All the remaining Examples of extracting Roots (except Page 260) are leſt in the 
Author's own Method; which by this Time, it is preſumed, the Learner will eaſily 


know how to correQ-of himſelf, if he takes due Notice of what has been delivered 
Page 131, 132, Cc. 
| But 


— — —ͤ—6—— — — - 


. PPP 
— — — — — 8 


5 
91 
9 

4 
3 


* 

1 = 

+% 

'4 
1% 
* 
1 
4 


. . . —= x — IE Ie, - -. A. 5 
< — Fs —— — - — — 2 2 


th. lied 
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But if more Exactneſs be required, you may make the new 


7 = 83, 6776067, and proceed with it to a third Operation ; 
which will afford twenty-ſeven Places of Figures for the Value 
of a; that is, every Operation will produce triple the Places of 
Figures to thoſe of the Precedent y. And this tripling the Places 
of Figures in the Root, at every Operation, holds good, and is 
to be obſerved in the Solution of all Adfected Equations (how high 


ſoever they are) according to this Method of reſolving them. Se⸗ 
Page 141. | 


Example 2. Suppoſe aaa —ba=0CG. Querea. If r+e 


= a, then re — I been % — 44r =D, 
which gives this Theorem ——2; =. But if r —e 
— N 
4 I 
= à, then re + — Tee = — ＋ 3b - rr D, 
which gives this Theorem 8 c 
+> +e 


Or you may proceed otherwiſe, as in the laſt Example, Let 
aaa — 64384 = 104785688, here b = 6438. Suppoſe the 
firſt r = 500, rr = 125000000, and br = 3219000, then 
125000000 — 3219000 = 121781000. But 121781000 > 
104785688, therefore 7 500. Again, ſuppoſe » = 400, 
rr = 64000000, and by = 2575200, then will 64000000 
2575 200 = 6142800. But 61424800 104785688, hence 
7 7 400; conſequently 7 is betwixt 400 and 500. But 500 is 
the next neareſt; therefore, let r= 500 being greater than juſt, 


14 — eg 2 


Then | 1 
I |2|[rrr —grreb3ree=aac 
Ixb|3| br — be = ba 
2inNumb. | 4 | 125000000 — 7500002 ＋ 150022 = aaa 
ZinNumb. ſs 3219000 — 6438e = 64384 
4 —5 |6 | 121781000—743562e +1500ee=104785688 
6+|7 | 743562 —1500ee=16995312 
7 = 1500 [8 | 495e — ee =11330 =D 
| 155 458 125 
"PPT 5 


Operation 


Ws ÞD 


ene 


— 2 


* 


88 


on 


— 
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Operation 495 


— — 20 500, O v 
1 Diviſor 475) 11330 23. 8 g e 
— — 3 950 470, 2 2 r — en 
472) 1830 
1416 
414,0 
37726 


Let new y 476 for a 2d Operation, then = 107850176 
and br = 3064488: but 107850176 — 3064488 = 104785688 
the ſame with the Reſolvend, Conſequently a = 476 juſt. 


Example 3. Let la—aaa=CG. Quære a. If ea, then 
— — re — ee — + irr — 5b =D, which gives this 


D | ; , 

Theorem „ e But if — e = a, then TEES 

— — r. 

7 

5 G * .* o 
—ee=— +3r7 —}b=D, which gives this Theorem 
— 
5 

r 


Or otherwiſe as before in the two laſt Examples. Thus, let 
1234564 — 4 g= 12272861. Here b=123456. Suppoſe the 
firſt g 200, then rrr n 8000000, and rg 2469 1200; then 
24691200 - 5000000 =16691200, but 16691200 212272861, 
therefore 7 is here leſs than juſt, becauſe the higheſt Power is —, 
or Negative. Again, Suppoſe r = 300, then 1 = 27000000, 
and br = 37036800, then 37036800 —27000000=10036800 
I 12272861. Conſequently » I 300, and 7 200. Let r 
= 309, being the next neareſt, but more than juſt, 


Then [Ir —e=a 
I &* |2|rrr —grre kh 3ree = aaa 
ixb|3| br —be=ba 
2 in Numb. | 4 | 27000000 — 270000 e -þ-900 ee 
3inNumb. | 5 37036800 — 1234562 
5—4 | 6 | 10036500 ＋ 146544e — g00ee =12272861 
— | 7 | 1465442 — 900 ee = 2230061 
7 ＋ goo 81626 — e = 2484 = D 
I — &c, 9 131 


Ii [Operation 


_ — 


—_ 
--— 


. 
-— — <A ̃ -V6ö 112 — woo —— > > —= 


— p 
©. 
— ä —Ufü 


* 


\ 3 K b 2 1822 — * ay - - * —— - 5 59 8 * 
hn — 5 — 9 CAC Ig — - ww 
.. —— . ————— — = 


— — 


— . 


3 
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Operation 162 
— = 10 300, o = r 
Iſt Diviſor 15 2) 2484 ( 16,6 S e 
— = 6 152 2834=r—e=04: 
2d Diviſor 646) gf 
876 
88,0 
86,6 


Or new r= 283, which being involved, c. will appear to 
be the true Root, that is, a = 283 juſt. 


Note, Theſe are uſually called the three Forms of Cubick 
Equations; and in the Solution of the third or laſt Form, viz, 
ba—8aa=0C, you may meet with ſome ſeeming Difficulties; 
eſpecially in making Choice of the firſt r, becauſe this Equation 
is an ambiguous Equation, and hath two Affirmative Roots, viz. 
a greater and leſſer Root. But having once found either of them, 
the other may be eaſily obtained by Diviſion only; as in the 
Quadratick Equations. Vide Chap. 8. As for Inſtance, in the 
laſt Example, a = 283 and 123456a — aaa = 12272801, 
Make theſe two Equations = ©, to wit, let «— 283 o, and 


— aaa + 1234564 — 12272801 = 0, 


Then, a — 283) — 444 ＋ 1234564 — 12272861 (— 44 
— 444 ＋. 28344 
— 2834 4 ＋ 1234563 (— 2834 
283424 ＋ 80089 a 
-+ 43307 a — 12272861 (+ 43367 
o+ 43307 a — 12272861 
(0) (0) 


Hence it appears that —aa— 2834-43367 . Conſequent- 
ly aa ＋ 2834 = 433067 this Equation being ſolved, à = 110, 


2722 &c, which is the leſſer Root of the aforeſaid Equation ba | WD 


— aaa — , &. After this Manner all the poſſible and im- 
poſſible Roots of any Equation may be eaſily diſcovered, any one 
of it's Roots being once found, I ſhall therefore omit inſerting 
more Examples of that kind, 


| Suppoſe aaa +baa+þcia=C. Quære a. Letb=74, c=8729, 


and G=560783. By Trial (as before) it will be found that the 


next neareſt Ao being ſomething leſs than juſt, F 
| Therefore 


re 


SSG it ty 0D 


to 


ick 
VIZ, 
ies; 
tion 
VL, 
em, 
the 
the 
01. 
and 


== Operation 100,946 


Chap 10 Of Adfected Equations. 243 


Therefoie I r e 2 4 
1 * 2er een 24 
L9-*:x | 2} brr + 2bre bee =baa 
ö 4er grre +Jree 4 
21 1 | 51 349160 + 8729e 
Numb | 6, 118400 + 5920e ＋ 74ee 
4 in Numb. 7 64000 -+ 4800e + 12022. 
5+ 6 +7] 8| 531560 +19449e + 194 ee = 560783 
8—5 31560] 9] 19449 e += 194 ee = 29223 
9 — 194. hs 100,2e ee =153,0b =D 
D 
1 wht — 100,2 Ee 


Operation 100,2 


_— SS 40,0=r 
xt Diviſor 101,2) „153,06 \ 1,5 =e 
e 5 10,2 as =rbe=a 
2d Diviſor 101,7) 51,86 a 
50,85 
1,01 


Or new r = 41,5 for a ſecond Operation, which being duly 
involved, &c. will be found more than juſt, 


Therefore | 1] 7 —e=a 


2 Jer — ce 42 
rden 3] brr —2bre + bee = baa 
4 rr - ZzrreZree = aaa 
Theſe being turned into Numbers, &c. as above, they will be 


1 20037,75 e 198, 5 ee = 390,375, Which being divided by 


198,5 the Co-efficient of ee, will become 100, 946e — ee = 
1,996024, &c. = D. 


— 22 O1 „5 OOOOOO S 7 


3 41 
& 21 Diviſor 100,926) 1,900624 6 . 


— = „oo 1,00 930 _ 41,4805 153 2 T — e 4 
2d Diviſor 100, 927) 957264 


903343 

Here I proceed by * 489210 
plain Diviſion without 403708 
forming new Diviſors. 855020 
802416 

470040 

403708 

72332 &c. 

11 2 | Let 


- A aA, * = = 4 
— I ww 9 we Oe 


— 
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Let the laſt Equation in the Enigma, Chap. 9. be here pro- 


poſed for a Solution, Viz. aaaa+baaa—caa—da=G; 


= 2, c = 288, d = 506, and G = 1513, Quære a, By 
Trials it will be found, that the next neareſt » = 20, being 
ſomething more than juſt. 


Therefore | 1 r—e=a 
Ixd|2] dr — de = da 

160* x&|J| rr —2Cre + ree=caa 

1G x b| 4 | brrr — Jbrre + Jbree = baaa 
1 @*]|;5|r*t—4rrre+brree=aaca 


Theſe being turned into Numbers, and thoſe duly collected, 
according as the Signs of the Equation direct, they will become 
50680 — 223746 + 2232ee = 1513, which being all divided 
by 2232 the Co-cflicient of ee, wilPbe 10e —ee =22 =D, 


Then . 
10 — e 
Operation 10 
— e — r 209 ef 
Diviſor 7) mL EE 
21 17 =r —48= 6a juſt, 
I See the End of Chap. 9. 


By what hath been already done about the Solution of theſe 
few Equations (being carefully obſerved) I preſume the Learner 
will eaſily conceive how to proceed in the Solution of all Kinds 
of Equations, be they never ſo high, or adfeQed ; therefore I 
ſhall not here propoſe many various Examples, but only take 
them as they fall in Courſe, when I come to the next Part, where- 


in you will (perhaps) find ſuch Equations with their Solutions as 
are not common, | | 


1eſe 
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CH AF; $E 
Of Simple Intereſt, Annuities, or Penſions, &c. 


JN TEREST, or the Uſe paid for the Loan of Money, is 


either Simple, or Compound, 


Sect. 3. Of Simple Jlitereſt. 
SIMPLE Intereſt, is that which is paid for the Loan of any 


Principal or Sum of Money, lent out for fome Time, at an 
Rate per Cent. agreed on between the Borrower and the Lender; 
which, according to the late Laws of Eng/and, ought to be fix 
Pounds for the Uſe of 1001. for one Year, and twelve Pounds for 
the Uſe of 100 l. for two Years; and ſo on for a greater, or leſſer 
Sum, proportionable to the Time propoſed, - 

There are ſeveral Ways of computing (or anſwering Queſtions 
about) Simple Intereſt; as by the ſingle and double Rule of 
Three (See Page 96, &c.) others make uſe of Tables compoſed 
at ſeveral Rates per Cent. as Sir Samuel Moreland, in his Doctrine 
of Intereſt, both fimple and compound, all performed by Tables; 
wherein he hath detected ſeveral material Errors committed b 
Sir Iſaac Newton, Mr Kerſey upon Wingate, and Mr Clavil, &c. 
in the Buſineſs of computing Intereſt, &c, by their Tables, too 
tedious to be here repeated. But I ſhall in this Tract take other 
Methods, and ſhew that all Computations relating to Simple In- 
tereſt are grounded upon Arithmetick Progreſſion ; and from 
thence raiſe ſuch general Theorems, as will ſuit with all Caſes, 
In order to that 

P = any Principal or Sum put to Intereſt, 
1 R the Ratio of the Rate, per Cent. per Annum. 
} : = the Time of the Principals Continuance at Intereſt. 

4 the Amount of the Principal, and it's Intereſt, 


Note, The Ratio of the Rate, is only the Simple Intereſt of 11. 
for one Year, at any given Rate; and is thus found, 
Viz. 100:6 ::1: 0,06 = the Ratio at b per Cent. per Annum. 
Or 100:7 ::1: 0,07 S the Ratio at 7 per Cent. &c. 
Again 100: 7,5 :: 1: 0,075 = the Ratio at 7 and + per Cent. 

And if the given Time be whole Years; then # = the Num- 
ber of whole Years : but if the Time given, be either pure Parts 
of a Year, or Parts of a Year mixed with Years ; thoſe Parts 
muſt be turned into Decimals ; and then ? thoſe Decimals, &c. 


Now 


8 Aigebꝛa. Pert Ii 


Now the common Parts of a Year may be eaſily turned or con- 
verted into Decimal Parts, if it be conſidered 


Day is the 363 Part of a Year = 0,00274. ſer? 


That one T is the z Part of a Year = 0,08 33333 &, 
Quarteggs the + Part of a Year = 0,25 


Theſe Things bezpg premiſed, we may proceed to raiſing the 
wy 


Theorems. 
Let R = the Intereſt of 17, for one Year, as before. 
Then 2 R = the Intereſt of 11. for wo Years. 
And 3 P. = the Intereft of 1/7. for three Years. 


4 R = the Intereſt of 1/. for four Years, And fo on 
for any Number of Mears propoſed. 


Hence 1t is aue g the Simple Intereſt of one Pound is a 


Series of Terms in Arithmetic Progreſſion increaſing ; whoſe fir{t 


Term and commot Difference is R, and the Number of all tbe 


Terms is t. Therefore the laſt Term will always be z R= the 
Intereft of 17. for any given Term ſignified by t. 


Then As one Pound : is to the Intereft of 11. :: fo is any 


Principal or given Sum : to it's Intereſt, 

That is; 14 R:: P: RPS the Intereſt of B. Then 
the Principal being added to it's Intereſt, their Sum will be = 4 
the Amount required; which gives this general Theorem, | 

Theorem 1. tRP + P = 7. 
From whence the three following Theorems are eaſily deduced. 


A A—P © 
Theorem 2. -— * 2 Theorem 3. 7 = R. 
| A —P ' 
Theorem 4. IF" -—— 


Theſe four Theorems reſolve all Queſtions about Simple Intereſt, 


Dueftion 1. Il bat will 2561. 10s. amount to in 3 Years, one 
Quarter, 2 Months, and 18 Days, at © per Cent. per Annum. 
Here is given P=256,5; R= 0,06; and f = 3,46599 . 
For 3 Years = 3 Quære A, per Theorem t. 
one Quarter = 0,25 | 

2 Months = 0,16667 = 0,08333 x 2 


18 Days = £,04932 — 0,00274 x 18 


Hence f = 3,40599 : x 0,06 = 0,2079594 R 


Then 0,2079594. x 256,5 = 53,341580 RP 

And 53,341586 + 256,5 = 309,841586 = RP P = A. 
That is, 309,841586 = 309/. 16s. 10d. being the Anſwer re- 
quired, 


Is Dueftion 


— CC... 
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Quęgſtien 2. II bat Principal or Sum being put to Intereſt, will 
n- S raiſe a Stock of 30g l. 16s. 10 d. in three Years, one Quarter, 
two Months, and 18 Days; at 6 per Cent. per Annum ? 


e. 4 | Or the ſame Queſtion otherwiſe ſtated thus, 
bis | 4 That is 3091. 16s. 10d. due 3 Tears, one Quarter, 2 Months 


and 18 Days hence, worth in ready Moncy; abating or diſcounting 
6 per Cent. &c, 

Here is given A = 30, 841586; R = 0,06; t= 3,46599 
(found as before) thence to find P. Per Theorem 2, Firſt 
3,46599 x 0,06 = , 2079594 = R. Then 


: tR + 1 = 1,2079594) 309, 841586 = A (256,5 =P; 

2 that is, 256,5 = 2567. 10s. the Anſwer required. 

e Queſtion 3, At what Rate or Intereſt, per Cent. &c. will 

e = 2561. 10s. amount to 309 l. 16s. 10 d. in three Years, one 

Quarter, twa Months, and 18 Days? 

y 5 Here is given, Pg 256,5 A=309,841586; and f 3, 46599 
* to find R. Per Theorem 3. Firſt 309, 841586 — 256,5 = 

1 = 523,3415866 =4—P, Next 3,46599 x 256,5 = 889,026435 

1 = —:R, And :R = 88, 26435) 53,341 586 (00,06 = the 


Ratio. Then 1/. : o, o:: 120 : 6 = the Rate required, 


Queſtion 4. In what Time will 2561. 108. raiſe a Stock of 
(or amount to) 3091. 165. 10 d. at 6 per Cent, &c. 

Here is given, P 256,5; A= 309,841586, and R = 0,06 
to find 1. Per Theorem 4, Firſt 309, 841586 — 256,5 = 
53, 341586 =4— P. And 256,5 x o, ob = 15, 30 = PR. 
Then 15.39) 53, 341586 (3,46599 =t; that is f= 3 Years 
and ,46599 Decimal Parts of a Year; which may be brought 
into common Parts of a Year, thus 


o, 46599 And o, 08333) o, 21509 (2 Months. 
0,25 = one Quarter, 16666 
0,21599 0,02074) ,04933 - (18 Days, 


Hence ?= 3 Years, one Quarter, 2 Months, and 18 Days; the 
Anſwer required. 


It muſt needs be eaſy to conceive, that what is here done at 


6 per Cent. may be done at any other Rate of Intereſt, by ſorm- 
ing the Ratio (viz, R) accordingly. 


f 


SCHOLIUM. 
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SC HO LIUM. 


Although it be according to the Laws and Cuſtom of England, 
to compute Intereſt at the Proportion of 6 per Cent. (as above) 
yet he that takes up Money at Intereſt for any Time leſs than 
even or compleat Years, pays more [Intereſt than ſeems reaſonably | 
due, according to the Rules of Art. As for Inſtance; if 1001, 
be forborne at Intereſt one whole Year, it amounts to 106 /. But 
(I ſay) if it be paid at the half Year's End, it ſhould not amount 
to 103; as appears from this following Proportion. 

Let a= 0 Amount due at the half Year's End ; then it will 
be 100: @a::4a : 106 the Amount at the Year's End. Ergo 
aa= 10600, and a= 10600 e 102, 9563 o. 19s. 17 4 
which is leſs than 103 J. by 10 1 4. And if it be paid in leſs 
than half a Year's Time, the Error muſt needs be the greater, 


1 —ů 


Sect, 2, Of Annuities; or Penſions in Arrears, com- 5 7 
puted at Simple Intereſt, 


A. 
AN NUITIES, or Penſions, Cc. are ſald to be in Arrears, | © 
when they are payable or due, either Yearly, or Half-yearly, 
Sc. and are unpaid for any Number of Payments. Therefore . 
the Buſineſs is, to compute what all thoſe Payments will amount! 7 
unto, allowing any Rate of Simple Intereſt for their Forbearance, = 


from the Time each particular Payment became due: Now in 
order to that, . 


u = the Annuity, Pention, or Yearly Rent, c. 99 | 4 

p t the Time of it's Continuance, or being unpaid, 1 1 
ut) R= the Ratio, or Intereit of 11. for 1 Year, as before. 2 
S the Amount of the Annuity and it's Intereſt, "hes. 
Then if 2 = the firſt Year's Rent, due without Intereſt, E 

Ru = the 3 | | | 1 

aa ns End of the ſecond Vear. * ) 

2 Ry = the "= . % os 
31 S the Rent due at the End of the third Year, f w 

3Ruy = the Intereft 4 0 

4 = the Rent due at the End of the fourth Year. 1 5 
488 = the 1 3 

= pe due at the End of the fifth Year. . 

And ſo on for any Number of Years. Hence it is evident, that : 

Ru T2 Ru ＋ 3 RU ARA＋ 5 A the Sum of all the Rents and FR 


their Intereſt, being forborne 5 Years, 
From 


u- 


— 


hence 2. Conſequently 


* 
Ph. 


. 


in 


» 
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F rom whence it follows, that . Ta RV TLZ RA +4Ru=A—tu. 
Here t=5. Divide by «, then Rz TZR TARA. 
Next to find the Sum of this Prog reſſion (See Page 185) thus, 
Let R+2R+3R+4R Kc. , then 142 . 3＋4 &c. = x. 


Here the Sum of the firſt and laſt Terms are 4 +1=5 =t1, 


and the Numbers of all the Terms is 4 =t— 1. Therefore 
x t = the Sum of all the Terms; that is, — = + 
t R -R tf R -R — 7 


2 Tos u 


Now from this Equation it will be eaſy to deduce the following 


= Theorems, 


ttRu—tRu T2 = or R. 
2 


Theorem 1. 


2 A ; 
Theorem 2. TRIER 27 — 1. Theorem 3. 
2 A 


Let - — ] =, then 1 = v/ = = = # Theorem 4. 


2A —2tu N 


ttu—tu 


Queſtion 1. If 2501. yearly Rent (or Penſion, &c.) be forborn 


or unpaid ſeven Years; what will it amount to in that Time, at 6 


per Cent. for aach Payment, as it becomes due? 


Here is given 2 = 250, t=), and RS 0,06; to find A. Per 
Th. 1. Firſt 250 x 7 =1750 tu, 1750 x 7 = 12250 =ttu. 


Again 1225017 50= 19500 =!tu—tu, and 2522 x 0,06==315; 


= = Laſtly 315+1750=2065 =A; Vix. 2065 l. is the Anfew. required, 


But if the Annuity, Rent, or Penſion, is to be paid by Quarter- 


4 ix ly or half yearly Payments, &'c, Then 22 = 0,03 = X for 


and 


om 


N n 4 
* \ 
„ 8 
4 4 "of 
5 * 
8 A \ 
2 
* 


00, allowing © per Cent. per Annum for each Payment, as it be- 
comes due? 


C 4 1 half yearly Payments: and _ = 0,015 = K for quarterly 5 


or 0,045 = & for three quarterly Payments, Example of half 


HY yearly Payments. 


Suppoſe 250 l. per Annum, 70 be paid by half yearly Payments, 
were in Arrears, or urtaid for ſeven Tears; what would it amount 


K k In 


2 


250 


In this Example there is given 22125 224 t= 14 the Num- 


»„— 


ber of Payments; and R= 0,03 = ==, thence to find A. 


Firſt 125 x 14 =1750=t#u; 1750 x 14 = 24500 =t1y: 
again 24500 —1750 =22750=ttu — tu; then 232 = 11375, 
and 11375 x0,03=341,25. Laſtly 341,25 þ1750=2c91,25; 
that is, 4 2091 J. 5s. the Anſwer required, 

N. B. Hence it may be obſerved, that half yearly Payments 
are more advantageous than yearly, For 20911. 5s. > 20t5, 


by 26 J. 55. conſequently, quarterly Payments are more advan- 
tageous than half yearly Payments, 


Dueftion 2. What yearly Rent, Penſion, &c. being forborn er 


unpaid ſeven Years, will raiſe a Stack of 2065 l. allowing 6 per 
Cent. per Annum for each Payment, as it becomes due? 


Here is given A = 2065, t=7, and R=0,06; to find u. 
Per Theorem 2. Firſt 7 x 0,06 = 0,42 R, and 0,42 x 7 
= 2,94 =ttR, Then ft R - RS 2,52, Laſtly 1iR 
— tR + 2t = 16,52) 4130 = 24 (250 n; that is, 250/, 
per Annum, &c. will raiſe 2065 J. the Stock required. 


Queſtion 3. In what Time will 2501. yearly Rent raiſe a Stat 


of 2065 l. allowing © per Cent. c. for the Forbearance of the 
Payments as they become due? 


Here is given 2 =250, A=2065, and Ro, ob; to find . 
Per Theorem 4. Firſt > = — = 33,33333 and 33,3333 — 
I = 32,3333 x = 5 — I, Then 16, 16666 &e. = 2 43 
261, 3605 &c, xx. Again E742 = 275,333 =2A Ru, 
and 275,3333 ＋ 261, 3605 = 536,6938 = + i xx, Then 


v 536,6938 = 23,1666. Laſtly, 23,1666 — 16,1666 = ; 


=# the Time required. 


Dueſtion 4. If 2501. yearly Rent, being forborn ſeven Years, will 
amount to 2065 l. allowing Simple Intereſt for every Payment as it 
becomes due; what muſt the Rate of the Intereſt be per Cent. &c.? 

Here is given z = 250, A = 2065, and 1 7; to find R- 
Per Theorem 3. S 

ttu =12250 1 1 4130 = 2 
Thus | Iu = 8 8 
ttu — tu 10500) 630 = 24 — 2 (0,06 =R. 
Then 1: 0,06 :: 100: 6 the Rate required, 2 
| ed. 


tk 
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. * Sect. 3. The Preſent Perth of Annuities or Penſions, 
tty: [| &c. computed at Simple Intereſt, 
1 g HE Buſineſs of purchaſing Annuities, or taking of Leaſes, 
= Sc. for any aſſigned Time, depends upon the true equating 
nents of the Principal or Money laid out on the Purchaſe, with the An- 
650 nuit y orYearly Rent, by allowing (or diſcompting) the ſame Rate 
van- ol Intereſt to both Parties. Which may be eaſily performed by 
* duly applying the reſpective Theorems of the two laſt Sections to- 
gether; as will fully appear by the following Queſtion, 
Fo Queſtien 1. What is 751. yearly Rent, to continue nine Years, 
"> worth in ready Money, at 6 per Cent. per Annum Simple [ntereft? 
dz, 1. Per Theorem 1. of the laſt Section, find what the propoſed 
x 7 * yearly Rent would amount to, if it were forborn 9 Years, at 6 
1 N 15 per Cent, | 
501, i Thus u = 75, t=9, and R= 0,06: Quzre A. 
| ttu = bo75 Then 2) 5400 % 
fu = 675 R = 0,00 Multiply 
tock g 
| = tin — tu = 5400 162, 7 85 
the W ＋ tu = 675, = 837 = A. 
dt, 7 2. Then by Theorem 2. Section 1. find what Principal, bein 
put to Intereſt for the ſame Time, and at the ſame Rate, wil 
Avg amount to 8371, A. Thus RS o, 54 2 x 0,06; t RAI 
x == = 1,54) 837 (543,5004 =P: that is, P= 543. 10s. 154, 
ich is the Worth of 75/1. a Year, as was required. | 
uw, : From the Work of theſe two Operations (duly conſidered) it 
hen = muſt needs be eaſy to conceive, how the two Theorems by which 
7I% = they were performed, may be combined in one. 

For i. EL DIRE as 4; ants PIR 4 PL 
= © Conſequently PY RP = — . 22 4 . And from 
-9 i this Equation may be deduced the following Theorems. 
N: ti Ru — tRu + 2tu tR — RT2 T 

Theorem 1. rr == P, or TZ x 1 P. | 


By this Theorem all Queſtions of the ſame Kind with the laſt 
(v:z, that above) may be eaſily and readily anſwered at one 


Operation, | 
K k 2 Theorem 
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Which gives this Theorem 4. * + — 1 


* 
3 
2 


By the ſecond and fourth Theorems, two very uſeful Queſtions 
may be eaſily anſwered. 

I. As for Inflance: If it be required to find what Annuity, or 
year] Rent, &c. may be purchaſed, for any propoſed Sum, to con- 
tinue a ſigned Time, allowing any Rate of Intereſt ? 

This . - tion may be anſwered by Theorem 2. 

2. Again If it b» required to find how long any yearly Rent, 
Penſion, or Annuity, &c. may be purchaſed (or enjoyed) for any 
propoſed Sum, at any given Rate of Intereſt ? 

All Queſtions of this Kind are eaſily anſwered by Theorem 4. 

In theſe Queſtions it is ſuppoſed, that the Purchaſe, or yearly 
Rent, is to commence or be immediately entered upon. But if 
it be required to find the Value or Purchaſe of an Annuity or 
yearly Rent, Sc. in Reverſion; that is, when it is not to be 
entered upon until after ſome Time, or Number of Years are 
paſt; then you muſt firſt find what the Sum propoſed to de laid 
out in the Purchaſe, would amount to, if it were put to Intereſt, 
during the Time the Annuity, Sc is not to be put in preſent 
Poſſeſſion; and make that Amount the Sum for the Purchaſe, pro- 
ceeding with it as in either of the two laſt Queſtions, &c, 


Note, From the firſt Queſtion of this Section it will be eaſy to 
conceive how to perform the Equation of Payments, between Debtor 
or Creditor, at any Rate of Intereſt, without doing any Damage to 
either Party. 
That is, when ſeveral Sums of Money are to be paid, at ſeve- 
ral different Times, to find the Time when all the Payments 
may be truly diſcharged at once : as if one Sum were to be paid 
at the End of two Months, another at ſix Months, and perhaps 
a third Sum at eight Months end, &c. And if it were required 


to find the Time when all thoſe Sums may be truly diſcharged at 
one Payment without Loſs, &c, 
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: 
IM CHAP. XII 
| Of Compound 7»/ersf, and Annuities, Cc. 
P : 
Th CoM POUND Intereſt is that which ariſes from any Princi- 
| pal and it's Intereſt put together, as the Intereſt ſo becomes 
due; ſo that at every Payment, or at the Time when the Pay- 
ments became due, there is created a new Principal; and for that 
Ihe Reaſon it is called Intereſt upon Intereit, or Compound Intereſt. 
As for Inſtance ; Suppoſe 100 J. were lent out for two Years, 
* at 6 per Cent, per Annum, Compound Intereſt: then at the End of 
. the firſt Year, it will only amount to 106 /. as in Simple Intereſt, 


But for the ſecond Year this 1064. becomes Principal, which will 
amount to 1121. 75. 244. at the ſecond Year's End, whereas by 
Simple Intereſt it would have amounted to but 112 /. 

And altho' it be not lawſul to let out Money at Compound 
Intereſt; yet in purchaſing of Annuities or Penſions, &c. and 
taking Leaſes in Reverſion, it is very uſual to allow Compound 
[ntereſt to the Purchaſer for his ready Money ; and therefore it 
is very requiſite to underſtand it. 


— 


I 
— 
* 4 - K w 4 " * <* - * % ** va J . ; c 
e ron 


or 2 

be | ; FE 5 

re 

d | Set. 1. Of Compound 7zteref. 

t, 

＋ 3 P = the Principal put to Intereſt, | 

J- ; t = the Time of it's Continuance, 65 before. 
5 Let Y A the Amount of the Principal and Intereſt, | 

” 22 1 Amount of 1/. and it's Intereſt for 1 Year, at 

* — ( any given Rate, which may be thus found. 

6 Viz. 100 : 106 :: 1: 1, 0 = the Amount of 1/. at 6 per Cent. 
N Or 100: 105 :: 1: 1,5 = the Amount of 11. at 5 per Cent. 

- : and fo on for any other aſſigned Rate of Intereſt, 

4 8 Then if R — the Amount of 1/. for one Year, at any Rate, 

R* = the Amount of 14. for two Years, 
a R the Amount of 11. for three Years, 
f R#+ the Amount of 11. for four Years. 


X = the Amount of 11. for five Years, Here t=g 
For 1:R::R:RR::RR:RRR:; RRR: R:: R: RS: &c. in 2. 
As one Pound: is to the Amount of one Pound at one 


That Je End :: ſo is that Amount: to the Amount of 
one Pound at two Years End, Oc. | 


12 E W 


Whence 
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W hence it is plain, that Compound Intereſt is grounded upon 
a Series of Terms, increaſing in Geometrical Proportion con- 


) does always align 
z. the Power of R, 


tinued ; wherein t (viz. the Number of Years 


the Index of the laſt and higheſt Term: Vi 
which is Rt. 


Again, As 1: Rf:;: P: PR-. — the Amount of P for the 


Time that R* — the Amount of 1/. 


As one Pound : is to the Amount of one Pound for a 


That ET Time :: ſo is any propoſed Principal (or Sum) bo 


it's Amount for the ſame Time. 


From the Premiſes (I preſume) the Reaſon of the following 


Theorems, may be very eaſily underſtood. 


Theorem 1. PR. = A, as above, 


From hence the two following Theorems are eaſily deduced, 


Theorem 2. 4 =P, Theorem 3. 4 = Rt 
Ret 


By theſe three Theorems, all Queſtions about Compound Inte- 
reſt may be truly reſolved by the Pen only, viz. without Tables; 


tho' not fo readily as by the Help of Tables, calculated on pur- 
poſe ; as will appear farther on. 


Dueftion 1. What will 2561. 10s. ang to in ſeven Years, 
at 6 per Cent. per Annum, Compound Intereſt ? 


Here is given P=256,5; t=7; and R=1,06 which 
being involved until it's Index =? (viz. 7.) will become R = 
1,50363. Then 1,50363 x 256,5 = 385,6811= A = 3851, 
135. 74d. which is the Anſwer required. 


Queſtion 2. What Principal or Sum of Money muſt be put (or 
let) out to raiſe a Stock of 385 l. 13s. 754d. in ſeven Years, at 
6 per Cent. per Annum, Compound [nters/t © 


Here is given 4 = 385, 6811; R=1,06; and t=7; to find P, 


by Theorem 2. Thus Rt = 1, 50363) 385, 6811284 (256, 5 =P. 
That is, Pg 2561. 10s. which is the Principal or Sum, as was 


required . 
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Question 3. In what Time will 2561. 10 8. raiſe a Stock of 
(or amount to) 3851. 138. 7x9. allowing 6 per Cent, per Annum, 
Compound Intereſt ? 


Here is given P 256,5; A =385,6811; R=1,06; to 
by the third Theorem Rt = yo 385.6811 = 

find t by the thi = ="; > 1,50363, 
which being continually divided by R=1,06 until nothing 
remain, the Number of thoſe Diviſions will be 7 —z, Thus 
1,06) 1,50363 (1,41852. And 1,06) 1,41852 (1,338225, 
Again 1,06) 1,338225 (1,262477. And fo on until it become 
1,06) 1,06 (1, which will be at the ſeventh Diviſion. Therefore 


it will be r / the Number of Years required by the Queſtion. 


Dueftion 4. If 2561. 108. will amount to (or raiſe a Stock of) 
385 l. 138. 72 d. in ſeven Years Time; what muſt the Rate of 
Intereſt be, per Cent. per Annum ? 


LES . 5 a. 
„ - EC * 
> + : hs — 
> 9 2 9 * 
Dr 


Here is given P=256,5; 4 2385, 6817, and , Quzre 
R. By Theorem 3. 7 = Ri g= 1, 50363; as before in the laſt 


Queſtion. And if R. RN == 1, 50363, then R 1, 50 36g, 
which may be thus extracted. 
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Put| 1ſr +2 =R, then 
107|2:|]r +7 e211 eemzR'=1,50362 = CG 
2 —r77]3| 7 e-þ 217) eG r. 
: £0 „ 
3 717 4 re + Jee = 7 ro = D 
4215 e let , then D o, 519 


Operation 1 = 1,00 
—+ 3e= 0,18 $494 $f 
Diviſor 1,18) 0,0719\0,06 = e 
208 1,06 e = R 
11 to be rejected. 


Then 1: 0,06 :: 100 : 6 the Rate per Cent. required, 


The firſt three Queſtions may be much more eaſily performed 
by the following Table, which is only the Amounts of one Pound 
for thirty-nine Years. 


That 
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That is, of R. RR. RRR. R.. R=. and ſo on to R 
905 The Amounts of | & [The Amounts of = [The Amounts of 
3 .. at 6 per Cent. = Ii. at 6 percent.] 5 I. at 6 perCent. 
I Ec. Compound Re. Compound Ec. Compound 
| > |ntereſt, > |[ntereſt. „ |Intereſt. 
1-1 2,00 = 14 | 2.2609039557 | 27 | 4.822345940 
2 | 1.1236 = RR | 15 2. 3965581931 | 28 Mapper + + $054 
3 | 1.191016 = RJ—— - -| 29 | 5-4183878990 
4 | 1.26247696 16 | 2.5403516847 | 30 | 5.7434911729 
5 | 1-3382255776 | 17 | 2.6927727857 |—|- . 
— — 18 | 2.8543391529 | 31 | 6.088 1006432 
6 | 1.4185191122 | 19 | 30255995021 | 32 | 6.4533866818 
7 | 1.5936302590 | 20 | 3.2071354722 | 33 | 6.8405898828 
8 | 1.5938480745 |—|———- 34 | 7-2510252757 
9 | 1.6894789590 | 21 | 3.3995636005 | 35 | 7.6860867923 
10 | 1.7908476965 | 22 | 3.6035374166 [|— - 6 
— - 23 | 3.8197496616 | 36 | 8.1472519998 
11 | 1.8982985583 | 24 | 4.0489346413 | 37 | 8.6360871198 
112 | 2.0121904718 | 25 | 4.2918707197 | 38 9.15425 23470 
13 | 2.1329282601 | 26 | 4.5493829629 39 | 9.7035074878 


The Title of this Table ſhews it's Conſtruction, and it's Uſe 
will eaſily appear by an Example or two, 


EXAMPLE 
bat will 375 1. 10s. amount to in nine Years, at 6 per Cent. 


r Annum, 


&c. ? 


\ 


I. 


The tabular Number againſt ꝙ Years is 1,689479 which being 
multiplied with the Principal 37 5, 5 will produce 634, 3993 &c. 
viz. 634 J. 85. fere, being the Amount or Anſwer required. 


e 


bat Principal (or Sum) muſt be put to Intereſt to raiſe a Stock of 
6341. 85. in nine Years Time, at 6 per Cent. per Annum, &c. 

If the propoſed Stock (viz. 634,4) be divided by the tabular 
Number that is againſt the given Number of Years (viz. 9.) the 
Quotient will be the Principal (or Sum) required. Viz. againſt 


9 is 1,6894790. Then 1,689479) 634,4 (375,5 = 375 l. 104. 
the Principal (or Sum) required. 


EXAMPLE 3. 


In what Time will 3751. 10s. ra 
6341. 8s. at C per Cent. &c? 


iſe a Stock of (or amount to) 


Divide 


0 
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Divide the propoſed Stuck (viz. 634,4) by the given Principal 
(viz. 375,5) and the Quotient will ſhew the tabular Number 
that ſtands over againſt the Time ſought. Thus 

375,5) 634,4 (1, 89479 Ce. 
This Number being ſought in the Table, will be found to ſtand 


againſt 9 Years, which is the Time required. 
But if the Quotient cannot be truly found in the Table of 
Amounts for Years, as above; then take out of that Table the 


neareſt Number that is leſs, and make it a Diviſor, by which 


you muſt divide the firſt Quotient; and then ſeek the ſecond 
uotient in the Table of Amounts for Days (which is inſerted 


a little further on) and it will aflign the Number of Days; as in 


this Example. 


In what Time will 5631. amount to 8601, at 6 per Cent, per 


Annum, Compound Interęſi! 
Anſwer. In 7 Years and 99 Days, 


Thus 563) 860 (1,52753 which ſhews the Time to be more 
(or above) ſeven Years ; for over againſt 7 Years is 1,50303 
which being made the new Diviſor : Vix. 

1,50363) 1,52753 (1,01589 &c. 
This Number is the neareſt Amount to 99 Days. 


Note, If the Stock, Principal, and Time be given; the Rate of 
Intereſt will be beſt found by extracting the Root, &c, as before in 


the fourth Dueſtion, 


The next Thing that I ſhall hete propoſe, is to make this 
Table (which is only calculated for the Rate of 6 per Cent.) uni- 
verſally uſeful for all the Rates of Compound Intereſt, which I may 
preſume to ſay, is a new Improvement of my own, being well ſatisfied 
it never was publiſhed before ; and not only ſo, but I have heard 


— 


ſeveral very good Artiſts affirm it was impoſſible to be done. 


The Method of performing it is briefly thus, Let x = the 

Difference between 1,06 = R, the Amount of 1/7. for one Year 

in the Table), and any other propoſed Amount of 11. for one 
ear; Which admits of two Caſes, 


Caſe 1. If the propoſed Rate be greater than the 1,06 = R, 
then will R + x = the true Amount of 1/7. for one Year at that 
Rate. | | 


Caſe 2, But if the propoſed Rate be leſs than 1,06 = R, then 


it will be R x = the Amount of 11. &s6. 


t—I=b, t—2=c, t—3=d, t—4=f, &c. 
Make 47 , e 2 Ju =, &c. 


Then 
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Then will R*-+i: R*x+g Re + m RAA &c, = the 
Amount of 1/, at the given Rate, for any Time denoted by t, 
in Caſe 1, And Rt —t RK ＋ g Rex% — m R4x* &c, = the 
Amount of 1/. in Caſe 2. 

Which is no more but this: Let R + or R — (which ſo- 
ever it is) be involved (as directed in Sec. 5. Chap. 2.) to the 
ſame Power or Height as the Index t the given Time in the Que- 
ſtion denotes : rejecting all the Powers of x ahove xxx or xxxx 
at moſt, as uſeleſs. Then multiply that Power of R + x or 
R — x into the given Principal, and their Product will be the 
Amount required, 


An Example or two in each Caſe will render all eaſy, 


EXAMPLE 1. 


Suppoſe it were required to find what 2561. would amount to in 


fifteen Years, at 81. per Cent, per Annum Compound Intereſt ? 
Here t = 15. 


Firſt 100 : 108 :: 1 : 1,08 the Amount of 17. at 8 per Cent. 
Next 1,08 —=1,06=0,02=x. And R+x=1,08 as in Cale 1, 
Then R ＋ 15 R'*x +105 R*xx+455 R* xxx &c, = the 
Amount of 1/. for 15 Years, at 8 per Cent, 


Here x = 0,02 , XX == O0,0004. , and xxx 


=" ,000008 

N By the Table R = 2, 396558 
C 15 R'*s S2, 260904 x 15 x ,02 = 0,078271 
And} log RNA = 2,132928 x 105 x ,0004 = 0,089583 


455 R* xxx = 2,012190 x 455 x ,000008 = 0,007 324 

| Sum = 3,171736 

| Then 3, 171736 x 256 = 811,964416 = 4. 
That is, 8 111. 9s. 3 2d. fer. Which is the Anſwer required, 


T 


What will 365 l. amount to in ſeven Years at four and a half 
per Cent. &c. 


Firſt 100: 104, 5: : I: 1,045 the Amount of 11. at 410. 
por Cent. 


Next 1,06—1,045 = 0,015 =. Conſequently R 1,045 


| as in Caſe 2. 


Then R'— 7 R* x 21 R*xx= 35 R* xxx &c, = the Amount 
of 1/, for 7 Years, at 42 per Cent. 1 
| ere 


Ie 


Of Compound Intereſt. 


Chap. 12. 


VP 


Here x = 5015; xx = 9000225 3 and xxx = 000003375 


By the Table R = 1, 503630 

— 7 R* x = — , 148944 
ant} 21 RS xx = —+ 0,000323 
— 35 R xxx = — O, oo0141 


R? -R + 21 RX — 35 R* xxx = 1, 360868 


Then 1, 360868 x 365 = 496,71682 = A. 
That is, 4991. 145. 31 dJ. is the Anſwer required, 


If the Reaſon of theſe two Operations be but well underſtood, 
it will be very eaſy to conceive how to find P, the Principal, by 
having A, t, and x given (becauſe R and it's Powers are always 
given by the Table). 


For K. +! Re & +g Ke ＋ m KIxxx x Pas 4 (as above), 
A 


—  — — . 
Re Tf Rex bg RX XK IT m Nd & X 


Therefore 


Or if 4, P, and t, be given, x may be found, 


For R;. r R*x+g Rexx + m Rd XK = 2 This Equa- 


tion being ſolved (a3 in Chap. 10.) the Value of x will be found ; 
and then either R + x, or R — x will ſhew the Rate of In- 
tereſt, Oc. | | 

But I ſha!l leave the numerical Operations to the Learner's 
Practice, ſuppoſing enough done to ſhew how all Queſtions of 
this Kind that are limited by whole Years may be computed. 

And if the Time given or ſought.be not terminated by whole 
Years, but by Weeks, Months, Quarters, or Half-Years, &c, 
for reſolving ſuch Queſtions, the beſt Way will be to reduce thoſe 
Parts of a Year into Days ; that done, find an Anſwer accord- 
ing to the Demand of the Queſtion (and agreeing to 1/7. as be- 
fore) for that Number of Days; and in order to that, it will be 
requiſite to find the Amount of 11. for one Day (as in my Con- 
pendium of Algebra, Page 110) which I ſhall here inſert, 


Put @ = the Amount ſought, then it will be 
I:4::4:4aa::440:a00:;::a00;:aaaqa = to as, 


As one Pound is to it's Amount fer one Day:: ſo is that 

That is HAnount : to the Amount of two Days : : and ſo is that 
of two Days: to that of three Days, And fo on in + 
to 305 Days. 


L 1 2 Then 


Algebra. 


Then the laſt of the Terms will be ae. = 1,06 ) =_ 7 
Put | I 4 r 5 e 2 4. Andletr=1 3% whit 
105 5 4.265 %% 4 66430 r*ee= a 10 Ml Es 
2 in Numb. , i + 365 e + 66430 ee = 1,00 6 pr 
3—1]|4| 365e + 66430ee = 0,06 15 Da 
4 = 66430 | 5 | ,00549e + ee = 0,0000009032 = ND =_ 
— 6] e= b | ma 
, | 500549 + : Ye 
Operation ,005 49 gre 
+ 2 = ,0001 las 
EEE 1,0000000 = r T 
1ſt Diviſor ,00559) 0,0000009032 Foes: 598 = e M 
+ = ,o00015 21, 001598 =r+ ea 
2d Diviſor ,00574 )3442 true to the 7th Figure FRE — 
+ e = ,000059 2870 and only too much bj | 
34 Diviſor ,005799 557200 2 in the 8th, at one | 
&c. &c. Operation. 
Now r = 1,00016 for a ſecond Operation. Then 
2 in Numb. | 7| 1,0bo1 3401407 + 386,887 e + 70402, 172 ee 
= 1,06. Hence it appears that r —e=a, 35 
Therefore | 8| 1,0601 3401407 386,887 e + 70402,1720 WR | 
= 1,00 wh 
8 Ko 386,887 e —70402,172ee=0,00013401407 
9 = |10| ,0054953 — ee = ,0000000019035503 
10 — |11| « = 22200000019035503 
= „0054953 —e 
Operation ,0054953 | 
— 7. 7. : 1,00016 = 5 4 
iſt Diviſor „005 4950) 0,0000000019035 503 0,000000346417 =: M 
3+ 104850 7 ,00015965 35837 
005 494660 925 50503 — e b 
— = „ 2197864 
2d Diviſor 005 494014 556395 
— = _ 64 32967684 
3d Diviſor ,00549460 )2296216 
2197840 
99376 
54946 
&c. 


Which being farther purſued to a third Operation will give 


@ = 1,000159653587453 Kc. 


This 


— . 
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This Value of à is the Amount of 1/7. tor one Day, from 
which, if 11. be ſubſtracted, the Remainder = , 000159653587 
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6 Sc. will be the Intereſt of 1/7. for one Day. Conſequently, it any 
ropoſed Principal be multiplied into either of theſe, the reſpective 
Product will be the Amount or Intereſt of that Principal for one 
; Day, at 6 per Cent. &c. "OE 
5 And that the Amount (or Intereſt) of any Principal or Sum 
Þ. may be eaſily computed for any Number of Days leſs than a 
7 Year ; I have here inſerted the following Table, which with a 
5 great deal of Care (and I believe Exactneſs) is calculated from the 
lat found (1,000159653587453) Amount of 17. for one Day, 
To which alſo is annexed a Table of the Amounts of 1/, for 
Months. 
50 Amounts of 1/. | S |] Amounts of 1/. | ©S | Amounts of 14. 
y | Z >. 13 4e. J &. 
one —_ = 3-H {a 
1 | 1.0001596536 | 26 1.0041592879 | 51 | 1.0081749166 
2 | 1.0003193326 | 27 | 1.0043196035, | 52 | 1.0083358753 
3 | 1.0004790372 | 25 | 1.0044799487 | 53 | 1 0084965597 
ee 41. 000638767329 1.0046403175 | 54 | 1.0086578699 
: 5 | 1.0007985229 | 30 | 1.0048007120 | 55 | 1.0038189057 
© IE | 6 | 1.0009583039 | 31 | 1.0049611320 | 56 | 1.0089799673 
by 7 | 1.0011181105 | 32 | 1.0051215776 | 57 | 1.0091410545 
07 Wn 8 | 1.0012779426 | 33 | 1.0052820488 | 58 | 1.0093021675 
3 9 | 1.0014378002 | 34 | 1 0054425457 | 59 | 1.0094633062 
7 10 | 1.0015976834 | 35 | 1.0056030682 | bo | 1.0096244707 
7 11 | 1.0017575920 36 1.0057036164 py 1.00978 56608 
7 12 | 1.0019175262 | 37 | 1.0059241901 | 62 | 1.0099468767 
"= 13 | 1.0020774859 | 38 | 1.0060847895 | 63 | 1.0101081184. 
” 14 | 1.0022374712 | 39 | 1.0062454146 | 64 | 1.0102693858 
17 =: 15 | 1.0023974820 | 40 | 1.0064060653 | 65 | 1.0104306789 
83 =: 7 888 we wa 
12 1 161. 0025575184 | 41 | 1.0065667416 66 1.0105919978 
4 171. 0027175803 | 42 | 1.0067274436 | 67 1. 0107533424 
: 18 | 1 0028776677 | 43 | 1.0078881712 |} 68 | 1.0109147128 
K 19 | 1.0030377808 | 44 | 1.0070489245 | 69 | 1.0110761090 
3 | 20 | 1.0031979193 | 45 | 1.0072097035 | 70 | 1.0112375309 
21 | 1.0033580850 | 46 | 1.0073705082 | 71 | 10113989786 
22 | 1,0035182732 | 47 | 1.0075313385 | 72 | 1.0115604521 
23 | 1.0036784885 |48 | 1.0076921945 | 73 | 1.0117219513 
24 | 1.0038387294 | 49 | 1.0078530762 74 10118834764 
25 1. 0039989958 [50 1. 0080139835 | 75, 1.01 20450272 
e 


Days 


Algebya, 


Amounts of 1/. 
&c. 


1.0122066038 
1.01236032062 
1125398344 
10126914885 
1.0128531683 
10130148739 
10131766054 
10133383627 


10135001458 


10136619547 
1138927895 
10139856501 
10141475355 
10143094488 
10144713869 


1014633351 
I 0147953495 
10149573565 
1.0151193931 
10152874655 
10154435589 
1. 0156056781 
10157678232 
1. 0159299941 
1.0 160921910 
10162544138 
10164166624 


1065789370 


10167412375 
1.0 169035638 
10170659161 
0172282944 
0173906985 
0175513086 
0177155846 
0178780665 
0180405744 


„%% — — T_T SE — — — 


0183656680 
101852825 78 


0182031083 


— 


Amounts of 11. 
&c. 


1018690865 5 


10188535031 
10190161657 
10191788563 
1 0193415719 
10195043134 
1. 0196670809 


10198298745 


1099926934 


10201555389 
10203184110 
0204813084 
0200442319 
0208071814 
0209701569 
0211331585 
0212961861 
8314592397 
0216223193 
0217854250 
0219485567 
10221117144 
10222748982 


py | ws % es hy ow | = my —ũ—g2— 


10224381081 


1 0226013440 


1.02276046060 
1.0229278940 
1.0230902081 
1.0232545493 
1.02341 79146 
1.0235813069 
1,0237447253 
1.023908 1699 
1.02407 16405 
10242351372 
1.02439 8600 
1.024562 2089 
10247257830 
10248893851 
10250530124 


2 


1 0275105585 


— xd 
bY 
. n 

. 


| 
Amounts of 11. 
&c. 
0252166658 
0253803453 
255440509 


I 

I 

I 
1.0257077827 
t.0258715406 
- — 
1 
I 
I 


0200353247 
0261991349 
.0263629713 
0265 268338 
10266907225 
10268546374 
10270185784 
10271825456 
1. 0273465389 


10276746040 
10278386764 
10280027746 
10281668989 
1.02833 10494 
1.028495 2202 
10286594291 
102882365 83 
10289879137 
10291521953 
1.0293 160231 
10294908372 
1. 0296451975 
1.298095 841 
1.02997 39969 
1.0301384359 
1.0303029012 
1.0304673928 
1.03063 19206 
10307904557 
1.0309610251 
1.0311256216 
1.03 12902445 
10314548937 
1.03 16195692 


— — 


Days 
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196 


197 
198 


Amounts of 11. 
&c. 


10317842709 
1.03 19489990 
10321137534 
1.0 322785341 
10324433410 
1.0 326081742 
10327730339 
10329379198 
10331028321 
. 1.0332677706 


16334327358 
10335977208 
18337627444 
1.0339277883 
bot ft neg hd 
1.0342579552 
1.0344230782 
1.0345882275 
1.0347534033 
1.034918605 4 
I 1.0350838338 
035 2490887 
0354143699 
0355796775 
0357450115 
0359103719 
0360757587 
0362411719 
0364066116 
0365710776 
0367375701 
0369030889 
0370686342 
0372342059 
10373998041 
1 0375654287 
1.0377310793 


1.0378907573 
1.0380624612 


my wy — wy | df — Wet — 1 wy — —y—ͤ— 


1.0382241916 


Amounts of 11 
&c. 


10383939484 
1.0385 597318 
1.0387255415 
1.0388913778 
1.0390572405 
1.0392231298 
1.0393890454 
1.0395549876 
1.0397209503 
1.0398869515 
1.0400529732 
1.0402190214 
1.0403850961 
1.0405511973 
1.0407173250 
T 1.0408834793 
1.0410496601 
10412158674 
10413821012 
10415483616 
1-0417146485 
1.04188096020 
1.0420473021 
1.0422136687 
I t.0423800618 


i 1.0425464815; 
1.0427129278 
1.04 28794007 
1.0430459001 
1.0432124261 


1.0433789787 
1.0435455579 
1.0437121637 
1.04338787g61 
1.0440454551 
10442121407 
10443788529 
1.044545 5918 
10447123572 
10448791493 


Amounts of 11. 
&c. 


1. 0450459680 
10452128133 
10453796853 
1.045 54465 84 
1-0457135092z 
1 0458804611 
1.0460474397 
1.0402144449 
1.0463814.768 
1.0405484353 
I 1.0467156206 
1.0408827325 
1.0470498711 
1.0472170363 
1 0423842283 
: 475514459 
10477186923 
10478859643 
1.04805 32631 
10482205885 


1. 0483879407 
1. 0485553196 
1. 0487227252 
10488901576 
1.04905 76166 
1. 0492251025 
1.0493926150 
1.9495601543 
10497277204 
10498982132 
10500629327 
1. 0502305 790 
1.0503082521 
0505659519 
I 
1. 
I 


.0507336786 
.0509014320 
05 10692121 
1.05 12370191 
1.05 14048529 
15515727134 


1 


— ._— 


— 


Days 


—— 4 oC. 
4 : 


” "4 * 
- 12 — 
* 1 V » * 5 » 4 4 o ud * E 2 * 2 1 % _— _ . _ 
0 a </ p — Gig — - * F 9 y I 
s * + Aa * $ +i6- ep OT 5 EC w 5 — B 2. * * 4 - — M 
= . * xv . Pw * * * - 1 * — If i 
- . — 28 — . — 
— my — - - - wy — 


— 


. — — 5 
2 were Saddle : 


— 
by LEW p, 
* 


e * * 


— --_— a - 1 — — = — = 
— — 2 _ 
— — — 22 = _ — * = 
o - 


— — 
— LAS 


. OY . ** 
2 IS - —- - — —— 
— * — — — —— ß 
Fe " 


ia _ 


„ 3 


* AMA. * 
» .- CY 2 


Algebꝛa. 


_— _ 7% 


8 


Part II. 
| S Amounts of 1/. S Amounts of 14. S Amounts of 51 
= &c. x &c. 9 &c. 
3161.05 17406008 | 3391.05 56094165 362 1. 0994924636 
3171.05 19085 150 340 1.05 57779484 363 1.0596616154 
3181.05 20764559 — — 304 | 1.059830794z 
| 319|1.0522444237 | 341|]1.0559465071 | 365| 1.06 
320 1.05 24124183 342|1.0501150927 
343 | 1.0 56283705314 —— — 
1 321|1.0525804397 | 344105645 23448 
i; 32211.0527484880 | 345 1.0566210112 | — —— 
| | 323 |1.0529165631 | — — = The Amounts 2 
I 324 | 1.0530846650 | 346|1.0557897045 8 of 1J. at 6 5 
4 325 10532527937 347 1.05695 84248 = per Cent. ty 
1 — | 348]1.0571271720 | © | For Months. : 
1 3261. 05 34209493 349] 10572959594 —— . | 
1 327 1.05 35891317350 1.0574647472 1 1. 0048675 505 8 
(| 328|1.0537573410 |— 2 | 1.00975 87942] | 
I! 329|1.0539255771 | 351] 1.0576335753 | 3 |1 0146738462 4 
1 3301.05 40938401 [3521.05 78024303] 4 10196128224 2 
; — | 353] 0529713122] 5 [10245758394 4 
331| 1.0542621300 | 354| 1.0581402211 | — | 
| 332|1.0544304467 | 355| 1.0583091570| 6 [|1.0295630141 2 
333| 10545987903 | — 7 [10345744641 4 
3341.054767 1608 356 1.058478 1199] 8 J1. 0396103076 = 
335 | 1.0549355582 | 357] 1.0586471097 | 9 | 1.0446706634 7 
— — 358 1.0588 161265 | 10 1.04975 56507 * 
| 336|1.0551039824 | 359] 1.0589851703 | — A 
3371.05 52724336 360| 1.0591542411 | 11 [1.0548653894 * 
338|1.0554409116 | 3611 1.0593233389 | 12 | 1.06 7 


— —— 


The uſe of this Table is in all reſpects like that of whole Years, 


in finding the Amount of any given Sum for any propoſed Num- 
ber of Days leſs than a Year, | 


| EXAMPLE 1. 


Suppoſe it were required to find the Amount of 375 l. fer 210 Days, | 
at 6 per Cent, 


The Amount of 11. for 210 Days is 1,0340928 Sc. per Table. 
Then 1,0340928 x 375 = 387,7848 &c. = 387. 155. 844. 
which is the Amount required. And the reſt of the Variations 
may be performed juſt as in the Examples of whole Years. 

But if the Time given conſiſts of Years, and Parts of a Year ; 
as Quarters, Months, &c. Then reduce the odd Time or Parts 
of the Year into Days; and the Anſwer may then be found at 
two Operations; as in the following Example. 

EXAMPLE, 


- _ -— — — —-_———_ 
— — ä — @ — — — ꝑ * 
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Example 2. Suppoſe it were required to find what 265 I. would 
amount to in five Years and 135 Days at 6 per Cent. Cc. 


5 Years is 1,338225, &c. 


Firſt, the Amount of 1 /. for Þ 135 Days is 1, 21785, Sec. 


Then 1, 338225 x 1,02 1785 x 265 J. = 362, 355232, Cc. 
being the Amount or Anſwer required. 


Or, if the Amount and Time are given, to find the Principal : 
Then multiply the Amount of 1 J. for the Years, and the Amount of 
11. for the odd Days together: And by their Produd divide the 
given Amount, the Quotient will be the Principal required. 


Example 3. 7Yhat Principal will raiſe a Stock of 3621. 7 5s. 14 d. 
Or 362,3552321. in 5 Years and 135 Days, at 6 per Cent. Cc. 


5 Years is 1, 338225, Cc. 

The Amount of 1 for | 135 Days is 1,021785, & 
Then 1,338225 X 1,021785 = 1,367378, &c. the Diviſor. 
Next 1,367378) 362,355232 = A (2651. the Principal re- 


quired, 


Again, if the Principal and its Amount are given, to find the 
Time, at 6 per Cent. &c. you muſt divide the Amount by its 
Principal, and then proceed as in the Third Example, Page 250, 
for the Anſwer required. 

But if the Amount and its Principal, with the Time of its being 
at Intere/, are given, to find the Rate of /ntere/? : Then proceed 
as in the Fourth Dnueſtion, Page 255, Cc. 

Now in order to make this Table of Amounts for Days uſeſul 
for all Rates of Iuteręſt (as before in that for Years) you muſt firſt 
find the Simple Intereſt of 11. for one Day, both at the given 
Rate, and alſo at 6 per Cent, And call their Difference x. 

Thus, ſuppoſe the given Ratio were 8 per Cent. per Annum, . 
Firſt 130:8:: 1: 0,08 And 100:6::1: 0,06 the Two Sim- 
ple Intereſis for one Year, 

Then 365) 0,08 (0,00021917, &c. the Simple Interęſt of 111. 
for one Day, at 8 per Cent. 

And 365) 0,06 (o, ooo 16438, &c. the Simple Intereſt of 1 l. 
for one Day, at 6 per Cent, 3 

Their Difference o, oooo 5479 = x, which may do indifferently 
well for ordinary ſmall Quęſtions But where Exactneſs is requir- 
ed, it will be convenient to make Uſe of this Proportion. 


M m Fiz, 
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As the Simple Intereſt of 1 J. for one Day at 6 per Cent.: 

7 Is to the Tabular Intereſt of 1 J. for one Day : : So is the 

* J Simple Intereſt of 1 J. for one Day, at any given Rate: 
To a Fourth Number, 


That is, 0,000164 38 : 0,0001 5965: : 0,00021917 : 0,000212.86 
Then 0,00021286—0,00015965 = 0,00005321 = x. 


This x being involved with the reſpective Amounts for Days, in 
the ſame Manner as was done with thoſe for Years (vide Page 258) 
the Refult will be the Anſwer to the Due/tion. 


Sect. 2, Annuities or Penſions in Arrear, computed at 
Compound Intereſt. 


When Annuities, &c. are ſaid to be in Arrerr, ſee Page 248. 
And I ſhall here make Uſe of the ſame Letters to repreſent the fame 
Things as before in that Page, fave only that R is here equal to 
the Amount of 1 l. as in Section 1. of this Chapter. 


Suppoſe = the Firſt Year's Rent of any Annuity without In- 
tereſt. 
. n — the Amount of the Firſt Year's Rent, and 
Then will Ru ＋ & = f its Intereſts; More the 2d Year's Rent. 
the Amount of the iſt and 2d Years 
And RRu ＋ Ru + u = Rents, with their [nterefts ; More the 
zd Year's Rent, &c. 


Annuity, being forborne Three Years, And from hence may be 
deduced theſe Proportions : 

Viz. u: Ru: : Ru: RRu: : RRu: RRRu, and fo on in = for 
any Number of Terms or Years denoted by t, wherein the laft 
Term will always be uR'—. 
Conſequently, 4—uR—" = the Sum of all the Antecedents 
And A= = the Sum of all the Confeguents in the Series. 

And therefore it would be u: R:: A —- AR: 1 — 2, Vide 
Page 188. 

Ergo Au un = RU — uuR', which, being divided all by , will 
become A — u RA - u. | 
From this laſt Zquation it will be eaſy to raiſe the following 
Theorems : 


| uR'—ty — . 
Theorem 1. | 85 = A. . Theorem 2. 4 — 4 | 


| —_— 
R pa * _ + 
! E - £46 
—_ ; | q : 2 5 * EY : W of * 14 
ou I —. + 3 1 2 * " Mo A: % * * % 07 „ ” * a — 
eee. | —_ 
N 2.4 ” © * c 


Here RRu ＋ Ru + u = A, the Amount of any Yearly Rent or 


p 
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Theorem 3. f 


ally divided by R, until nothing remain, the Number of thoſe Df- 
viſions will be t. See Page 255. 


Theerem 4. } -N * 


RA+u—4A 


= Re. If this Aguation be continu- 


. Tf this Ægquation be reſolved 


4 
into Numbers, according to the Method propoſed in Sz. 3. 
Chap. 10. the Root will thew the Value of R. 


QuzesT1oN 1. J 30 l. Yearly Rent, or Annuity, &c. be forborne 
(i. e. remain unpaid) Nine Years ; what will it amount to, at 6 per 
Cent. per Annum, Compound Intereſi? 

Here is given # = 30, f = 9, and R = 1,06; to find A. per 
Theorem 1. 
RY = 1,689479 By the Table of Amounts for Years 

430..= & 


_—_ 


Rou = 50, 684370 


—4# = 30, 


R—1r1= 0,06) 20,684370 (3447 395 = 3441. 145. 94d. 83 


the Amount required. 


QuesTION 2. What Yearly Rent or Annuity, &c. being forborne 
or unpaid Nine Years, will raiſe a Stock of 344 1. 145. 94d. = 
3447395, at 6 per Cent. &c. 

Here is given A = 344, 7395, t=9, and R = 1,06; to find 2. 
per Theorem 2. 


AR = 3447395 X 1, ob = 365,42387 
— A = 34457395 


R'—1=1,689479 — 1 = 0,689479) 20,68437 (30 2 &s 


QuEesTION 3. In what Time will 30 l. Yearly Rent raiſe 4 
Stock or Amount to 344 1. 14.5. 94d. allowing 6 per Cent. for the 
Forbearance of Payments ? | 3 

Here is given u = 30, A = 344,7 395» and R = 1,06; to 
find t. per Theorem 3. 

Firſt AR +u—A = 365, 42387 +30—3447 305 50, 68437. 
And u = 30) 50, 68437 (1,689479 = K. Then 
R=1,06) 1,689479 (1,593848. And 1,06) 1, 593848 (1, 50363 
and ſo on until it become 1,06) 1,06 (1. which will be at the 
Ninth Diviſion; therefore t = 9. | 

Mm 2 Or 
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Or R = 1,689479, being ſought in the Table of Amounts for 
Years, will be found to ſtand over-againſt g Years, which is the 
Time required, 


QuesTION 4. Tf gol. per Annum, being unpaid Nine Years, 
will amount to 3441. 145. 9:d. allowing Compound Intereſt for 
every Payment as it becomes due, What muſt the Rate of Intereſt be 
per Cent. &c. | 

Here is given u = 30, A = 344,7395, and = q; to find R 
by the laſt of the Four A guations, Via. 2 R — R — 


4 


pirſt £ = n == 11,491317.: And = 10, 491317. 


u 
Hence there is this Æguation; 11,491317 R—& = 10,491317, 


Let|1|r + e = RX, and ſuppoſe r = x 
16-9]2]r7? +grie 36 r“ & = R 
1x Ein Numb. 3]11,491317 + 11, 491317 = 11, 491317 R 
2 in Numb. 4] 1,000000 + 9,000000 8 +. 36 ee = RY 
3—4|5]19,491317+2,491317e— 36ee=10,49131 
Whence|6|36ee = 2,491317e f E 
6 — 36e 7|e = o, ob, &c. 


F As may be eaſily try'd by invol- 
= 5 a 2 — 40 it, and ordering it, as the 
— O, 


A quation above directs. 


Section 2 To find the Preſent Worth of Annuities, Pen- 
ſions, or Leaſes, &c. at Compound Intereſt. 


Let P = the preſent Worth of any Annuity, or Leaſe, &c. and 
the reſt of the Letters as before. | 
Then, from what has been ſaid in Section 3. Chap. 11, about 
Purchaſing of Annuities, &c. at Simple Interęſt, it will be eaſy 
to form the like Theorems here at Compound Intereſt, viz. by Com- 
bining Theorem 1. Page 266. and Theorem 1, Page 254. into one 
Theorem. 
1 The Amount of any Yearly Rent being unpaid 
For F = 4) an Number of Years, Per Theorem 1. of 
IDE the laſt Section. Page 266. 


| The Amount of any Principal or Sum being put to 
And PR A ö Interęſt, for the ſame Number of Years. Per The- 
orem 1. Page 254. | | 


Hence 


; . r= ER 
10 5 Hence it follows, That #© R*= W P 


Viz. P R+'—PR=uR—u being the very ſame Æquation 
with that in my Compendium of Algebra, Page 112. which is there 
raiſed from the Conſideration of purchaſing Annuities, or taking of 
Leaſes, &c. to be grounded upon a Rant or Series of Geometri= 


cal Proportionals continually decreafing. Thus 5 is the Fir/t and 


Greateſt Term; R the common Ratio of all the Terms; and P is 
the Sum of all the Series. 


8 u u u . u u r. . 
t is, : = 55 5: : : , OC, — 
That is, . N Nn N NR N Th * 


until the laſt Term vi Then will ÞP — =; be the Sum of all 


the Antecedents, and? — 72 the Sum of all the Conſequents. 
Therefore it will be 


1 8 . VV 
TI Or (in the ſame Ratio) wu: —:: P = i of . 


ö , which produces P R'+' —u R— PR-—uyu As above. 
From this Zquation may be deduced the following Theorems : 


; : Theorem i 1 & = P. Theorem . „eee 1 


— 22 e 


. — py Which, being continually divided 
Theorem 3. 0 PT - PR K by R, will give t. 


Theorem 43 = _ Ri + Rf — Rr. The Reſolving of 
which Æguation will diſcover the Value of R. 


Queſtion 1. hat is 30 1. Yearly Rent, to continue Seven Years, 
worth in ready Money, allowing 6 per Cent. Compound Interęſt ta 
the Purchaſer ? | | 


Here is given « = 30. f 7. And R = 1,06 to find P. 
* 2 | 


And 30 — 19,9517 = 10,483 = « — 55 
| Then 
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Then R- 1 = 0,06) 10,0483 (167,4716=P=167 1. gs. 54, 
being the Anſwer required. 


Queſtion 2. l hat Annuity or Yearly Rent, to continue Seven 0 
Years, may be purchaſed for 1671. gs. 5 d. allowing 6 per Cent. Fo 
Compound Intereſt to the Purchaſer ? | 5 


44 In this Queſtion there is given P = 167,4716.t=9y 1 
lh And R = 1,06 to find . By the Second Theorem. 1 
| Firſt P Rx R = 251,8153 X 1,06 = 266,9242 


And — P R* = 167,4716 x 1,50363) = 251,8153 


| Then K— t = 0,50363) 15,1089 (30 1 5 - 
That is a = 30 l. the Anſwer required. * 


1 Queſtion 3. How long may one have @ Leaſe of 30 l. Yearly Rent, 
1 for 1671. 95. 5 d. allowing 6 per Cent. Compound Intereſt to the 
i Purchaſer ? 


Here is given P = 167,4716 . u = 30. And R = 1,06 te 7 2 
find r. By the Third Theorem, : ; 


F „ 


| 
Firſt P+#=167,4516+30=197,4716 : * 
And — PR = 177, 5199 1 
Then 19,95 17) 30 , 503632 R ; < 
5 
If this 1, 50363 = Re be either continnally divided by 1,06 R 1 d 
until nothing remain (As before in Page 255.) Or if it be ſought be 
in the Table of Amounts for Years, &c. it will diſcover t = 7 which 1. 
is the true Anſiber required. F. 
Queſtion 4. Suppoſe one ſhould give 167 l. gs. 5 4. for the Pur» = 
chaſe of a Penſion, or Annuity of 30 l. per Annum, to continue Seven [FR 1 
Years : At what Rate of Intereſt, per Cent. would that Purchaſe le A 
made, allowing Compound Intereſt to the Purchaſer ? | 
In this Queſtion there is given, P = 167,4716,u — 30 and 7 
12 7 to find R. Per Theorem 4 in this Æquat ion = = - £ 
R + R- Rt., which being brought into Numbers, and its Root 
extracted, as in the fourth Queſtion of the laſt Section; the Value * 
of R will be found 1, ob, and then it will be 1: 0,06 : : 100: by = 


the Rate per Cent. as was required, 


- 


- Theſe 


I. 
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Theſe Four Quęſtions include all the Varieties that can be pro- 
poſed about purchaſing Annuities or Leaſes, &c. which are to be 
either immediately enter'd upon, or in Poſſeſſion at the Time 
when the Purchaſe is made. 

But ſuch Due/tions as relate to Annuities, or a taking of Leaſes, 
&c. in Reverſion, muſt be parted or divided into two diſtin&t Queſ- 
tions, each to be ſeparately conſider'd by itſelf (See Page 252.) 
As in the following Examples : | 


i 
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Example 1. Suppoſe it were required to compute the preſent Worth 
of 75 l. Yearly Rent, which is not to commence or be enter'd upon, un- 
til Ten Years hence; and then to continue Seven Years after that Time : 
at 6 per Cent. &c. Compound Intere/t ? 


ne Firſt Work in this Qieſtion is, to find what 75 J. per Annum, 
to continue Seven Tears, is worth in ready Money; as if it were 
to be immediately enter'd upon: And to perform that, there is 
given u = 75. R = 1,06. and f = 7. to find P. as in the Firſt 
Dueſtion of this Section. 


Thus, = = 7555575, a 49,8793 And 75 — 49,8793 = 25,1207 


C If ew 


Then, R—1 = 0,06) 25,1207 = 418,6783 = 4181. 145. 63d. 


the An/wer to the Firſt Part of the Quęſtion. 
Then the next Work will be, to find what Principal or Sum 
being put out Ten Years, at 6 per Cent. &c. will amount to 4181. 


145. 634, Here is given A = 418,6783, R = 1,06, t = 10. to 


find P. Fer Theorem 2. Page 254. 


Thus R. = 1,790847) 418,6783 = 4 (233,7884 = 2331. 
15 f. 9d. the preſent Worth of 751. per Annum in Reverſion, &c. 
As was required, 


Example 2. Nhat Annuity or Yearly Rent, ts be enter'd upon 
Ten Years hence, and then to continue Seven Years, may be purchaſed 


for 2331. 155. 9d. Ready Money, at 6 per Cent. &c. Compound 


Intereſt ? 


In the 1ſt Work of this Oueſtion there is given, P 233,7884 
R = 1,06. And t = 10 (the Time which the Annuity is not to be 
enter d upon) to find A. Per Theorem 1. Page 254. 


Thus, P R = 233, 7884 „ 1, 790847 = 418,6783 = A the 
2 | 


Amount 


— 
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Amount of 2331. 15 5. 94d. put to Intere/t Ten Years, at 6 per 
Cent. &c. Then, for the Second Work of the Queſlion, there is 
given P = 418,6783. R= 1,06 . And f = 7 (the Time that 
the Annuity is to be enjoy'd) to find u. Per Theorem 2. of this 
Section. 

Thus P R'XR = 418,6783X1,50363Xx 1.06 = 667,3095 

PR 418, 67831, 50363 = 62,5372 
R —1=0.50363) 37723075 

That is, « = 751. the Yearly Rent = by * San, 

Theſe Two Examples of finding P and u do fully ſhew the Me. 
thod that muſt be uſed in Reſolving the two General, and indeed, 
the moſt uſeful Quęſtions about Annuities or Leaſes in Reverſun : 7 
And if there be Occaſion, either the Rate, or the Time, viz. Rot 
t, may be found by a due Application of their reſpective Theorem. 


0 
| 
FF! 
| 
\ 

: 


Note, That which hath been done in the two laſt Sections about An- 
nuities or Yearly Rents, &c. at 6 per Cent. may alſo be done for any 


Rate of Intereſt, by applying the Difference of the Rates (viz. x.) A. 1 
directed in the Firſt Section MH this Chapter, "4 


Now becauſe that Rents and Annuities, &c. are uſually paid ei- 
ther by Quarterly or Half Yearly Payments, and the Method of com- . 
puting them by the Pen may be thought a little troubleſome; 1 


have inſerted the following Tables of the Amounts of 1 J. for each, 
at 6 per Cent. 


— 


Quar- 


| — Annuities of wh Annuities of MT | Annuities of | 1 
—= 14 at 6 per iT. at 6 per III. at 6 pr} Bl 
U * Cent. Com U 2 Cent. Com- l * Cent, Com- 
38 [pound Intereſt. |* g pound Intereſt. pound Intereſt. | 
| * © | | * = 
1 | 1,0295630141 11 |1,3777875592 21 | 1,8437905523 5 
| 2 | 1,06 12 [1,4185191122 | 22,8982 5583 | 
1 3]1,0613367949 | 13 |1,4604548127 | 23 |1,9544179*53 | Wil 
4 | 1,1236 141, 5036302590 242, 0121964718 
| 5 [1,1568170026 I5 [1,5480521017 25 [2,7 16530644 = 
6 | 1,191016 16 | 1,5938430745 262, 1329282601 $ 
| 71, 2262260228 17 1, 6409670276 27 2, 1959840483 8 
| 8 1, 26247696 18 | 1,06894789;89 28 2, 2609039557 5 
9 | 1,2997995842 | 19] 1,7394250493 | 29 2,3277439 | Wi 
10 | 1,3382255776.| 20 | 1,7908470905 30 2, 3965 581001 | 


OW Ow & 


4 
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ompound Jntereſt, &c. 


*73 


Quarterly Amounts. 


leg v 


2 


Jo $4244end 


1 


. 


Amounts of 11. 
at 6 per Cent, 
&c. Compound 
Intereſt. 


1,0146738461 
1,0295030141 
1,0440700634 
1,06 


1,0755542769 


— 


1,09 13367949 
151073509032 
1,1236 


1, 1400875335 


1,1568 170026 


11737919574 
1191016 

1, 2084927856 
12262260228 


12442194748 


— 


— 


1,28 10023527 


1,2997995 542 
1,3188720433 


| 1,3382255776 


I 262476906 


Amounts of 1/. 
at 6 per Cent, 
&c, Compound 
Intereſt. 


— 


1,3578024935 
„3777875592 
13980050019 
154185191122 


154393342435 


1,4604548 127 
15481885 3020 
1, 50363025 90 
1,5250942978 
1,5480821017 


1,5707984 203 
1,5938480745 
1,0172359557 
1,0409670276 
1,6650463253 


1,8947895 89 
„7142701133 
1,7 394250493 
„7649491048 
1, 7908476905 


| 


Amounts of 1/. 
at 6 per Cent. 
&c. Compound 
Intereſt, 


1,8$171263199 
1, 3437995523 
1,87084605cg 
„8982988583 
La 


159544179853 


| 1,95 30905140 


2,0121904718 


2,0417231330 | - 


2,07108 30644 


2,10208202 28 
2,1329282001 
2,1642265211 


2, 1959840483 


2,2282075 801 


2, 2009039557 
2, 2940801123 
23277430912 
2, 3619000349 
2,3905 58 1931 


| 


| 


Either of theſe Tables may alſo be made uſeful for any propoſe 


Rate of Intereſt ; 
Rate = x, &c. 
As for Inſtance, ſuppoſe any of the aforeſaid 


: 
by making the + or ; of the Difference of the 


Dueſtions about 


Annuities or Rents, &c, were to be computed at 8 per Cent. per Ann. 

Then 1,08 — 1,06 = 0,02 = x for Yearly Payments; as before. 
Conſequently 2) 0,02 (0,01 = x for Half Year's Payments. 
Or 4) 0,02 (0,005 = x for Quarterly Payments. 

Now theſe Values of x, although they are not really true, yet 
they may ſerve indifferently well for ſmall Rents ; as I have alrea- 
dy ſaid, Page 265. But if you would work exactly; 


Then VV 1,08 = 1, 0392304845, &c. 
— v/ 1,06 = 1,0295680141, Vide Table, Page 272. 


by 


n 


Difference = 0,0096624704 = x for Half Yearly Payments. 
| N 


And 


a 
». 


——— —— — —— — CE — —— = 
5 2 — 
— , ” 1 22 T — Sad. — 
5 1 oh — ” — * — - ©. 
Gr ids - 27 5 - L * 7 . . 2. Ca" * 2 3 — 
- * — — * 
— . ay S „ * o - = =. bs 4 — > Þ — 
w 4 . —— "oa. P — * * 1 — 
> & — — — 


— — — n — 3 
1 — - . — 


M 
A 


1 
3 


A; Wy 1,08 = 13 Ke. 
— v 1, 06 = 1,01467 38401. See the Laſt Table. 


Their Difference 0,0047 52463 1 x, for Quarterly Payments, 


Theſe are the true Values of x, which being involved with their 
reſpective Amounts (as before for Years, &c.) according as the 
r requires, the Reſult will be the 44 at 8 per Cent. 

The like may be done for any other 
2 7 than 6. 

Now, although the Method uſed here (and in Page 257 and 
2.58, &c.) be really true (by which the Tables calculated only for 
6 per Cent. are made effectual for all Rates of Compound Intereſt) 
yet it was rather propos'd to ſhew what may poſſibly be perform- 
ed by the Pen, without a great many Tables of ſeveral Rates, than 
intended for common Practice. 

For it muſt needs be confeſs'd, that Tables, calculated on Pur- 
poſe for any deſigned Rate of Intereſt, are much more ready and 
uſeful in common Practice. And therefore ſince the Legiſlative 
Power hath thought fit to reduce the Rate of Interęſt, and hath 
ſettled it by an Act of Parliament, at 5 per Cent. I've therefore 
been at the Trouble (which was not à little) to calculate the 
following Tables for that Rate; but don't think it convenient ta 
take the Tables at 6 per Cent. out of the Book, becauſe the Ex- 
amples are all ſuited to them ; and not only ſo, but they may be 
found uſeful in the taking of Leaſes for Houſes, &c. For in thoſe 
Caſes, the Purchaſer is allowed more Intereft for his purchaſe Mo- 
ney, than the common Kate paid upon the Loan of Money, 


te, either Greater 
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: "TS 7 
Here follow New Tables of the Amounts of one Pound at the 
Rate of 5 per Cent. per Annum Compound Intereſt. For Years, 
Half Years, Quarters, Months, and Days. 


ts, = PORN , * 82 
; 4 I. The Table of the Yearly Amounts of 1 1. &c. 
elr 3 | © | 
= The The The -- 
* | # || 5 Amounts of | : Amounts of | J Amounts of 
mt, = {>2 11. &c. 11 &c. >2| 17, &c. 
en 5 | | : 
——1— —ͤ—e— — — e 
nd = | nt,og=R 14 97993160 27 | 373345632 
I 2|1,1025=RR 15|2,07892818 28 | 3,920120914. 
1 5 1-157625=n | = ———| 246722 
1 = | 4] 1,21550625 16] 2,18287459 30 4·32194239 
n- N N 1,2762815 1712, 29201832 — 
an = [— — 18] 2,40661923 31 | 4:53803949 | 
1 6]1,34009564 19 12328853 32476494147 
ir- = |} 7] 140710042 | 201205329770 33 | 5-90318354 
nd 6 8$[1,47745544 — 34 | 5525334797 | 
I 911,55 132822 211 2,7859625 35 5,1601536 
we . 10] 1,62889463 22| 2,92526072 — — 
- b — — — 23] 3-07152375 365.7918 1613 
re J 11]1,71033936 | 24] 3422509994 37 | 0,08 140694 | 
he 14 12[1,79585033 25| 3-38035494 38 |6,38547729 } 
ta 1 13] 1,88564914 | 26] 3,55567269 39 | 6,70475115 
x. = CE Dl EE Rho — — 
be — — —— — | 
e II. The Table of the Half Yearly Amounts of 1 1. &c. | 
og "1 — The | 5 The ＋ The 
"0 E] Amounts of IS Amounts of E Amounts of 
- > = 14, &c. | > <| 14, &c. > <| 1/7. &c. 
* * w 81 
. EEPTF ITE wk 
, 1 | 1,02469507 11|1,3077994 3 21 | 1,66912030 
3 --.: 8} L206 1211, 34009564 1 221,½1033936 
: 3 | 1,07592983 13]1,37318940 23 1,75257032 þ 
F 4 | 1, 1025 14 | 1,407 10042 24 | 1,79585633 | 
1 5 | 1,12972632 15 11,44184887 | 25| 1,84020513 f 
1 —— — ————_———— — — — — — — —1 
12 61,5762; 16]1,47745544 261,88 564914 
bf 7 | 1,18621264 17] 1,51394132 27 | 1,93221539 | 
8 81, 215506251 181,55 132822 28 1,97993160 | 
| 9] 124552327 ig] 1,58963838 | 29| 2,02882016 
] 10|1,27628156 | 20|1,62889463 30] 2,7892818 


—  y————__p—— — — 
Nn 2 III. The 


1 


Part II. 


— 


III. The er of the — — of 1 J. &c. 


3 00 3 22 — 


„ ww 
Wo N ww 


| Ja — 
22 


* . ths. ca * 2 


[he 
Amounts of 
1 J. &c. 


1,01227223 
1,22409;07 
1,03727037 
1,05 

106288585 


1507592983 
108913389 
151025 
111603014 
1512972632 
1514359059 
1157625 
117183164 
1518621264 
1520077012 


1,2158062 ß 
123042323 


1524552327 
1526080862 


127628156 


| £ 


The 
Amounts of 
ti. &e. 


1,291944 39 
1,3077994 3 
1,32384905 
1,34009564 
1,35654161 


1,37318940 
I, 39004151 
1,407 10042 
1,4243Þ80g 
1,44184387 


1,45954358 
1,47745544 
1,49558712 
1,51394132 

1,53252070 


1,66132822 
1,57036048 
1,58963838 
1,6091 4680 


1,02889463 


— 


The 
Amounts of 


11. &c. 


1,0488848c | 
1,66912031 
I „6896041 4 
1,71033930 
l 7 3132904 


175257632 
1577408435 
179585633 
1,8 1789549 
1, 84020513 


1586278856 
188564914 
1, 90879027 
193221539 
195592799 


1,9799316c 
,004 2297 
202082816 


2,05372439 
2,07892818 


A n 
- 


2 — 


IV. The Table of the — — of 1 /. &e. 


The 
Amounts of 
11. &C. 


— 


1500407412 


1,008 16485 


1,1639636 


The 
Amounts of 
1 J. &c. 


1,0205 3728 
1,2409507 
1502886981 
1,0330615 5 


The 
Amounts of 
1 /. &c. 


1,03727037 


1,041 49034 


504573953 


1205 


NOTE : The Amount of one Pound, for one Day, is 


1,0001330807225, Wc, (found as that in Page 260) but in the 
following Table, I take only Nine of thoſe Figures, as being ſuf- 
ficient in Practice, for computing the Interęſt of any Sum not ex- 
cceding Ong Hundred Millions of Pounds, ©. 


V. The 


— 


— 
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v. The Table of the Daily Aim of 1 K. 


| | ww 11 gw 1-1: Tv" - 
7 — Amounts of >= Amounts of >= | Amounts of | 
=_ 1 J. &c. l 11. &c. l 1]. &c. 
ct Fall 1,00013368 | | 36 ;,00482376 71 | 1,00953587 
1 2 100026738 371, oo4958 10 721, 0967082 
4 + 1,00040109 38 | 1,00509245 73 | 1,00980579 
6 1 1,0005 3483 391, 05 22681 74 | 1,00994079 
4 1 1,0066858 40 | 1, 05 36119 751, 01007579 
2 105 1,00080235 411, 0549558 76 | 1,01021083 
5 pg 1,0009361 4. 42 1, 0563000 77 | 1,01034587 
3 8 1,0 106994 43 | 1, 00576443 781, 01048093 
9 <8 1,00120377 44 | 1,00589888 79 | 1,01c61602 
3 8 1,00133701 45 | 1,00603335 80 | 1,01075112 
6 14 100147147 46 | 1, 00616784 81 | 1,01088623 
4 * 1,001605 35 47 | 1,00630234 82 | 1,01102137 | 
7 4 1,0017 3924. + 48 | 1,0064 3687 83 | 1,01115652 
g EI 1,00187315 49 | 1,00057141 84 | 1,01129169 
9 1 1,0200708 50 1, 0670597 85 1,0142688 
0 | Py 1,00214103 51 | 1,00684055 86 |] 1,01156209 
8| 8 17 | 1,00227500 52 | 1,00697514 87 | 1,01169732 
6 ig 18 | 1,00240899 53 | 1,00710975 88 | 1,01183256 | 
oJ * 19 | 1,00254299 54 | 100724438 89 | 1,01196783 
8 . 20 1, 00267701 551, 00737903 go | 1,01210311 
£4 . 21 | 1,0281105 56 | 1,00751370 g1 | 1,91223841, 
4 1,00294510 571, 0764839 92 1,01237372 
— ; 1,00307918 58 | 1,00778309 93 | 1,01250g06 | 
1,00321327 59 | 1,00791781 04 | 1,01264441 
F 1,003347 38 bo | 1, 0805255 95 | 1,01277978 
1,00348151 61 | 1,008 18731 96 | 1,01291517 
1,00361565 62 | 1, 08 32208 97 | 1,01305058 
| 1,00374982 63 | 1,00845687 98 | 1,01318600 
1,90388400 64 | 1,00859168 99 | 1,01332145 
| 1,00401820 65 1,00872651 | |] 100 | 1,01345691 
— 1,0041 5242 66 | 1,008861 36 101 | 1,01359239 
Ig 1,00428665 67 | 1,00899623 102 | 1,01372788 
je 1, 00442091 68 | 1,00913111 103 | 1,01386340 
f. 1,0045518 69 1, 0926601 104 1, 01399893 
3 1,00408947 70 | 1,00949093 105 | 1,01413448 
6 Days 


R 


Pays 


7 — 9 wont — 
Algebra. Part 11, C 
The | S&| The | & | The « 
Amounts of >= | Amounts of >< | Amounts off J. 
17. &c. I} 11. &c. U 1 J. &c. 1 
106 1,0427005 146 | 1,01970775 186 | 1,02517459 
1,014405064 147 | 1,01984406 187 | 1,02531164 | 
1,01454125] [148 1,1998039 188 1,0254487 
1,01467687 | J 149 1,2011675 189 | 1,02558578 
I,01481252 150 | 1,02025312 yo") 1,02572288 
| 1,91494818 | 151 | 1,020538930] | 191 | 1,02586000 
1,01508386 | |} 152 | 1,02052591] J 192 | 1,02599714 
1,0152195 1531, 2056234] | 193 | 1,02613430 
| 1,01535527 154 | 1,02079878 194 | 1,02627147 
1,01549100 1551, 2093524] J 195 | 1,02640866 
1,01562675 156 1, 02107172] | 196 | 1,02654588 
| 1,91570252 157 | 1,02120822 197 | 1,02068310 
1,0158983 158 1,2134473 198 | 1,02682015 
1,91603412 159 | 1,02148127 | 199 1,2695762 
1,01610994 | { 160 |] 1,02161782z | 200 | 1,02709490 
1,01630578 161 | 1,02175439 201 | 1,02723221 
1501644164 162 1, 2189098 202 [, 02736953 
1501657782 1163 1, 02202758 2031, 2750686 
1,0 1671349 164 1, 22164211 J 204 | 1,02764422 
1,01684933 165 1, 2230089 205 1, 02778 160 
1,1698527] | 166 | 1,02243751 206 1,92791899 
| I,01712122 167 | 1,92257419 | 207 | 1,02805640 
1,01725719 168 OART 1009 208 | 1,02819384 
1,01739317 | J 169 | 1,02284761 aog | 1,02833129 
1,01752918 170 | 1,022984 34 210 | 1,02846875 
1,017665 21 1171 | 1,02312109 211 | 1,02860624 
| 1,01780125 j 172 102325787 2121, 02874375 
1501793731 173 1, 02339466 2131, 02888127 
101807338 117411, 02353147 2141, 02901881 
| 1,01820948 | | 175 1,2366829 215 | 1,92915637 
1 2 Rf Ne 
| 1,01834559 | {| 176 | 1,02380514 216 | 1,02929395 
1,01848173 177 | 1,02 39420 217 | 1,02943154 
1,01861788 | 178 | 1,02407888 218 | 1,02956916 
1,01875405 | 179 | 1,02421578 219 1,2970679 
101889024 180 | 1,02435270] | 2201, 02984445 
1,0902644 1811, 02448964 2211, 02998212 
11,01916267 182 1, 02462659 2221, 03011980 
| 1,01929891 183 | 1,02476356 223 | 1,0302751 
| 191943517. 184 | 1,02490035'} | 224 | 1,03939324 
1,01957145 | 185 | 1,02503756 } 225 | 1,03053298 


— 
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ml, 1 
C. 4 45 
— 25 >= , The 
5 un 
19% 4 1 i /, 3 — A The 
8-0 Þ # | 7:5] 1,030 ; rr 
578 / : 227 1,03007074 Þy 11. hay _ "Th 
0 * 1 0 71422 l Amounts of 
— pt 22 4 | 2 - I e 
200 x _ | e 268 103633488 306 11. &e. 
Fg i N be, | 269 1403047 342 307 704175765 | 
Ol WERE: 4 
* I = , 
| be 233 93145770 1 5055 | 310 7. 
8 | | 234 1,03 3559 272 2 1— 1043 
88 oF 235 | 1,0 177350 273 3 370277 311 4 
10 4 * 3191143 274 o hes 312 1, 042448 wy 
15 0 236 | 1,032 =—y 275 122225 | 31 1,4258 10 
— F 4 155 7 2 314 (,04272683 
ai 7. 2 3232 142 1,03 31511 22 
„ —— 1,03246333 8 163732109 ho" 204300563 
$3 © [an 203200035 279 1,0578598: 317 1,04314506 
86 5 41 | 1,032 280 * 3799856 318 3 4s 6 
1 = wet (Lys bt Pont ed j 3" 104342397 
60 2 4 * 1 281 1.0 | *. 1 
2 1 44 1,03 1552 282 22 — —— 
9990 245| 1,0 52895. 283 | 1, 384148 moped Bape —— 
bi "mn 1423329173 284 103856371 | 322 1,0438424 N 
y . 4 033429 E. 105 09254 323 15433753 
29 3 47 1,03 986 aa gal N 388313 32 104412 53 
75 7 * Ges | 286 1,038, A — 1 2815 
— 1 A 249 | 1,0 370617 287 3897027 | BOY 1,044 117 
24 j En | 03904430 | 288 „0391 / | 326 | 40077 
75 49 « 3398157 | | 289 22 15 327 1,04454038 
| 251 | 1.0341 74 1.59 1,93938699 326 0440800 
1 Eo 5211,03 2079 — 1,0395259 32 1,04481 2 
7 1 12207 e | 291 | 1,0 L 3 29 907 | 
Gi M 54 | 103 39729 29 5 3966491 at 1 
5 1 4 1,03467387 1 9 1 293 03980389 | 331 903 
4 . + EF 7387 1 294 1,0399428 1,0452 2 
6 = 256 2 1,0400 9 | 332 | , 3874 
4 1,03 81 9511 819 3 150453 8 
9 | 257 4 1218 10 5040 . 3311 7847 
f 1831825 ary 2209 33 2045518 
2 4 4 10 8451 1229 1,0, — 3 1198455 — 
_ 4 591,0 887 297 "y 4036co1 b. 1504 5798 
| wy 1 298 | 1,0400 31 | 33 2 
0 : 2 | 26 3530563 | 299 88 3 1,04593 POPE 
i | i | 1,0 299 | 1:9407772 i 757 
? 262 3550 3004 3,9 729 338 77 
4 26 1, 03 8 404 | 40916 | | 1,0402 39 
8 : 311,0 504247 | 301 en | 339] 1-0 6 17234 
| 4 | 204 »03578 1,0410 | 340 4035709 | 
— g 0 091 3021 5557 —— 1,046 
75 | 265 I 0309578 A 5041 MR z 49697 | 
| — 3 41. 304 9041333 , tl 1,0466 
r 547 4776 
* 5 1 5 | | 343 [104677678 | 
| 36| | 345 110479566 
—— 4 8 | 
Days 


| 


— 


Algebra. 


Part 11, 


_— hy 
_ —— —————— — 
— = — 


— — 


vs 
*1 
[ 
| 
1 
"7. 
| : 
= 
3 : 
: 


The 
Amounts of 
1 J. Ec. 


l ,04733663 
1,04747004 
1,04761666 
1,04775671 
1,047 89077 
1,04803686 
1,04817696 


— 


The 
Amounts of 
1 J. &c. 


— f 


1,048 31708 
1504845722 
1, 48 59738 
1,0483756 
1, 04887775 
104901797 


1, 04915820 


The 
Amounts of 
1 J. &c. 
— 
1,0492984 
1,04943872 
1504957901 
1,0497932 
1,4985965 


1504999999 
1,05 | 


[ 

| 

| 

| 
i 

| 


— 
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Sir William Petty, in his Diſcourſe made before th 
Anno 1674) concerning the Uſe of DupLicaTE PRoPOR TION, 
in the Life of Man and its Duration, ſaith, that it's found by Expe- 
rience there are more Perſons living of between 16 and 26 Tear 
Old, than of any other Age or Decade of Years in the whole Life of 

Man (viz. 70 or 80 Years.) His Reaſon for that Aſſertion I ſpall 
omit ; but ſuppoling it true, he thence infers, that the Roots of every 
Number of Mens Ages under 16 (whoſe Root is 4) compared with 
the ſaid Number 4, doth ſhew the Proportion of the Likelihood of 
ſuch Mens reaching the Age of 70 Years. 

As for Example, tis 4 Times more likely, that one of 16 Years 
Old ſhould live to 70, than a New-born Babe Tis 
likely, that one of g Years Old ſhould attain the Age of 70, than 
the ſaid Infant, &c. 

On the other Hand, *tis 5 to 4, that one of 25 Wars Old will die 
before one of 16: And 6 to 5, that one of 36 will die before one 
of 25. And ſo on according to the Roots of any other declining 

Age, compared with the (4,6) the Root of 21, which is the Year of 
Perfection according to the Senſe of our Law, and the Age for 
whole Life a Leaſe is moſt valuable, 


I think it is needleſs to ſay any Thing of the Uſe of theſe Table, 
becauſe I take it for granted, that whoever underſtands the Work 
of the foregoing Examples, at 6 per Cent. cannot but know how to 
make Uſe of theſe Tables at 5 per Cent. as Occaſion requires. 

Thus far concerning Annuities, or Leaſes, &c. that are limited 
by any aſſigned Time; and *tis only ſuch that can be computed by 
Theorems or certain Rules. However, it may not perhaps be unac- 
ceptable, to inſert a brief Account of ſome E/timates that have been 
reaſonably made, by two very ingenious Per ſons, about the Propor- 
tion or Difference of Mens Lives, according to their ſeveral Ages; 
which may be of good Uſe in computing the Values of Annuities, 
or taking of Leaſes for Lives, &c, 


e Royal Society 


Times more 


2. The 
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Chap. 12. Of Compound Intereſt, &c. 

2. The ingenious and great Mathematician, Doctor Edmund Halley . 
{in Philoſeph. Tranſact. Numb. 196) doth, with great Induſtry and 
Skill, draw an E/timate of the Proportion of Mens Lives, from the 
Monthly Tables of the Births and Funerals in Breflaw, the Capital 
City of the Province of Sileſia; or, as the Germans call it, Schleſig. 
Whence he proves that it's 80 to 1, a Perſon of 25 Years Old will 
not die in a Year That it is 55 to 1, that a Man of 40 will live 7 
Years : That a Man of 30 Years Old may reaſonably expect to live 
27 or 28 Years, &c. 

Now from theſe and the like Proportions (he juſtly infers) that 
the Price of Inſurance upon Lives ought to be regulated, there be- 
ing a great Difference between the Life of a Man of 20, and one 
of 50. For Example: Tis 100 to 1, that a Man of 20 dies not 
in a Year, and but 38 to 1, for a Man of 50 Years of e. And 
upon theſe alſo depends the Valuation of Annuities for Lives; for 
it is plain, that the Purchaſer ought to pay only ſuch a Part of 
the Value of any Annuity, as he hath Chances that he is living. 

And for that Purpoſe he hath taken the Pains (which was not 
a little) to compute the following Table (that ſhews the Value of 
Annuities) for every Fifth Year of Age to the oth. 


— 


| Age [Year's Purchaſe.| Age [Year's Purchaſe.) Age [Year's Purchaſe. 
I 10,28 | 25 12,27 50 9,21 
5 13, 40 30 11,72 55 8,51 
101 13,44 35 11,12 60 7,00 
15 13,33 40 10,57, 65 6,54 
| 20 12,78 45 9,91 70 532 


— 


The ſame ingenious Gentleman proceeds on, and ſhews how to 


_ e/limate or find the Value of Two Lives, and then of Three Lives, 


which being too long a Diſcourſe to be recited here, I have, for 
Brevity's Sake, omitted it; and ſhall only add this ſerious Obſer- 
vation, 

Fiz. How unjuſtly we repine at the Shortneſs of our Lives, and 
think ourſelves wrong'd if we attain not to Old Age; whereas it 
appears, that the One Half of thoſe, that are BoRN, die in Seven- 
teen Years Time, For by the aforeſaid Bills of Mortality at Bre/law, 
It was found, that 1238 were in that Time reduced to 616. So 
that, inſtead of murmuring at what we call a Short Life, we ought 
to account it as a great Bleſſing that we have ſurviv'd, perhaps by 
many Years, that Period of Life whereat the one Half of the whole 
Race of Mankind does not arrive. 
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Se. 4. Of Purchaſing Fzeevhold, or Real Eſtates; at 
Compound Intereſt. 


All Free-hold or Real Eflates, are ſuppoſed to be purchaſed or | 3 
bought to continue for ever (viz. without any limited Time) ; there. | 


fore the Buſineſs of computing the true Value of ſuch Eflates is 


grounded upon a Rank or Series of Geometrical Proportions continually 
decreaſing, ad Infinitum, 


Thus, let P, u, R, denote the ſame Data as in the 
lat Section. Then the Series will be, Ss , and 
ſo on in — until the laſt Term = o. Then will P— © (viz, 
P) be the ſum of all the Antecedents, And P — I will be ihe Sun 


of all the Conſequents; therefore it will be « : _ + FEE 


which produces PR —u = P. 
This Equation affords the following Theorems. 


Theorem 1. P R — = u. Theorem 2. 17 1 


Pu _ 
Theorem 3. , 7 — 
Example. Suppoſe a Free- hold Eſtate of 75 l. Vearly Rent wert 


to be ſold; what is it worth, allowing the Buyer 6 per Cent. &c. Com- 
pound Intereſt for his Money ® 


In this Queſtion there is given 2 = 75. R = 1,c6 to find P. 
Per Theorem 2. Thus R— 1 = 0,006) 75 = u (1250 J. P. 
the Anſwer required. And fo on for any of the reſt, as Occaſion 


requires. But if the Rent is to be paid, either by 2uarterly ot 
Half Yearly Payments ; 


Then R= V 1,06 for Half Nearly 
And RS Y: 1,06 for Quarterly © Payments at & per Cont. 


R = 1,08 for Yearly 
Or R = Y 1,08 for Half ; Payments at 8 per Cent. 
RV: V1, o8 for Duarterly 


The like is to be underſtood for any other propoſed Rate of In- 
tereſt, either greater or leſs than 6 per Cent. 
The Application of theſe Theorems to Practice is ſo very eaſy, 
that it's needleſs to inſers more Examples. 1 
| A 
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Mathematicks. 


PAR T III. 
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Of Geometrical Definitions, &c. 
Sect. 1. Of Lines and Angles. 


PoinT hath no Parts: That is, a Geometrical Point is 
not any Quantity, but only an aſſignable Place in any 
Quantity, denoted by a Point: As : F 5 
at A. and B. p - 

Such a Place may be conceived ſo infinitely ſmall, as to be woid of 
Length, Breadth, and Thickneſs; and therefore a Point may be ſaid 
to have no Parts, | 

2. A LINE is called a Quantity of one Dimenſion, becauſe it 
may have any ſuppoſed Length, but no Breadth nor Thickneſs, 
being made or repreſented to the Eye, by the Motion of a 
Paint. 

That is, if the Point at A, be moved (upon the ſame Plane) to 
the Point at B, it will deſcribe a Line either right or circular (viz, 
crooked) according to its Motion. | 

Therefore the Ends or Limits of a Line are Points. 

3. A RIGHT LINE, is that Line which lieth even or fraight 
betwixt thoſe Points that limit its Length, being the ſhorteſt Line 
that can be drawn between any Two A . B 
Points, As the Line A B. OS. | x 
Therefore, between any two Points, there can lie or be drawn but one 


right Tine. 
O02 4. A 
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4. A CIRCULAR, created or OBLIQUE Line, is that which 
lies beoding between thoſe Points 


which limit its Length, as the Lines | 55 
CD or FG, &c. 4 
Of theſe Kinds of Lines there are 


| D 
variaus Sorts ; but thoje of the Circle, F Fe, SY ago, TH G 


bu 
Parabola, Ellipfis, and Hyper bola | "= of 
are of moſt general Uſe in Geometry j of which a particular Account ſhall W th 
be given further on, an 
= to 
5. PARALLEL LINES, are thoſe 4 75 
that lie equally diſtant from one another = © —3 a Z 
in all their Parts, viz, ſuch Lines as be- — ot 
ing ixfinitely extended (upon the ſame 9 2 
Plane) will never meet: As the Lines C. „55 14 
AB and ab: or CD and cd. c 4 * 
6. LI NES not PARALLEL, but INCLINING (viz. leaning) one 5 
towards another, whether they are : > 
Right Lines, or Circular Lines, will 5 i t 
(if they are extended) meet and make Fog 4 
an Angle; the Point where they * 
meet is called the Angular Point, as 5 
at A. And according as ſuch Lines A 
ſtand, nearer or further off each o- * 
ther, the Angle is faid to be leſſer or 3 
greater, whether the Lines that in- SY 
clude the Angle be long or ſhort, That = & 


is, the Lines A d and A f include | C | 74 
the ſame Angle as A B and AC doth; notwithſtanding that A B is 5 
longer than A d, &c. 


7. All Ax oL Es including between Right Lines are called Right- 
lin'd Angles ; and thoſe included between Circular Lines are called 
Spherical Angles. But all Angles, whether Right-lin'd or Spherical, 
fall under one of theſe Three Denaminations. 


A Right Angle. 


7 18. J An Obtuſe Angle. 
An Acute Angle. 


8. A RicaT-ANGLE is that which is included betwixt Tus 
Lines, that meet one another Perpendicularh. That 


| 


d 


> 


= Chap. 1. 


That is, when a Right Line, as 
X DC, meets with another Right- D 


= of it equal, as at x, x; then are 


—— —— —_ —— 
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Line, as A B, ſo directly us that 
it neither inclines nor declines to 
one Side more than the other, 
but make the Angles on both Sides 


thoſe Angles called Right. Angles; A Canons 
and the Lines ſo meeting are ſaid | 2 
to be Perpendicular to each other. 

That is, A C, and C B, are Perpendicular to D C, as well as 
D, C is to either or both of them. 


9. An OpTvsz ANGLE is that which is greater than a Right 
Angle. Such is the Angle inclu- | 
ded between the Lines AC and B 


CB. EO 


10. An Acute AxcIE is A— 7 
that which is 1% than a Right 
Angle: As the Angle included between the Lines CBand CD. 


Theſe Two Angles are generally called OB LIE Angles. 


See. 2. Of a Circle, &c. 


Before a Circle and its Parts are defined, it will be convenient ta 
give a brief Account of Super ficies in general. 

1. A SUPERFICIES or SURFACE is the Upper, or very Out- ſide 
of any viſible Thing. But by Super ficies in GEOMETRY, is meant 
ay ſo much of the Out-fide of any Thing as is inclaſed within 
a Line or Lines, according to the Form or Figure of the Thing 
deſegned; and it is produced or formed by the Motion of a Line, as a 
Line is deſcribed by the Motion of a Point; thus: 

Suppoſe the Line 4 B were 


equally moved (upon the ſame Plane) A == B 
to C; then will the Points at A = 
and B deſcribe the two Lins AC C — D 


and B D; and by fo doing they | 

will form (and incloſe) the Sup RRTIcIES or Figure A B CD, be- 

ing a Quantity of Two Dimenſjons, viz. it hath Length and Breadth, 

but not Thickneſs, Conſequently the Bounds or Limits of a Super- 

Acies are Lings. e | 
| Note, 
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N ote, The 5 8 of « any Fw, 16 uſually called its AREA: 


2. A CIRCLE is a plain regular Ejzure, whoſe Area is bounded 
or limited by one continued Line, called the CI RcUuMFERRNCE 
or PERIPHERY of the Circle, which may be thus deſcribed or 
drawn, 

Suppoſe a Right Line, as CB, to have one ef its Extream 
Points, as C, ſo fix'd upon. any Plane, as that 
the other Point at B may mode about it; then 
if the Point at B be moved round about (upon the 
fame Plane ) it will deſcribe a Line equally diſtant 
in all its Parts from the Point C, which will 
be the Circumference or Periphery of that Circle ; 
the Point C will be its CENTER, and the con- 
tained Space will be its Area, and the Right Line C B, by which the 
Circle is thus deſcribed, is called RApivus, 


Conſectary. 


From hence "tis evident, that an infinite Number of Right Lines 
may be drawn from the Center of any Circle to touch its Periphery, 
which will be all equal to one another, becauſe they are all Radiuss. 
And with a little Confideration it will be eaſy to conceiuve, that no 
more than two equal Right Lines can be drawn from any Point with- 
in a Circle to touch its Periphery, but from the Center only, (g. 
e. 

c CIRCLEs are thoſe which have equal Radius's ; 
for it's plain by the laſt Definition, that one and the ſame Ra- 
dius (as C B) muſt needs deſcribe equal Ns how many ſoever 
they are. 


4. The Diameter of a Circle, is ttibiæ 
vs Radius joined into one Right Line 
as AB drawn through the: Center C, 
and ending at the Periphery on each 


mz 
Side. 8 | 


That is the Diameter divides the Cir- 
cle into Two equal Parts. 


5. A Semicircle (viz, Half a Circle ) is a Figure included between 

” 2 and Half the N cut * by the Diameter; as 
D 

6.A 
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6. A QUADRANT is Half a Semicircle, viz, one Quarter of a 
Circle; and 'tis made by the Radius 
(as D C) flanding Perpendicular upon 


D 
the Diameter at the Center C, cutting 
the Periphery of the Semicircle in the | 
Middle, as at D. Therefore a Qua- 
drant, or half the Semicircle, is the A . 8 
Meaſure of a Right Angle. P/ 
news 


7. A CroRD Line, or the Sublenſe 
of an Arch, is any Right Line that cuts 
the Circle into Two unequal Parts, as the Line SG; and is always 
leſs than the Diameter, 


8. A SEGMENT of a Circle, is a Figure included betwixt the 
Chord and that Arch of the Periphery which is cut off by the 


Chord: And it may either be greater or /eſs than a Semicircle; as the 
Figure S DG, or S MG. 


9. A SECTOR is a Figure included between Two Radius's of the 
Circle, and that Arch of its Periphery * 
where they touch, as the Figure A CB. 

And the Arch AB is the Meaſure of the 7% 
Angle at C, included betwixt the Radius's 
ACand BC, C 


B 
! 
D / K 
Note, All Angles of Sectors are called An- fa 
gles at the Center of a Circle. G5 


10. An ANGLE in the Segment of a Circle is that which is in- 
cluded between Two Chords that flow from one and the ſame Point 
in the Periphery, as at D, and meet with the Ends of another Chord 
Line, as at F and G. 

That is, the Angles at D, at F and at G, are called Angles at 
the Periphery, or Angles ſianding on the Segment of a Circle. 


' 


Sect. 3. Of TRIANGLES, 


There are two Kinds of Triangles, viz. Plain and Spherical; but 
1 ſhall not give any Definition of the Spherical, becauſe they more im- 
mediately relate to Aſtronomy. 

I. A PAIN TRIANGLE is a Figure whoſe Area is contained 
within the Limits of Three Right Lines called Sides, including Three 
Angles : And it may be divided, and takes its Name, either accord - 
ing to its Sides or Angles, 

; Is By 


the Third Triangle H K M. 


| Its Angles Acute, and it's called an Oxygonium Triangle; ſuch ate 


he. 
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1. By its SIDES, 


2. An EQUILATERAL TRIANGLE IS 
that which hath all its T hree Sides equal; as 
the Figure A B C. 


That is, AB=BC=4AC. 1 . 


3. An Is0scELEs TRIANGLE, is that which D 
hath only Two of its Sides equal, as the Figure 
B DG: That is, BD = DG; but the Third 
Side B G may be either greater or leſs, as Occa- 
ſion requires. 


ty; 
6&2 


4. ASCALENE TRIANGLE, is A 
that which hath all its Three Sides 
unequal ; 
ſuch as the Figure HK A. — — 


2. By its ANGLES. 


5, A RIGHT-ANGLED Triangle, is 
that which bath one Night Angle; that 
is, when Two of its Sides are Perpendi- 
cular to each other, as CA is ſuppoſed 
to be to B A. Therefore the Angle at 
A, is a Right Angle, per Defin, 8. R A 
Sect. 1. 


Note, The longeſt Side of every Right-angled Triangle (as BC) RR 
is called the Hypothenuſe, and the longeſt of the other Two Sides which 
include the Right Angle (as B A) is called the Baſe: The Third Side 
(as C A) is called the Cathetus or Perpendicular, 


6. An OpTusst-ANGLED Triangle, is that which hath one of W 
its Angles Obtuſe, and it's called an Amblygonium Triangle. Such is 


7. An AcurE-Ax LED TRIANGLE, is that which hath al! 


the Firſt and Second Triangles ABC and B DG. - 

Note, All Triangles that have not a Right Angle, whether they 10 

are Acute, or Obtuſe, are, in general Terms, called Oblique * =_ . 
6 | 2 eo, * 


A 0 ⁰ MG}, D i 1 80 
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gler, without any other Diſtinction, as before. And the longeſt Side of 
every oblique Triangle is uſually called the Baſe; the other two are 
ply called Sides or Legs. 
8. The ALTITUDE or HEIGHT of , 
any Plain Triangle, is the Length of a N 
Night Line let fall perpendicular from any | : 
= of its Angles, upon the Side oppoſite to 

that Angle from whence it falls; and may as 
be either within, or without the Triangle, 
as Occaſion requires, being denoted by the 


* Two prick'd Lines, in the annexed Tri- 
angles. 


Scct. 4. Of Feur⸗ided Figures. 


I. A SQUARE is a plain regular Figure, 
whoſe Area is limited by Four equal Sides A———— 
all perpendicular one to another. 

That is, when 4 B = B C=C D=D 4, | 

and the Angles A, B, C, D are all equal, | 
then it's uſually called a Geometrical a 
Square, | 
2. A Rhouzus, or Diamond lite 


Figure, is that which bath Four equal 
Sides, but no Rigbt- angle. That is, 
a Rhombus is a Square mov'd out of its 
+1ght Poſition, as the annexed Figure, 4 


1 . A RECTANGLE, or a Right-angled Parallelogram (often 
= cal od an Oblong, or long Square Tus: 1H -. 2 
Figure that hath four Right. angles | 25 | 


and its two oppoſite Sides equal, viz. 
=_=© BC= HD and BH=CD. - 
1 4. A RHOMBOIDES, is an Oblique-angled Poraltegram: that 
is, it 1 a Parallelogram moved out of hos — 
its right Poſition, like the annexed Fi- 
pa ation, OTE ab.” 
8. The ALTITUDE or Height of any Oblique- -angled Paralieis- 
gram, vix. either of the Rhombus or Rhom- 
boides, is a Right-line let fall perpendicular 
from any Angle upon the Side oppoſite to 
that Angle; and may either be within or 
without the Figure: As the prict'd Lines 
in the annexed Figure, 

| Pp 6. Every 
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6. Every Four ſided Figure, diffe- 
rent from thoſe before-mentioned, 
is called a TRAPEZIiUM, 

That is, when it has neither op- 
poſite Sides, nor oppoſite Angles equal; 
as the Figure A5 CD. 


7. A Right-line, drawn from any Angle in a Four-fided Figure 
to its 9þpo/ite Angle, is called a DIAGONAL Line, and will divide 
the Area of the Figure into two Triangles, being denoted by the 
prick'd Line A C in the laſt Figure. yp 

8. All Right lin'd Figures, that have more than four Sides, are 
call'd Polygons, whether they be regular or irregular, 

9. A REGULAR POLYGON is that which hath all its Side: 
equal, ſtanding at equal Angles, and is named according to the Num- 
ber of its Sides (or Angles). That is, if it have five equal Sides, it 
is called a PEXrAGON; if ix equal Sides, it is call'd a HEXAGon; 
if ſeven, tis a HEPTAGON ; if eight, tis an OcTAG ON, &c. 


Note, All Regular Polygons may be inſcrib'd in a Circle; that is, 
their Angular Points, how many ſoever they have, will all juſt touch 
the Circle's Periphery. | 


10. AnIRREGULAR PoLYGON is that Figure which hath many 
unequal Sides ſtanding at wnequal Angles — 
(like unto the annexed Figure, or other- 
wiſe); and of ſuch Kind of Polygons there 
are finite Varieties, but they may all be 
reduced to regular Figures by drawing Di- 
agonal Lines in them; as ſhall be ſhew'd 
farthcr on. | 


Theſe are the moſt general and uſeful Definitions that concern 
plain or ſuperficial Geometry. 


As for thoſe which relate to Solids, I thought it convenient to 
omit giving any Account of them in this Place, becauſe they would 
rather puzzle and amuſe the Learner, than improve him, until he 
has gain'd a competent Knowledge in the moſt uſeful Theorems con- 
cerning Super ficies; for then thoſe Definitions may be more eaſily 
underſtood, and will help him to form a clearer Idea of their re- 
ſpective Solids, than *tis poſſible to conceive of them before; and 


therefore I have reſerv'd thoſe Definitions until we come to the 
Fifth Part. a 
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Seck. 5. Of ſuch Terms as are generally ufed in Geometry. 


Whatſoever is propoſed in Geometry will either be a PROBLEM 
or a T HEOREM. 

Both which Euclid includes in the general Term of Propoſition. 

A PROBLEM is that which propoſes ſomething to be done, and 
relates more immediately to practical than ſpeculative Geometry; 
That is, it's generally of ſuch a Nature, as to be performed by 
ſome known or Commonly-receiv'd Rules, without any Regard had 
to their Inventions or Demonſtrations. | 

A THEOREM is when any Commonly-receid Rule, or any New 
Propoſition is required to be demon/trated, that ſo it may from 
thence forward become a certain Rule, to be red upon in Practice 
when Occaſion requires it. And therefore ſeveral Rules are often 
call'd Theorems, by which Operations in Arithmetick, and Conclufrons 
in Geometry, are perform'd. 

Note, By DEMONSTRATION 7s underſtood the higheſt Degree 


of Proof that human Reaſon is capable of attaining to, by a Train of 


Arguments deduced or drawn from ſuch plain Axioms, and other 
Self-evident Truths, as cannot be denied by any one that conſiders 
them. | 
. A COROLLARY, or CONSECTARY, is ſome Conſeguent Truth 
drawn or gain'd from any Demon/tration. 
A LEMMA is the Demonſtration of ſome Premiſes laid down or 


propoſed as preparative to obviate and ſhorten the Proof of the 


Theorem under Confideration. 
A SCHOLIUM is à brief Commentary or Qbſervation made upon 
ſome precedent Diſcourſe. 


N. B. I adviſe the young Geometer to be tery perſec in the Defini- 
tions, viz. Not to reſt ſatisfied with a bare Remembrance of them; 
but, that he endeavour to gain a clear Idea er Underſtanding 4 the 
Things defined; and for that Reaſon I have been fuller in every 
nition than is uſual. 

And, that he may know from whence mo/ll of the following Problems 
and I heorems contain'd in the Two next Chapters are collected, I have 
all along cited the Propoſition and Book of Euclid' Elements where 
they may be found. | 

As for Inſtance; at Problem 1. there is (3 e. I.) which ſhews that 
it 15 the Third Propoſition in Euclid's Firſt Book. The like muſt 
be ungerſloed in the Theorems. 
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The Firſt Rudiments, or Leading and Preparatory 
Poblems, in Plain Geometry, 


7 N order to perform the following Problems, the young Geometer 


ought to be provided with a thin ftretght Ruler, made either of 


Braſs or Box- wood, and two Pair of very good Compaſles, vis, 
ene Pair calPd T hree-pointed Compaſſes, being very uſeful for 
drawing of Figures or Schemes, either with Black Lead or Ink; 
and one Pair of plain Compaſſes with very fine Points, to meaſure 
and ſet off Diſtances; alſo he ſhould have a very good Steel Draw- 
ing Pen: And then he may proceed to the Work with this Caution; 
that he ought to make himſelf Maſter of one Problem before he under- 
takes the next: That is, he ought to under ſtand the Deſign, and, as far 
as he can, the Reaſon of every Problem, as well as how to do it; 
and then a little Praftice will render them very eaſy, they being all 
grounded upon theſe following Poſtulates. 


Poſtulates or Petitions. 


r. That a Right-line may be drawn from any one given Point 
to another, 


2, That a Right-line may be produced, increaſed, or made longer 
from either of its Ends. 


3. That upon any given Point (or Center) and with any given 
Diſtance (viz. with any Ravivs) a Circle may be deſcribed. 


PROBLEM. I. 


Two Rig bi- lines being given, to find their Sum and Diffe- 


rence. (3. e. 1.) 


Let the given Lines be 


Make the ſhorteſt Line, as C B, 
Radius, and with it deſcribe a 
Circle: From its Center C ſet off 
the other Line A C, and join 
AC B with a Right-line, Then | eo 
will A B —— A C _ C B; and : %%% 
AD —AC—CB; as was re- 
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Ch, 2. The Firſt Bud 


PROBLEM I. 


To biſect, or divide a Right-line given (as A B) into two equal 
Parts (10. e. 1.) 


From both Ends of the given Line (viz. A and B) with any 


Radius greater than half its Length, D. 

deſcribe Two Arches that may croſs 25 

each other in two Points, as at D and 8 

F; then join thoſe Points D F with 5 j : 

a Right-line, and it will biſect the A———r- 2 
Line AB in the Middle at C; viz. oY; 

it will make AC = C B; as was re- ** 

quired. | * 


PROBLEM III. 
To biſect a Right-lin'd Angle given, into two equal Angles, 
(9. e. 1.) 


Upon the Angular Point, as at C, with any convenient Radius, 
deſcribe an Arch as A B; and from 
thoſe Points A and B, deſcribe two 
equal Arches croſſing each other, as 
at D; then join the Points C and 
D with a Right-line, and it will bi- 
ſet the Arch A B, and conſequently 
the Angle; as was requir'd. 


PROBLEM IV. 


At a Point A, in a Right-line given A B, to make a Right-lin'd 
Angle equal te a Right-lined Angle given C. (23. e 1.) 


Upon the given Angular Point C de- 
ſcribe an Arch, as FD, (making C Dany 
Radius at Pleaſure) and with the ſame 
Radius deſcribe the like Arch upon the 
given Point A, as fd; that is, make 
the Arch F d equal to the Arch FD; 
Then join the Points A and F with a 
Right-line, and it will form the Angle 
requir'd. 


—_—_— 
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PROBLEM V. 


To draw a Right-line, as F D, parallel to a given Right- line A B, 


that ſhall paſs thro" any aſſign'd Point, as at x, viz. at any 57 
tance required, (31. e. 1.) 


Take any convenient Point in the given * at C, (the 


farther off x the better ;) make Af. 2 

Cx Radius, and with it upon F —— — —. — . 
the Point C, deſcribe a Semi- £ 2 
circle, as H Mx N; then make 4 5 2 3 5 
the Arch H Meq un to the Arch Hl C 


x N; thro” the Points M and x draw the Right-line F D, and it 
will be parallel to the Line AC, as was requir'd, 


PROBLEM VI. 


To let fall a Perpendicular, as C x, upon a given Right-line A B, 
from any afſign'd Point that is not in it, as from C. (12. e. 1.) 


Upon the given Point C deſcribe ſuch 2 an Arch of a Circle as 
will wel the given Line A B intwo C 
Points, as at d and f; Then biſect 7 
the Diftance between thoſe two Points 
d f (per Probl. 2.) as at x. Draw 


the Right-line C x, and it will be the 2 > 

Perpendicular requir'd. A * a RS . B 

PROBLEM VII. | : 

To ere or raiſe a Perpendicular upon the End of any given 

Righteline, as at B; or pow any other Point 4 ſign'd in it. 
(41. . 1.) 


Upon any Point (taken at an Adventure) out of the given 


Line, as at C, deſcribe ſuch a Circle CO 
as will paſs through the Point from ® F 5 
whence the Perpendicular muſt be felt h en" Bi . 
raiſed, as at B, (viz. make C B Ra- 5 "of 1 
dius) : And from the Point where the : * : 

Circle cuts the given Line, as at A, * 


draw the Circle's Diameter 4 C; Wo RE —ĩ 
then from the Point D draw the hn 55 
* D B, and it will be the Perpendicular as was > ond; 'd. 


PR O- 


' To 
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PROBLEM VIII. 


To divide any given Rigbt- line, as A B, into any propoſed Number of 
equal Parts, (10. e. 6.) 


At the extream Points (or Ends) of the given Line, as at A and 
B, make two equal Angles (by | 

Prob. 4.) continuing their Sides 
AD and B C to any ſufficient 
Length ; then upon thoſe Sides, 
beginning at the Points A and 
B, ſet off the propoſed Number 
of equal Parts (/uppoſe em 5.) If 
Right-lines be drawn (croſs the 
given Line) from one Point to 
the other, as in the annexed | 
Figure, thoſe Lines will divide the given Line A B into the Num- 
ber of equal Parts required. | 


PROBLEM IX. 


: To deſcribe a Circle that ſhall paſs (or cut) thro* any Three Points 
7 given, not lying in a Right-line, as at the Points 
Y ABD. 


4 Join the Points 4 B and B D with Right-lines; then biſe& 
both thoſe Lines (per Problem 2.) the MG 
Point where the biſecting Lines meet, ; i 

as at C, will be the Center of the Circle 
required. 


The Work of this Problem being well 
underſtood, *twill be eaſy to perform the N. 2 
two following, without any Scheme, viz. * 


I. To find the Center of any Circle given, (x. e. 3.) 


By the laſt Problem *tis plain, that if three Points be any where 
taken in the given Circle's Periphery, as at J, B, D, the Center of 
that Circle may be found as before. 


2. If a Segment of any Circle be given, to compleat or deſcribe 
the whole Circle, | 


This may be done by taking any three Points in the given Seg- 
ment's Arch, and then proceed as before. = 
| P R Q- 


— — ee. ee ene — unecits 


— — ͤĩ]ĩ;³?Ü¹i'n:ß ̃ ² .eꝓ...7· ꝛ·wO 


Arch, viz, A C and BC; then join the 


. 
þ 
| 
h 
U 
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i 
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form the Sguare required. 
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PROBLEM X. 


Upon a Rigbt- line given, as A B, to deſcribe an Equilateral Triangli. 
(1. e. I.) 


Make the piven Line Radius, and 
with it, upon each of its extream Points 
or Ends, as at A and B, deſcribe an 


Points AC and B C with Right-lines, 
and they will make the Triangle re- 
quir'd, 


PROBLEM XI. 


Three Right-lines being given, to form them into a Triangle, (provis 
ded any tus of them, taken together, be longer than the Third) 
(22. e. 1.) 


Let the given Lines be 


Make either of the FILM 
Lines (as AC) Radius, and up- 
on either End of the longeſt 
Line (as at A)deſcribean Arch; 
then make the other Line C B Radius, and upon the other End of 
the longeſt Side (as at B) deſcribe another Arch, to croſs the Firſt 
Arch (as at G) - Join the Points C A and C E with Right. lines, 
and they will form the Triangle required. 


PROBLEM XII. 
Upon a given Right-line, as A B, to form a Square. (46. e. 1.) 


Upon one End of the given Line, as at B, erect the Perpendi- 
cular B D, equal in Length with the 


given Ta viz make BD=AB; 87 of D 
that being done, make the given Line 0 1 
Radius, and upon the Points A and D * * | 
deſeribe equal Arches to croſs each other, F 
as at C; then join the Points C A and N 
C D with Rig he- lines, and they will Jl" Jo 


- 
yi, y " 
ws. 1 JS, SS : el FS 4.4 {I . 2 * 3 3% 2 
5 * y : C x »- Aa 
= Mo <Y TOE ** ; r : « OC” 7. pI 8 8 o 8 
4 5 2 Tr oe \ =__ F* * 1 * N „„ A * 5 * - WE - 8 * 2 * 


t 
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PROBLEM XII. 


Two unequal Right-lines being given, to form or make of them a Rigͤt- 
angled Parallelogram. 


| - —_— : 
Let the given Lines be | ADR 


Upon one End of the longeſt 3 1 
Line, as at B, erect a Perpendi- | | | 
A B 


cular of the ſame Length with 
the horte Line B C; then from 
the Point C draw a Line parallel 
and of the ſame Length, to A B; wiz. make DC = AB: Join 


D A with a Right-line, and it will form the Oblong or Parallelo- 


gram required, 


As for Rhombus's and Rhomboides's, to wit, Obligue- angled Paral- 
lelograms, they are made, or deſcrib'd, after the ſame Manner 
with the two laſt Figures; only inſtead of erecting the Perpendi- 
culars, you muſt ſet off their given Angles, and then proceed to 
draw their Sides parallel, Oc. as before, 


PROBLEM XIV. 


In any given Circle, to inſcribe or make a Triangle, whoſe Angles ſhall 
be equal to the Angles of a given Triangle; as the Triangle Y D G, 
(2. e. 4.) | 

Note, Any Right-lin'd Figure is ſaid to be inſcrib'd in a Circles 
toben all the Angular Points of that Figure do juſt touch the Circles 

Periphery. | 


Draw any Kigbi-line (as H &) ſo as juſt to touch the Circle, 
as at A; then make the Angle FH A K 


K A C equal to any one Angle 

of the given Triangle, as DF G; D 
and the Angle H A B equal to 
another Angle of the Triangle, 

as DG; then will the Angle 

B AC be equal to the Angle 1 
FDG. Join the Points B and 72 
C with a Right-line, and 't will 

form the Triangle required. 


ds p R O. 
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PROBLEM XV. 


In any given Triangle, as A B D, to deſcribe a Circle that ſhall 
touch all its Sides. (4. e. 4.) 


Biſect any two Angles of the Tri- 
angle, as A and B, and where the 
biſecting Lines meet (as at C) will be 
the Center of the Circle required; and 
its Radius will be the neareſt Diſtance 
to the Sides of the Triangle, 


PROBLEM XVI. 


To deſcribe a Circle about any given Triangle. (5. e. 4.) 


This Problem is perform'd in all Reſpects like the Ninth, z. 
by biſecting any Two Sides of the given Triangle; the Point, 
where thoſe biſecting Lines meet, will be the Center of the Circle 
required, 


PROBLEM XVII. 
To deſcribe a Square about any given Circle, (7. e. 4.) 


Draw two Diameters in the given Cir- 
cle (as DA and E B) crofling at Right 
Angles in the Center C; and, with the 
Circle's Radius C A, deſcribe from the 
extream Points of thoſe Diameters, viz. A, 
B, D, E, croſs Arches, as at F, G, I, K; 
then join thoſe Points where the Arches 
croſs with Right lines, and they will form 
the Square required, 


PROBLEM XVIII. 


In any given Circle, to deſcribe the large/t Square it can contain. 
(6. e. 4.) | 


_ Having drawn the Diameters, as D A and E B, biſecting each 
other at Right-angles in the Center C, (as in the laſt Scheme); 
then join the Points A, B, P, and E, with Right-lines, viz. 
48, Ag D, DE, E 4, and they will be Sides of the Square le- 
quired, 


I — P R O- 


K 


— 
— 


Ch. 2. The Firſt Rudiments or Problemg. 299 


PROBLEM XIX. 


all , Upon any given Right line, as A B, to deſcribe a regular 
; Pentagon, or Five, ſided Polygon. 


Make the given Line Radius, and upon each End of it de- 
ſcribe a Circle; and through thoſe X. 

Points where the Circles croſs each 

other (as at G x) draw the Right- 

line G e x : Upon the Point G with 

» | the ſame Radius deſcribe the Arch 

3 H Ae B; D, and laying a Ruler up- 

4 on the Points D, e, mark where it 

croſſes the other Circle, as at F, A- 


* 
* 
un 


gain, lay the Ruler upon the Points 5 : * : 1 
HA, e, and mark where it cro//es the N — 
z. 'S other Circle, as at C: Then from i . 
int, the Points F and C (with the ſame Radius as before) deſcribe 


cle ; croſs Arches, as at K: ſoin the Points AF, FK, KC, and CB, 
| with Right- lines, and they will form the Pentagon required, Viz, 
AF=SFK=KC=CB=45; and the Angles at A, B, 

C, K, F will be equal, 


PROBLEM XX. 


G N 
4 In any given Circle, to deſcribe a regular Pentagon, 
(11. %, 4. & 10, 6. 3.) 
A Or, in general Terms, te deſcribe any regular Polygon in a 
Circle. 
K Draw the Circle's Diameter D A, and divide it into as many 
| equal Parts as the propoſed Polygon hath a, Gu 
Sides; then make the whole Diameter 12 Yo. 
» Radius, and deſcribe the two Arches Fd : % 
CAandCD. If a Right line be drawn * . I 
from the Point C, through the Second J 
of thoſe equal Parts in the Diameter, as 
ach at 2, it will aſſign a Point in the oppo— 
e); ſire Semicircle's Periphery, as at B. 
m Join D B with a Right-line, and it will 


be the Side of the Pentagon required, 


Qq2 
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Theſe Twenty Problems are ſufficient to exerciſe the young 


Practitioner and bring his Hand to the right Management of a 


Ruler and Compaſſes, wherein I would adviſe him to be yery ready 
and exact. 

As to the Reaſon why ſuch Lines muſt be ſo drawn as direQed 
at each Problem, that, I preſume, will fully and clearly appear 
from the following Theorems; and therefore I have (for Brevity's 
Sate) omitted giving any Demon/lrations of them in this Chapter, 
ueſiting the Learner to be ſatisfied with the bare Knowledge of 
doing them only, until he hath fully confidered the Contents of 
the next Chapter ; and then I doubt not bur all will appear very 
plain and eaſy. 


2 


- 


HA P. III. 


Collection of moſt uſeſul Theorems in plain Geometry 
Demonſtrated. 


Note, In order to ſhorten ſeveral of the following Demonſtrations, 
it will be neceſſary to premiſe, that 


1. Wo Periphery (or Circumference) of every Circle (whe- 
ther great or ſmall ) is ſuppos'd to be divided into 369 equal 
Parts, called Degrees; and every one of thoſe Degrees are divided 
into 60 equal Parts, called Minutes, &c. 


2. All Angles are meaſured by the Arch of a Circle deſcrib'd 
upon the Angular Point ( See Defin. 9. Page 287.) and are eſteem'd 


greater or leſs, according to the Number of Degrees contain'd in 
that Arch. 


3. A Quadrant, or Quarter- part of any Circle, is always go 
Degrees, being the Meaſure of a Right-angle (Defin. 6. P. 287.) 
and a Semicircle is 180 Degrees, being the Meaſure of ius 
Right- angles. | 


4. Equal Arches of a Circle, or of equal Circles, mea/ure equal 


Angles. 


To thoſe five general Arioms already laid down in Page 146. 
(which ¶ here ſuppoſe the Reader to be very well acquainted with) 
it will be convenient to underſtand theſe following, which begin 
their Number where the other ended. 


Arioms. 


1 
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Axtoms, 
6. Every whole Thing is GREATER than its PAR r. 
That is, the whole Line A Þ is 0 4 
2 3 greater than its Part A c, &c. A — — B 


The ſame is to be underſtoud of Super ficies's and Solids. 


Ft 7. Every Whole is EQUAL to all its PARTs taken together. 
4 3 That is, the whole Line A B is 7. 1 
| do its Parts AC+c<d+ de ＋ e B. A—|—|—| —-B 
The fame is alſo true in Super ficzes's and Solids, 


8. Thoſe Things which being laid one upon another, do agree 
or meet in all their Parts, are equal ene to the other. 


But the Converſe of this Axiom, to wit, that equal Things 
being laid one upon the other will meet, is only true in Lines 
and Angles, but not in Superficies's, unleſs they be alike, viz. of 

the fame Figure or Form: As for Inſtance, a Circle may be equal 

in Area to a Square; but if they are laid one upon the other, tis 
plain they cannot meet in all their Parts, becauſe they are wnlike 
Figures. Alſo, a Parallelogram and a Triangle may be equal in 
their Area's one to another, and both of them may be equal to 
a Square ; but if they are laid one upon the other, they will not 


| meet in all their Parts, &c. 

| Note, Beſides the Characters already explain'd in Part I, and in 
other Places of this Tra#, theſe following are added. 

Viz. I denotes an Angle in general, and S ſignifies An- 

F gles; A ſignifies a Triangle; Q fignifies a Square, and H de- 


notes a Parallelogram, And when an Angle is denoted by an 
three Leiters (as, 4 B C) the middle Letter (as B) always 
denotes the Angular Point; and the other two Letters (as A B 
= and BC)denate the Lines or Sides of the Triangle which includes 
) 7 that Angle. ; 

$ Theſe Things being premiſed, the young Geometer may proceed 


: to the Demonſirations of the following Theorems 3 wherein he may 
perceive an abſolute Neceſſity of being well verſed in ſeveral Things 
] that have been already deliver'd : And alſo it will be very advanta- 
geous to ſtore up feveral uſeful Corallaries and Lemma's, as they 
become diſcover'd Truths : For it often happens, that a Propoſition 
, cannot be clearly demonſtrated @ priori, or of itſelf, without a 
) great Deal of Trouble; therefore it will be uſeful to have Recourſe 
, to thoſe Truths that may be aſſiſting in, the Demonſtrations then 


in Hand. 
THE O- 
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THEOREM I. 


Fa Right-line fand upon (or meet with) another Right-line, and 
make Angies with it, they will either be two Right-angles, or too 
Angles equal to two Right-angles, (13. e. I.) 


Demonſtration. 


Suppoſe the Lines to be A Band DC, meeting in the Point 
at C: 47 * C deſcribe any Circle at 
pleaſure; then will the Arch 4 D „nee,, 
be the Meaſure of the I b, and the 
Arch D B the Meaſure of Re; ? 
but the Arches AD + D B = 1809, NP: 


viz, they compleat the Semic ircle. 05 
Conſequently the 8 bþ + Re = 180%. Mich was to be prov'd. 
Corollaries. 


1. Hence it follows, that if the T b go then Te = 90⁰ã 

but if I 6 be obtuſe, then the Se will be acute, &c. 

From hence it will be eaſy to conceive, that if ſeveral Right- 
lines ſtand upon, or meet with any Right-line at one and the ſame 
Point, and on the ſame Side, then all the Angles taken together 
will be = 180, viz, Two Right-angles, 


THEOREM II. 


If two Angles inter ſect (i. e. cut or croſs) each other, the two oppoſite 
Angles will be equal, (15. e. 1.) 


Demonſtration. 
Let the two Lines be A B and 


DE, interſecting each other in the * 
Center C. Fg a 
Then I b + Re = 180? 5 


And x bk + = = 180? luer aft 
Conſequently wb Se == 
Ta, per Axiom 5. 

Subtract I b on both Sides of 
the AÆgquation, and it will leave J 
. 

Again, x b + I e 1800, as before; and e + I C= 
180?, conſequently Se + C = Ib + Se. SultraF Se, and 
then = C= Cb. Q. E * Cut 

arols 


* - 
» * 
„„en 
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Corollary. 

and From hence it is evident, that if two Lines interſect each other, 

_ they will make four Angles; which, being taken together, will 


always be equal to Four Right- angles. 


THEOREM III. 


ont If a Right- line cut (or creſs) two parallel Lines, it will make the oppoſite 
| Angles equal one to another. (29, e. I.) 


F' Suppoſe the two Lines AB and HK to be ares and the 
15 Right line D G to cut them both 


— at C and n: Upon the Point C (with. 
3 any Radius) deſcribe a Semicircle ; 
A | and with the ſame Radius, upon the 


Point at », 6eſcribe another Semi 
circle oppoſite to the fitſt, as in the 


0% Figure. Then'tis plain, and I ſup 
9 poſe very eaſy to conceive, that if 
ht - 5 the Center C were moy'd along upon 
me 4 the Line D G, until it came to the 
ther Center at n, the two Lines A B and H K would meet and concur, 


viz, become one Line (for parallel Lines are as it were but one bread 
Line). Conſequently the two Semicircles would alſo meet, and 
become one entire Circle, like to that in the laſt Demon/l: ation. 


ofite | N And therefore the Ry = XR CA 1 12 before, per 
[2 And =I ene . 
Q. E. D. 


Corollary. 


Hence it follows, that if three, ſour, or ever ſo many Parallel- 


lines, are cut or croſs'd by one Right-line, all their oppoſite Angles 
will be equal, 


THEOREM IV. 


The three N of every Plain Triangle are equal to two Right. angles. 
(22. 4.1 


_ Conſequently, any two Angles of any plain Triangle muſt needs be leſs than 
1 119 Right angles, (17. e. 1.) 


Demon⸗ 
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Demonſtration. g 
Let the A A BC be propos'd; draw the Right line 17 X pa- | 
rallel to the Side A B, juſt touching = 7} 
the Vertical Angle C; and upon the R . "Y 
ſame Angular Point C deſcribe any Se- H | 
micircle, and produce the Sides 4 C Fre en A 
and B C to its Periphery. Then will 
wh4= I 8, I &- = I, and 
Tr = T, per: laſt Theorem. 
But wb + Ra + Rx = 180%, or © 
two Right-angles : Conſequently = B + RX 4 + RC = 1809 
per Axiom 5. Q. E. D. | 


— 


Corollary. 
Hence it follows, that the two acute Angles of every Right-angled 7 
Triangle are equal to a Right- angle, or go?, | : 
Conſequently, if one of the acute Angles be given, the other is 
alſo given, viz, go*—the given S leaves the other T. 


THEORE M N. 


Fone Side of any plain Triangle be continued or produced beyond, or out 
of the Triangle, he outward Angle will always be equal to the tus 
inward oppoſite Angles, (32. e. 1.) 


Dcmonfration. 1 
Let the Side A B of the A A B C be produced out of the A, 
ſuppoſe to D, &c. as in the Fi- | 


gure. Then SE AAT ad 
IC, for the BT? 2 3 
180? per Theorem 1, and the 8 i 
B+ A+ RCE= 180, 2 PE 
per laſt Theorem, Therefore & . BED 
ZB+Rz==IB+RA+xKIC, per Axiom 5. Subtraf? I 
B on both Sides the Æguation, and it will leave w-2z TAN. 
JC (per Axum2.) Q E. D. 

Conſequently, the outward Angle (at 2) of any plain Triangle, muſt 


needs be greater than either of the inward. oppoſite Angles, viz. greater 
than T A, or IC (16, e. I.) | 


2 orollary. 


Hence it follows, that if one Angle of any plain Triangle be 
given, the Sum of the other two Angles js allo given; for 180%— 


the given RJ = the other two I =, | 
; T HE O- 


mos o$ 4, FT: 


a- 


TY 


09 


„ 


n 


therefore the S at D is become larger than 


plain, the longer the Side CE had been 


1 
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THEOREM VL 


In every plain Triangle, equal Sides ſubtend (viz. are oppoſite to ) equal 
Angles. (5. e. I.) | F 1 | 
Conſequently,” equal Angles are ſubtended by equal Sides (b. e. 1.) 


I Demonffration. 


Suppoſe the AB CO to be an [ſoſceles A; 
that is, let BU == C D. Biſect the I C, or 
(which is all one) make CA perpendicular 
to B D; then will the = Son each Side of 
it (viz. 3A C and D AC) be Right- 
angles. Day : 5 
Therefore 5 x8 27852 ye : per Corel. to Theorem 4. 

1 TCT OD 9o - | | —.— 
Conſequently, 1 = C +I B=4iIB C+<D, per Axiom 5. 
Subtraf : x C from both Sides of the Æguation, and it will leave 
<B=ID, per Axiom 2. Q. E. D. 


| \ Corollary, 
From hence it follows, that the three Angles of an Equilateral 
Triangle are equal one to another. | T 


THEOREM VII. 


In every plain Triangle, the longe/t Side ſubtends the greateſt Angle, 
(18. e. 1 * | . : | 
Conſequently, the greateſt Angle of any plain Triangle is ſubtended by 
the longeſt Side. | = 


This Theorem is evident by Inſpection only: For, let one of the 
Sides of any plain Triangle (as C B) be pto- oy 
duced, ſuppoſe to E; join D E with a 
Night- line; then 'tis evident, that becauſe 
C E is now made longer than the Side B C, 


It was before by the BDE. And „ 


made, the S at D would have been the 
more enlarged, - 58 


Rr 


* 
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THEOREM VIII. 


If the Sides of two Triangles are equal, the Angles oppoſite to thoſe 
| " equal Sides will be equal. (8. e. 1.) 


The Truth of this Theorem is evident by the two included Tri- 
3 in the 6th Theorem, for they have their reſpective Sides 
equal, vis. BC=CD, BA =D A, and CA common to both 
Triangles. And it is there prov'd, that the I oppoſite to thoſe 
equal Sides are equal, Ic. which needs no further Proof. 


Note, The Converſe of this Theorem holds not true; for the Angles 


of two Triangles may be equal, and their oppoſite or POS Sides 
unequal; as will en at Theorem XII. 


Corollary. 


e it follows, that Triangles mutually SP, are alſo mu- 
tually equiangular ; and, 


That Triangles nutually-equilateral are equal one to another. 
(4. & 26. e. 1.) 


THEOREM IX. 


An Angle at the Center of any Circle is always double to the Angle at 
the Periphery, when both the Angles fland upon the ſame Arth. 
(20. e. 3.) This Theorem hath three * or Caſes. | 


.Demonftration. 


. Caſe 1. Let the 8 D 4, and 
the 1 ine D B, be the two Lines which 
form the = D at the Periphery; draw 
the Radius B C, then BC Ais the < 
at the Center. But TBCA S ITD - 
SB, per Jh. 5. and becauſe DC C,. 
therefore  D = < B, per Theorem 6. 


OY o /... . of 
Caſe 2. Suppoſe the I B C Fat the e 


Center to be within the B D F at tbe 1 wt 
Periphery, (as in the annexed Figure. ) 3 

Draw the Diameter D 4; ; 
then the BCA =2<BDA 
and the FCA =2 < FD AJ per CaſeT. 
add theſe two A guations together. 


_- 


am 1j 


wa <6. a .-Y 


8 e 


' +RCB A, per Axiom 5. Again & 
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Then will = BCA+ I FCI i BDA+:2IFDA42, 

per Ax. 1. But = BCA +I FCA=Z=<xBEZCFand2 < 
BDA+2SFDA=2IBDF. Conſequently x BC # 

= BAF: 8 


Caſe 3. Again, ſuppoſe the BC ＋ „ 
at the 8 to be out of the BDF Ty ER * 
at the Periphery. From the Angular $i 
Point O at the Periphery draw the Dia- Ha. S 
meter D 2 Ing | . 
ThenwFUCA=2I 

and = BCA=2S<BDA ö per Caſe 1. by Y 
Subtraft this laſt Æguation from the „ 

other, and it will leave FCA — BCA=2 VS FDA— 
2 TBB D A, per Axiom 2. But FCA —- BCA 
FCB, and 2 FDA —- 2 BDA FDB: Conſe- 
quently = FCB =2 (FD E. Q. E. D. 


Corollary. 


Hence *tis evident, that all Angles at the Periphery, which 
ftand on the ſame Segment or Arch of a Circle, or upon equal Ar- 
ches, are equal one to another, (21. e. 3.) 1 


| 


An Angle in a Semicircle is a Right-angle. (31. e. 3.) That is, if 
the Diameter of any Circle be the Side of a Triangle, and the Angle 
oppoſite to that Side be any where in the Circle's Periphery, it will 
be a Right-angle, 


Demonſtration. 


Let D A be the Diameter, and D B A 
the Triangle, then, & B O. Draw 
the Radius B C, then is the DBA 
D A. For CB D 
D, and CBA = A, per Theorem 
6. Therefore DBA CUB 


DBA+<D-+RA= 180), per 


Theorem 4. Conſequentl D B 4 o or a Right- angle. 
Q. E. D. W IRAs 1 | 
8 Rr2 Corel. 


308 Elements of Geometry. Part III. 


—— 


Corollaries. 


1. Hence it will be eaſy to conceive, that an Angle made in any 
Segment leſs than a Semicircle will be obruſe, or greater than a 
Right-angle. 


2. And an Angle, made in any Segment greater than a Semicir- 
cle, muſt conſequently be acute. Ir 5 


THEOREM XI. 


In any Right-angled Triangle, the Square which is made of the Hypo- 
thenuſe, or Side ſubtenaing the Right-angle, is equal to both the 
Squares which are made of the Sides including the Right. angle. 

(47. . 1.) | 

There are ſeveral Ways of demonſtrating this noble and uſeful 

Theorem, but, I preſume, none more eaſy to be underſtood by a 

Learner than that which I ſhall here propoſe : And, in order there- 

to, twill be neceſſary to premiſe the following Lemma's. 


Lemma 1. | | 
A Right-line is ſaid to be multiply'd with a Right-line, when ei- 
ther a Square, or other R:ight-angled Parallelograrm, is made of the 
two Lines. 
That is, the Area of any Right-angled Parallelogram is equal to 


2 Product of thoſe Numbers which exprefs the Meaſure of its 


Thus, if AB = 6 Inches and AC A 936 B 
= 3 Inches: Then ABXAC=6 E 2 -4 
X 3 = 18 ſquare Inches; which is r | | 
the Arca of the Parallelogram AZCD. 1 Lol 

Un 


Lemma 2. n 


If a Righi-line be any way cut into two Payts, the Square of the 
whole Line will be equal to the Squares of each Part, and a double 
Rectangle or Parallelogram made of both the Parts, (4. e. 2.) 
that is, if the Line & be cut into te & © . 
two Parts Band C; then is & =B+C: T 
But if both the Sides of the Æguation be in 
yoly'd, it will be S S =BB ＋T2BC 4 CC. dior 
5 | ; Lemina 


I 
Z 
: 
as 
* 
% 


N 


. F888 


* e aA 2 2 


ir . 


we 


1C 
le 


— 
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gram made of its Baſe and Perpendicular. eren 


5 : OS FP” 33 3. Wo "V4 


— — — 


— - — 


| Lemma 3. . 
The Area of every Right-angled Triangle is half the Parallela- 


For B x C = the Area of the whole Pa- b 
rallelogram, by the firſt Lemma. And A © 
BCH + 4A bc H = the Parallelogram ; but 
B == b, and C c. Therefore ; BXC = . 
the Arta of each A, viz. + BxC+23bXcEBXC. 

Theſe Things being premiſed, let us ſuppoſe the Triangle B C 
Z to be a Right-angled Triangle, viz. the Side C perpendicular to 
the Side B; then will BB + CC = HH. 


Square whoſe Side is = H, as in : ,- 
the Scheme: Then will the Area =. 85 
of the great Square be equal to the Al * 7 
Area of the four Triangles + HH; : *: : 3 


but the Area of each A BC, 16 5 11 1 
or BC, per Lemma 3. There: 4 8 
fore the 4 A's 2 BCX4= *C — A AOOIPTY I 


2.B C, conſequently, the Area of 
the great Squareis AH +2 BC. 
Involve B + C, and it will be BB 1 1 
+2BC+CC= the Area of : £4 | 
the great Square ; per Lemma 3. : : 
Conſequently, ZH +2 BC = | 
BB +2 BC CC, per Axiom 5. Subtract 2 BC from both Sides 
of the Æguation, and there will remain HH = BB + CC. 


Demonftration. 
Make a Square whoſe Side is = F | 
B + C, and draw the included 1e. | 
| 


8 


So illuſtrate this Theorem by Numbers, let us | 


Suppoſe C=3. B= 4. and H= 5. 
Then will CC =g. BB = 16. and HH = 25. 
Conſcquently, BB + CC H H = 16 +9 = 25. 


From this admirable Theorem (ſaid to be firſt invented by Pytha- 


goras) is deduced the Method of adding and ſubtracting Squares, | 
Parallelograms, Circles, c. | 


13 T HE O- 


8 
3 * 
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THEOREM XI. 


In any Right-angled Triangle, a Perpendicular being let fall from the 
Right-angle upon the Hypothenuſe will divide the Triangle into 
ito Right angled Triangles, which will be both familar (or alike ) 
to the firſt Triangle, and to each other, (8. e. 6.) | 


Note, All plain Triangles are ſaid to be fimilar (viz. alike) when 
each fingle Angle in one of th Triangles is equal to each fingle 
Angle of the other; but if any two ſingle Angles of one Trian- 


gle are equal to two ſingle Angles of the other, the third Angle 
will be equal. Per Theo. 4. ! 


1. In the Right-angled A BAC, let 
A be ſuppoſed perpendicular to the Hy- 
pothenuſe B C; then S BAP = IC. 
For x BAP+ IB =90o, and & 
B+ I C =90"®, per Corollary to Theo- | 
rem 4. Therefore the BAP <= Wn Þ * 
C, per Axiom 5. again, PAC + & * 

C do, and B +I C= go% Therefore PAC 
B, &c. Conſequently the AB AP is alike to the A ACP; and 
each is like to the whole A BAC, | . | 


2. Or if a Right-line be drawn parallel to one of the Sides of a- 

ny plain Triangle, (viz. within it) | 

it will cut off a Triangle ſimilar 3 002} od 

or alike to the whole Triangle. | 

Thus : | 
In the A ABD draw the Right- 

line a b parallel to the Side A B; 

then will the included A4 D be A — B 

like the GA DB. For Ra=KxAandIb = IB, per De- 

orem 3; and D is common to both the Triangles ; Ergo, &c. 


LENT EEE END 
% * 


THEOREM x. 
I two Triangles are alike, their like Sides will be proportional. 


That is, thoſe Sides which ſubtend the equal Angles, as alfo 
thoſe Sides which are about the equal Angles, will be proportional 
to each other; and conſequently, if any ra Triangles have their 
Sides proportional, their Angles are equal. (4, 5, ©, 7+ e. 6.) 


4 Demons 


. 


A. 
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Drmonttration. 
Let the ſimilar Triangles in the Scheme of the laſt Theorem be 
here propoſed again. 


Then it will be B P:AP:: AP CP, according to this The- 
erem. Ergo B PX CPS AP x AP. 3 

| — Firfl. 

Leet us ſuppoſe the aforeſaid Right-angled A B AC cut through 
the Perpendicular A P, and there: N ö 
open'd until the Sides BA and . —_— C 
CA become one Right-line. Let ons : | 
the Sides B P and CP be conti- II 4 . 
nued until they meet in E; tben 
compleat the Parallelograms by a 
drawing the parallel Lines G LC, = | | 
HAP, GHB, and LAP, as in B K 
the Figure, + . P | 

Then it is evident, that the A BHA = AB PA, and the 

ACPA=ZACLA; alſo that the ABEC= AB GC, becauſe 
all their reſpective Sides are equal. | 
 ButtheABHA+ACLA+ DD HOL A BPA, 
ACPA+DO AP EP. No if from both Sides of this Ægua- 
tion there be ſubtracted the equal Triangles. there will remain © 
HGLA = O APEP. But DHGCGLA= BPX%CP, and 
OAMPEP = 4P x A P. Conſequently BP: AP:: AP: 
C P. Which was to be prov'd, 


Or otherwiſe, thus: 


Suppoſe the A B AC to be 9 i044 
Right-angled at A: Upon the & 15 Aa; 
Point C, with the Radius C 4 Be + ES 2 
deſcribe a Circle, and continue : CY, 


the Hypothenuſe B C to Z; join 
Z Aand AD with Right-lines ; 
then will the ABA D be like to pt NC 
00 
DA S o', by Conſtruction. And Z AC + I DAC, 
90, by Theorem X. Therefore YDAB+ I DAC=R, 
ZAC+ <DAC. By Axiom 5. ſubtratt < D A C from both, 
Sides of the #quation, and there will remay S DAB /Z AC. 
But F Z AC = < CZA, by Theorem 6. And < Bis common g 
: 4 


—— —— — 


—_— "OF I a. li. 8 * K _ "—_ 
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to both Triaitgles- Therefore BDA BAZ, bs Ther 
rem 6, conſequently A BAD is like to A BZ A. 


 CBA=3BC)Thenbb+ecc=bb, by Theorem 11, 
Latthe Sian BC = 14 & Coneuenty I, ce 
\"CCAD which gives "the: following Analogy, 
Viz. b:b 4 :: 5— : 3 * B Z:: BD: BA. 


. 


Corollaries. 


1. Hence it is evident, that, in any Right:angled Hang, 2 
Perpendicular, being let fall from the Right-angle upon the Hype- 
thenuſe, will be a Mean proportional between the Segments of the 
Fhpotbhennſe: That is, BP: PA:: PA: PC. 


2. The Baſe (B A) is a Mean pro- 
portional between the Hypothenuſe 
(BO) and that Segment of the Hypo- 
thenuſe next to the Baſe, (viz. BP) 
that is, BC: BA::BA:BP, 


3- The Cathetus (AC) is a Mean A 
proportional between the Hypothenuſe (BC) and that per of 
the Hypothenuſe next to the Cathetus, (viz. PC): That is, B C: 
4014020 


Scholium. 


I have been more large upon this moſt excellent Theorem, in 
giving a double Demon/tration of it, becauſe it is ſo univerſally uſefu! 
in all Parts of the Mathematicks : For the Buſineſs of Tr:gonometry 
(both Plain and Spherical) wholly depends upon it; and therefore 
one may truly ſay, that AHronomy, Dialling, Navigation, Surveying, 
Opticks, &c. depend upon a due Application of it. 

And of its Uſe in Geometry, Des-Cartes takes particular No- 
tice; as you may find in Dr. PelPs Algebra, Pag. 6 55 whoſe 
Words are theſe : | 
Des. Cartes, in a Letter not yet printed, writes thus : © In 
“ ſearching the Solution of Geometrical Qugſtians, I always make 
« uſe of Lines parallel and perpendicular, as much as is poſſible, 
& [he meant as many Lines as are uſeful] and I conlider no 
other Theoręms but theſe my the Sides of lite Trian- 
«© gles have like Proportion]. [in Rectangla Triangles 

| | 4 55 


ä 5 


of 
D: 
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5 


& the Square of the greateſt Side is equal to the Squares of the two other 
« Sides.] And I am not afraid to ſuppoſe many unknown Quanti- 
te ties, that I may reduce the propos'd Queſtion to ſuch Terms, as 
« to depend on no other Theorems but theſe TWo.“ 

This I thought convenient to inſert, that the young Learner may 
ſee how the great De.-Cartes eſteem'd theſe two Theorems, viz. 
the laſt, and Theorem 11 ; for, in Truth, all the precedent Theorems 
are only (as it were) Preparatives to theſe T'wo. 


This laſt Theorem demonſtrates the Reaſon of the Method vic 
in finding out Proportional Lines; as in the Three following Pro- 
blems. 


PROBLEM TI. 
Two Right-lines being given to find a Third in Proportion to them. 


(11. e. 6.) 
Let theſe two Lines be {4 25 B T 
Set the Two given Lines at any D- * | 
Angle in the Point 4, and pro- * 
duce the Line A B to C, making _ Jo k. 
BC = AD; join the Points Bo A wo! 
D with a Right-line, and draw B RE 


CF parallel to B D; then will | 
the A ABD be like the AACF. Therefore 4 B: BC(=AD) 
::AD:D F, which is the third Proportional requir'd, 


PROBLEM II. 


Two Right-lines being given, to find a Mean proportional Line between 
them. (13. Cs 6.) 


— 


Let the given Lines be 4 lp 'E Mn "of 


Join the two given Lines into one, 

viz. make B C = BP + PC, and : oh 

upon B C, as Diameter, deſcribe a B= x 

Semicircle ; then upon the Point , P 

where the two Lines meet, erect a Perpendicular to touch the 
8 8 Cir- 


od* 
* 
= 
= 
* * 
* 5 
» 
»* 
+» ® 
* 
* 


= CB Z per Theorem G. and < Z 
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Circle's Periphery, as P A, and it will be the Mean proportional re- 
quir'd, viz. BP: 4 P:: 425: PC. 


By this Problem tis eaſy to conceive how to make a Square equal 
to any given Parallelogram, (14. e. 6.) 


For it B be the Length, and PC be the Breadth of the given 


Parallelegram, then will 4 P be the Side of the Square, equal in 
Area to that Parallelagram. 


PROBLEM III. 
Three Right-lines being given, to find a fourth Proportional Line, 
(12. e. 6.) 


A 
Suppoſe the three Lines 5 —— 


Upon the longeſt Line A B ſet off 
the next longeſt Line A D, viz. 
make DBS AB -A; then 4 
upon the Point Det the other Line 
D C at an Argle, either right or oblique, and draw the Right line AC 
continuing it a ſufficient Length; make B F parallel to DC, and it 
will be the fourth Preportional requir'd; that is, 4 D: PC:: AB: BE. 


THEOREM XIV. 


If any Angle of a plain Triangle be biſected (viz. divided into two equal 
Angles) with a Right-line, (viz. as C A is ſuppos'd to do the Angle 
BCD) 't will cut the oppoſite Side (viz. B D) in Proportion to the 
other two Sides of the Triangle (3. e. 6.) i. e. BA; B C: :AD:CD, 


Demon ſtration. 
Produce the Side DC, until CZ > - 
= CB: join the Points Z B witha 


Right-line, and draw the Line F C 
parallel co B D; whence the < Z 


CCA, daa SCD K 
BC D, per Theorem 5; or, dividing, 
both Sides of the Æquation by 2, 
CBZ =; V BCD, BitzR B 
CD=xRACB= RAC D by the Hypotheſis, therefore < ACB 
= CB per Axiom 5: Whence AC is parallel to B Z per Theorem 
3, and the Triangles B DZ, ADC, and FCZ are ſimilar by the 
ſecond Figure to 7 heorem 12. conſequently BA(= FC): BC (= 
Z C) :: AD: CD. Q. E. D. 


THE O- 
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THEOREM XV. 


If two Right-lines (howſoever drawn) within a Circle do cut each other, 
the Reftangle made of the Segments (or Parts) of the one Line, will 
be equal to the Rectangle made of the Segments (or Parts) of the other 
Line. (35+ e. 3.) 8 
That is, if two Lines (as AB and CD) do cut each other in apy 

Point, as at x, then will \xx Bx = D xxC x. 


Demonffration. 


Join the Points of AC and B D with 
Right-lines, then will the A C x A be like 
to GB x D: For TB C and S A 
= D. by Corollary to Theorem 9. 
and x AxC = B x D. by Theorem 2. £: 
Therefore it will be Ax: D:: Cx: Bx. by Theorem 13. Conſe- 
quently Ax X Bx= DxXxCx, Q. E. D. 


THEOREM XVI. 


If two Right- Lincs are ſo drawn within a Circle, as, being continued, 
they will meet in a Point out of the Circle's Periphery, the Rectangle 
made of the one wh:le Line, and its Part out of the Circle, will be 
equal to the Rectangle of the other whole Line, and its Part out of the 
Circle. (36, 37. e. 3.) 

That is, if the Lines AC and 
D B be continued unto the Point 
; then will AZ x CZ = Z 
Xx BZ. 


Demonfration. 


Draw the Lines AB and CD, 
then will A CZ Y be like to the 
AB Z A, for A = ID, and S is common to both Triangles, 
conſequently,  ABZ = Y CA, bv Theorem 4. therefore A Z 
3 Z:: DZ:: CE. Erg, AZ Xx CZ = DZNBZ:. 


THEOREM XVII. 


If from any Angle of a plain Triangle inſcribed in a Circle there be let 
fall a Perpendicular upon the oppeſite Side, a: DP; as that Perpen- 
| 88 2 | dicular 
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dicular is in Proportion to one of the Sides including the Angle, ſo is 
the other Side including the Angle to the Diameter of the Circle, 


Demonftratidn. 


Let BCD be the propoſed Triangle. 
From the I at D draw the Diameter 
D A; then will = 4 = TB, becauſe 
they both ſtand upon the fame Arch DC, 
and DCA = 9g0?, by Theorem 10. 
conſequently the ADC I BDP, 
by Theorem 4. Therefore A D CA is 
like to the ADPB; and therefore, DP: 
DB: DGi#AhaDryD0G:: 
D: DA. AKE. D. 


THEOREM XVII. 


1f any Quadrangle (that is, a Trapezium) be inſcrib'd within a Circle, 
the two oppoſite Angles, taken together, are equal to two Right- Angles, 
Viz. 18* (22.6. 3.) 
That is, in the Quadrangle ABCD the A +I C= 180, 
And the TB ＋ TD = 180% 


Demonſtration. 


Draw the two Diagonals AC and BD; 
then will the BDA = TB CA, 
and the BDC = = B AC by Co- 
rollary to Theorem 9. But x ABC + 
<=3CA4+ IB FC = 180*®, by 
Theorem 4. and the  BDA+=V BDC 
Abe. Therefore the =FBC+ = LZDC id, 
and by the ſame Way of arguing it may be ptov'd, that the J 
BAD +RIBCD = 189%, Q. E. D. 


THEOREM XIX. 


if in any Quadrangle inſcrib'd within a Circle there be drawn two 
Diagonals, as AC and B D, the Rectangle made of che twa ['iags- 
nals will be equal to both the Rectangles made of the oppoſite Side of 
the Puadrangle. 
That is, IC Xx BD =ABXCD + AD x BC. 


Demon⸗ 


II. 


2 ts 


- Demonſtration. 


Make the Arch DG = Arch B C, 
and from the Points A G draw the Line 
A f, and it will form the A Af D, like 
to the A A BC: For the x FAD = 
— BAC, becauſe the Arches D G and 
BC are equal, 

Again, the DA = BB CA, be- 
cauſe they both ſtand upon the Arch AB: 
Conſequently, the AF DS (ABC, 
by Theorem 4. Therefore it will be AC: BC: : 4 D: Df, by 
Theorem 13. Ergo NEE = DF. 

Again, the A B Af and AA C D are alike: For AB 
= FAC D, and BAF CAD, becauſe the = FAD 
=—=B AC, and the x C Af is common to both Triangles. 
| Conſequently, the AfB= N ADC. Therefore AC: CD 
5 : IB: B /, by Theorem 13. E 2 = 8. 
0 , Df + Bf = B D. Conſequently BCXAD+CDXAB 
" = =z2Dx4c. QE. b. 


* THEFORTM-IXY; 


All Parallelograms (whether Right or Oblique angled) that fland upon 
the ſame Baſe, or upon equal Baſes, and betwixt the ſame Parallels, 
are equal to one another. (35. & 36. e. 1.) 

That is, DBLBCD = DabCtD. 


2 


Demonſtration. 

4 3 Becauſe AB = CD = ab, by Suppoſition, therefore Aa = Bb; 
: for Ba is common to both. And be- 

cauſe AC= BD, and the T4 = < 

* B, therefore the GA Ca S B DID. 

584 And if from both Triangles there be 

* taken the A B x à common to both, 

there will remain the Trapezium ABxG O 

Sax D, per Axiom 5, 


R — tl. Mt. 
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But the Trapezinm ABxC + ACzD = ABCD. and the 
TrapeziumabxD + ACzD = D CD. conſequently 5 
ABGCD=MDabCcD. Q. E. D. 


Corollary. 


Hence it will be eaſy to conceive, that all Triangles which ſtand 
upon the ſame Baſe, or upon equal Baſes, and between the ſame 
hey ug (viz. having the ſame Height) are equal one to another, 
( 37.6 38 e. 1.) 

or all Triangles are the Halfs of their b Paral- 
lelograins ; and therefore, if the Wholes be equal, their Halfs will 
alſo be equal. 


THEOREM XXI. 
Parallelograms (and conſequently Triangles) which have the ſame 


Heighth, have the ſame Proportion one to another as their Baſes 


have. (I. e. 6.) 


Dcmonttrafion. 


Draw A F parallel to BG, and draw 4A C F 
AB, CD, FG Perpendiculars to them. N 125 
Then will B DAB D ABCD... |, 
And becauſe CD = AB, therefore DG EY . 
AB CFC, but BD: DG — Boy 
::BDX AB: DG X AB. And con- B D G 
ſequently A 4BD:ACDG:: BD: DG, &c. | 

Q. E. D. 


THEOREM XXII. 


Like Triangles are in a duplicate Ratio to that of their hamalogau: 
Sides. (19. e. 6.) 


That is, the Area's of like Triangles are in Proportion one to 
another as are the Squares of their like Sides. 


Demonttration. 


Suppoſe the AB C D and 
Abed to be alike, and their 


like Sides to be thoſe mark'd 
with the ſame Letters. 


2 > 
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Let A and à be Perpendiculars to the two Baſes D and d. 


Then £ DA = the Area of A BCD 
And * da = the Area of Abcad 


But 


Y And 
Conſeq. 


| 3 50 
4X3 Dd 


By Lemma 3, Page 303. 


* 
> 


+ 


a=3iDddA. By Axiom 3. 
D :dd::i* DA: 1 da. And ſo for other Sides. 


Ou Þ W 0 » 


5, Hence 


Q. E. D. 
THEOREM XXII. 


In every Obtuſe-angled Triangle (as BCD) the Square of the Side 
ſubtending the obtuſe Angle (as D) is greater than the Squares of 
the other two Sides (B and C) by a double Rectangle made out of 


= 
| 
» N ay” 
4 # © & _ + 1g wh] * 9 * 
RR 


one of the Sides (as B) and the Segment or Part of that Side pro- 
duced (as a) until it meet with the Perpendicular (P) let fall up- 
on it, (12 e. 2.) | 


Thatis, DD=BB + CC + 2 Ba. 


Demonſtration. 
Firft]1]DD = PP + aa +2 Ba + BB 
And|2|CC = PP + aa 
1 — 2[3|JDD — CC = 2 Ba + BB 
1+CC|4| DD = BB + CC + 2 Ba 


Corollary, 


* Hence it is evident, that, if the Sides of any Obtuſe-angled Tri- 
angle are given, the Segment (a) of the Side produced (or the Per- 
pendicular P) may be eaſily found. | 


THEOREM XXIV. 


If a Perpendicular (as P) be let fall into any Acute-angled Triangle 


(as BCD), the Square of either of the Two Sides (as D) is leſs 
than the Squares -4 the other Side, and that Side upon which the 
Perpendicular falls (viz. C and B) by a double Rectangle made of 
the Side B, and that Segment or Part of it (via. a ) which lies 
next to the Side C. (13. e. 2.) | 


That is, DD + 2 Ba = BB + CC. 


Demons 
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Demonftration. 
Firſt 1 DD = PP ee 
Andi 2 G b. Fan By The 11. 
But] 3B — 4 = e, by Figure. 
3 ©. 24] BB — 2 Ba + aa = ee. 
4 — aa\5| BB — 2 Ba = ee — aa, 
1 — 2]6] DD — CC = ee — aa. 
5, 6|7]DD - CC = BB - 2 Ba. 
7 + |8|1DD + 2 Ba = BB + CC. Q. E. D, 
Corollary. 


Hence it follows, that, if the Sides of any Acute-angled Triangle 
be known, the Perpendicular P, and the Segments of the Side 
whereon it falls (viz. a, e.) may be eaſily found. 


HAF. V. 


The Solution of ſeveral Eaſy Problems in plain Geometry, 
whereby the Learner may (in Part\ perceive the Application 


or Uſe of the foregoing Theorems. 
N OTE, when a Line, or the Side of any plain Triangle, is any 

M ay cut into two or more Parts, either by a Perpendicular 
Line let fall upon it, or otherwiſe, thoſe Parts are uſually call'd Seg- 
ments; and ſo much as one of thoſe Parts is longer than the other, is 
calPd the Difference of the Segments, 

And when any Side of a Triangle, or any Segment of its Side is 
given, tis uſually mark*d with a ſmall Line croſs it, thus : 
and thoſe Sides or Parts of Sides, that are ſought, are marked with 
four Points, thus + — 


| 


PROBLEM 1. 


To cut er divide a given Right line (as $ ) into Extreme and Mean 
Proportion, (11. e. 2.) 


That is, to divide a Line fo, that the Square of the greater Seg- 
ment (or Part) a, may be equal to the Rectangle made of the whole 
Line S, and the leſſer Segment e. 


Viz. 
And 


I 
2 


Se = aa, by the Problem. — — 
S—a=e, for S = a Fe. a e 


An 


of Reſolving Problems. 327 


1 = 8& 3 F =. 

4 X S 5 = 88 — Sa 

5 + Sa] E. + Sa = IS 

6, ſolved] 71 emp IP 4 Fſ 2 $8. 2 195. 196. 


Note, The laſt Problem cannot be truly anſwered by Numbers, but 
Geometrically it may be performed, thus : 


I. Make a Square whoſe Side is S the given 8 and biſect 
one of its Sides in the Middle, as ts au 

at C; upon the Point C deſcribe ſuch 5 

a Semicircle as will paſs through the Fd 
remoteſt Points of the Square, and : ...-* 
compleat its Diameter. bl Tl 


2. Then will either Part of the Diameter, on each End of the 
Side 8, be = a, the greater Segment ſought. 
But a ＋ S: S:: S: a2. By Theorem 13. 
Ergo, aa + Sa = SS, Which was to be done. 


PROBLEM II. 


The Baſe of any Right- angled Triangle, and the Difference between the 
Hypothenuſe and Cathetus being given, to Fe the Cathetus, Cc. 


$18 = 722 

Let} 21d = 32 

And] 3|a = Cathetus ſought 

Then] 40% + aa = dd + 24a + aa 

| | By Theorem 11, 

4 — 4 51bb = dd + 24a 
5 — dd| 6 2da = b — dad 
6 — 2d 7|e=====65 A 1 

Or,| 86: 4 ＋ 24: : 4: b. By Theorem 13. 
3 . 9: bb = dd + 24a. As before at the 5th Step. 


Te Here 


rey S IE WA 
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Here you ſee that either Way raiſes the ſame Æguatien; neither 
is there any conſtant Method or Road to be obſerved in ſolving 
Geometrical Problems, but every one makes Uſe of ſuch Ways and 
Theorems as happen to come firſt into their Mind, the Reſult be. 
ing every Way the ſame, 


PROBLEM III. 


The Difference between the Baſe and Hypothenuſe of any Right-angled 
Triangle, and the Difference between the Cathetus and Hypothenuſe 
being both given, to find the Triangle. 


1112 32 
Let] [234 = + 
And] 3144+ x +a = the pot. 
; d-Þa=y 
Then | # — © by the Probl. 
i 5 i Laan - 
4 * [dd + 2da + aa = yy 
5 G. 7|xx 2xa + aa ee 
3 8 eee 
6+7] 9{4d + 24a + 2xa + xx + 24a =yy + ee, 


The two laſt Steps are equal, by Theorem 11. Conſequently, if 
thoſe Things that are equal in both be taken away, the Remainders 
will be equal. By Axiom 2. ; 


That is|to[aa = 24x = 1600 

10 w* [IIIa = V zd = 40 | 
1 + 1111204 ＋ 4 72 = y The Baſe. 
2 + 11]}13}x +a = 65 = e The Cathetus. 
i+2+11]14]4 + x + a = 97 The Hypothenuſe. 


— — 


PROBLEM IV. 


De Hypothenuſe, and the Sum of the other two Sides, of any Right- 
angled Triangle, being given, thence to find the Sides. 


Let i|H = 97 

And] 2 T SSN he 5 
By Fig.] 3 (aa + ee = HH 0 3 
2 @-* 4 aa + 2ae + ee = $8 e e ee eee 
4 — 3 52a e = SS — HH $ 
3 — 5 6jaa—2ae + ee = 2 HH — 88 | 
6 un“ | fla —e=v 2dHH— 8 | 


8 9 
- "4 8 e 
. 
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— 75 2 + 718 2a =S+v 2HH — SS = 144 
ws 1 8 + 2 94a = CET . — 2 = 72 The Baſe required. 
2 | 
| n 2 — 9g|1oſe= Foo —— = = 55 The Cathetus. 
1 | - PROBLEM V. 
uſe | : The Hypothenuſe, and the Difference of the other two Sides of any 
E- Right-angled Triangle being given, to find the Sides, 
N £ Let]! 1]þ= 97 As before. 
= And] 2Ja—e=d=7 Quereg 
e : By Fig.] 3a + ee = bb 
2 8. a tows if | 5 
3 — 4 522% = b — dd ares FATS. eee, 
3- + $ 6]aa + 2e + ee = 2hh — dd 2 
6 u 7a ＋T == V2 - 4d 
ſe, 2 + 7] 8]24a=d+v 2. — dd = 144 
if 8 — 2 g9]a=72 
210 7 — 2|10][2e=4/ 2 -d: — 42 130 
1 — 211[e = 65 
| PROBLEM VI. 
In any Right-angled Triangle, either the Baſe, or Cathetus, and the 
alternate Segment of the Hypothenuſe made by a Perpendicular let 
* fall from the Right- angle, being given, to find the other Segment, 
Let] Ile = 45 The Cathetus 
? And] 21 = 48 Thealternate Segm. 
of + p % 
Then] 3[b:e::-:a Quereg 
3 . 4]ba = ee : 
Again, | 5|cc—aa=ee. By Theor, 11. 
4 5 61 = cc — aa ] 
5 6 + a, ; aa + ba = cc 
7, C ON 8Jaa+ba+43# =c+ 4b 
p 8 wi ola +ib =vV cc +6bb © 15 
9 — o V ＋ : - 16 27 And ſoon for e, &c, 
7 1 I (hall 
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T ſhall now ſhew the Geometrical Conſtructian (or Solution) of the 
three Caſes of Duadratick Æquations promiſed in 202. Let the 
firſt Example be that above, viz. aa + ba = cc. Caſe 1. 

Make the Co-efficient b, and the Root of the Reſolvend (which 
is here) c, into a Right-angled Pa- 
rallelgram. And upon the middle 


Point of the Side = , deſcribe ſuch 1 N 

a Semicircle, as will paſs through the „„ 4 * 
remoteſt Points or Angles of the: 3 4 
Parallelegram, compleating its Dia- .f. — — . 0 


meter, as in the annexed Scheme. 

Then will either Part of the Diameter, on each End, be equal to a; 
the other Part will be a + b, and the Side c will be a mean Pro- 
portional between them: That is, a+b:c::c:a. By Theorem 
13, conſequently aa + ba = cc. Which was to be done. 


PROBLEM VII. 


The Difference between the Baſe and Cathetus of any Right-angled 
Triangle, and the Perpendicular let ll from the Right angle upon 


the Hypothenuſe, being given; thence to find the Hypothenuſe, 
c. 


Let 114 1 5 The Difference of the Sides 
And] 2p = 36 . 
Quere al 314 = The Hy pothenuſe. G: 4 
By Hg. 41d +e:þ::a:e — 5 
4 „ S Tee pa a 
Again, 6 dd + 2de + ace = aa. By Theorem 11, 
5 X 2| 7|dde + 2 = 2þpa 
— 71 814d = aa — 2pa. Caſe 2. 
8C-O| gjaa — 2pa + D = dd + pp = 1521, 
9 w* jloſa—p=vy dd + pp = 39 
10 + II a =þ+v dd + pp=75, c. for e. per Step 5. 


9 „ 


may be performed in the very 
ſame Manner as the 14% Caſe . . 
Was; that is, by making a Right- x 4444+ #454595 495 4 


angled Parallelogram of the Co- : 4 
efficient 2p and the / dd, viz, * * 2p | 
d, &c. As in the annexed Fi- . 2 

Sure. enn een 


ALES 


s 
1 


F 
* 
* 
* 
* 
4 | 
84 
. 
„ 
» 
7 
T 
4 * C 
* 
« % 
7. 8 
. 
. 4 
* +. 
47 
* 4 
bl 
- „ 
' 
l - 
N. 
- 
1 
x 
FY 
Ef 


The Geometrical Conſiruction of this Caſe 2, viz. aa — 2pa = dd 


2p 


den 
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Then will the greater Part of the Diameter to one End of the 
Parallelogram be == a, and the leſſer Part will be a — 2p. For a : 


4: : d: 4 — 2p by Theorem 13. Conſequently, aa — 2pa = dd. 
Which was to be done. 


PROBLEM VIII. 


The Hypothenuſe of any Right-angled Triangle, and the Perpendicu- 
lar let fall from the Right-angle upon the Hypothenuſe, being N 
to find the greater Segment of the Hy pothenuſe, &c. 


Let * = 75 The Hypothenuſe 
And] 2% = 36 
Then 1 Quere a 


per Fig. 


+> 
WO © W 


p 
io|ag — ha A = {hh — pp = 110, 25 
Ilia —3ih=4/ 4hb—pp = 1o, 5 
I2 a={h+4 ihh—pp = 48. Or, 3 


may be thus performed : Draw a Night- 


The Geometrical Conſtruction of Caſe 3, viz. ha — aa = pp, 
line (of any convenient Length at Plea- 9 


ſure) and near its Middle ere& a Per- © N, 2d 4 

pendicular = p, wiz, of the ſame - JP 
Length with the Root of the Reſolvend. * _ L—a | a*: 
From the top Point or upper End of *- — * e 


that Perpendicular, ſet off Half the | 
Length of the Co-efficient, viz. 4 and upon the poibt where £ 


juſt touches the firſt Line (with the ſame Diſtance) deſcribe a Se. 
micircle ; then will its Diameter h be cut by the erpendicular 8 
into two Segments, which are the two Values of the Root a, viz. 
the greater and leer Roots, both taken together, being always equal 
to the Co- efficient: (vide Page 201.) For hb - 4 H:: %: 4 by 
Theorem 13. Ergo, a — 4a pb. Which was to be done. 


2 | p N. 


— 
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PROBLEM IX. 
The Perimeter, i. e. the Sum of all the three Sides of any Right-anglid 


Triangle, and its Area, being given, thence to find each Side, 
a+e+y=5s = 234 The Sum of the Sides. 


ft 
2 


:ae = A The Area = 2340 


aa ＋ ce = yy By Figure 


248 = 4A 


aa + 2ae + ee = yy +44 


a e221 — 7 


aa + 2ae ＋ ee = t — 2 - 

» +44 =s— 29 + yy 

2% = 55 — 4A = 45396 
$—44 


— 
24 


4 — 0 = 


— 1 


a = 72 The Baſe. 


e = 137 — 72 = 65 The Cathetus, 


— on = 97 The Hypothenuſe. 


aqe=s—y=137 

aa — 24e ＋ ee =yy — 4A = 49 
* 49 =7 
24 = 137 + 7 = 144 


— +. 


PROBLEM KX. 

In any Right-angled Triangle a Perpendicular being let fall from the 
Right-angle upon the Hypothenuſe ; if the Sum of each Segment, 
when added to its adjacent or next Side, be given, thence to find each 


Side, and the Segments, 
Piz. If 


= 


WT 
O 


Un 4 


And 
To find 


a 


[e119] 
2 


2 
— 
I 


* = 
— 


1 
2 


3 
4 
5 
6 
7 
8 
9 
10 
11 
12 


a ＋ u = = 108 


72 
a, e, u, y, and p 


— 


182 . — | 


7 as 4 


un = $5 — 25a ＋ aa 


uu — aa — 5s — 25a  fþ 


Z—e=y 


ZZ — 22e + ee = yy 
2 — 226 = yy — ce = fþ 
22 — 226 = $35 — 244 


a2 :p: :p: e 


ae = pp 


ae = $5 — 25a 


1224 


* Ps. n 
— 2 * LEE 1 
SIE... 


| 7" PN 
_ * 3 

o $ ps, 4 k -, ; 4 # - 2 l - * 
„ <6 ©ODIIOTRS 


þ'> 
po. 
5 
* 
ox) 
ng 
Go 
Þ 
* 
1 
** 
NH 
- 4 
„ 
* * 
vt . 
"> 
" 
= 
. 
1 t 
* 
9 * 
* 


* 
5 
he 
.. 
* 


— > 3 
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— b 
3 $5 — 25a 
112 — 5 13le — - 25 
| 2255 — 424 


13 X 22014 2%e = 


2255s + 4254 
— — — — 0 
9 + 14/151 T2 = 5s 25a + : 


Is X @16|2za = 554 — 2 ＋ 2255 — 42 
16 + 1% + zza ＋ 4 — g = 228 


ZZa 
17 — 2s 18 % + ＋. 2 — 3 = 5 


Subſtitute 192 == ＋ 22 — 35 = 114 


v4 Then|20|aa + 2xa = zs = 7776 | 
20 C O|2Iaa + 2xa + xx = zs + xx = 11025 
we, © 21 ww! [22ja x = 25 + xx = 105 
22 — x|[23jJa=4/ TX: —x = 48 

1 — 2324] = 60 = The Baſe. 


. per 13 25e = = — 25 = 27 
. 
* 


a 
2 — 25 2600 = 45 = the Cathetus, 
23 + 25:27]a + e = 75 = the Hypothenuſe. 


PROBLEM XI. 


The Difference of the Sides of any Oblique-angled plain Triangle, the 
Difference of the Segments of the Baſe, and the Difference between: 
the greater Side and the Bale, being given, to find the Baſe, &c, 


14 = the Difference of the Sides = 405 
Lec) 216 = the Difference of the Segments = 495 
31x = 165 the Differ, of the greater Side and Baſe 
And] 4a = the leaſt Side 
Then] 5|4 + a + « = the Baſe : 
And FTF 2 2 
By Theorem 16. : 
. 7]4db+ba+bx= dd + 24a © EA. 
+ 8] 24a —ba = db + bx — dd ry ger 
e ee 4b + bx — dd _ 118125 
—24—5 9a = — = —_— 
+ 9104 + a = 780 = the greateſt Side. 
+ 10{1I[da+x= 945 = the Baſe. 


P R O- 


— 


Elements of Geometry. 


eee ⁰ et Eee mantis 


Part If. 


The Difference of the Sides of any plain Triangle, the Difference of 4 
Segments of the Baſe, and the Perpendicular iet fall from the Verti. 
cal aul. being given, thence to find all the Sides. | 


5 A 
6 — add 


Ty 


I 


20.0 


21 
22 


423 


3124 


22 8. 


PROBLEM XII. 


4 405 
5 = 495 
P = 300 
a = the leſſer Segment. 


b + 23: d + 2e::4: ö. 
bb ＋ '2ba = dd + 24e 
bh — dd + 2ba = 2de 
2x = bb — dd = $1000 
2x + 2ba = ade 

— . 


72 yl aa = ee By Theorem 11. 
xx + 2xba ＋ bbaa 

7 | 
xx — — 2 + as 
xx + 2xba ＋ aa == ppdd + ddaa 
bbaa — ddaa + 2:xba = ppdd — xx 
2xaa ＋ 2xba = ppdd — xx 


a +ha=P* 1x 
2x 


aa + ba ＋ 1 = 28 + Her 


Fas before 


— 6 


— Ce 


| 


r= 
= View PE 


24 = 450 

b + 2a = 945 the Baſe. 

e = 375 = the leſſer Side. 

d + e = 780 = the greater Side, 


—_— 


—2 * : — 160 = 225 


The Sum of the two Sides of any plain Triangle, the D N= | 
the Segments of the 8 and the Perpendicular let fall from i 


ed 


—— e 


ad a ant * 7 s N 
P pas ö thu 3 ; 12 L 
* Tr | * - . 5 1 th 8 


PROBLEM. XIII. 


Vertical 


ad 4 
11 


rtical 
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WW ertical Angle upon the Baſe, being given, thence to find the Baſe 
and the Sides. 


11s = I155 the Sum of the Sides. 
10 2d = 495 the Difference of the Segments. 
30% = 300 the Perpendicular. 
put] 41a = the leaſt Segment. 
5e = the leaſt Side. 
Then] 6% + 2a = the Baſe. 
And] 7|s 20 = the Difference of the Sides. 
8d +2a:5::5—2e:;d 
Per Fig. 9% — + pp See 


9 un 10 Va + pp =e S 
8 *,*[11|dd + 2da = $5 — 25e 


11 + 12 face = $55 — dd — 2da , Ne 


Suppoſe 13 2X = $5 — dd | . 1 4 7 | 2 Fa 
B of LS my 


Then[14|25e = 2x — 24a 


| E — eee 
14 ＋ 48. 


71 „ vv * 


4 


10, 1516 — 2 + PP 
6 a 17 — 1 


uu 

17 „ 55|18|xx — 2xda + ddaa = 55aa + 55þp 
18 + I9|55a4 — ddaa + 2xda = xx — app 
13 8 19120 2xaa + 2x4a = xx — pp 


20 — 2x|21]aa + da = ix —_— Sc. as before. 
2Xx 


21, hence 224 = 225 
22 X 2123j24=450 
2 + 23 240% ＋ 24 2 945 the Baſe. 


10, Num. 25 fe = 375 the leſſer Side. 


1 — 252686 —e = 780 the greater Side. 


* et 
— 


PROBLEM XIV. 


The Area of any Oblique-angled plain Triangle, the Difference of the 
Sides, and the Difference of the Segments of the Baſe, being given, 
thence to find the Baſe, &c. | 


ah. amen AY 


| 14A = 141/50 = the Area. 
Let 247 + ie ; 
319 = 495 


U u | Put 
4 
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y = the Perpendicular. 6885 
a = the Baſe, „ 
2 ya 5 2 * : : 
4: U + 2c: : 4 :b 1; : a 1 f 
ba = dd + 2de — — 28 EP 
ba — dd = 2de "EIS 


bbaa — 2ddba + 444d = Addee 

3 
2 — = the leſſer Segment of the Baſe. 
aa — 2ba + bb 


== aw 

+. 
ya = 2A 
5 24 

Wo, 
Jy = L 

aa | 
EE ae 444 PE aa — 2ba +65 

aa 
bbaa — 2ddba + dddd : 
20 
4d 


bbaa — 24ddba + d* __ 4 AA += 2ba + bb 


* A aa 4 
| 3 4 1 
ba os W=4414 5 —— 
5 boat adiba + d'aa = 16 AAdd + dda* 

— 24dba* + ddbba* 
bba* — dda* -þ d'a* — ddbba* = 16 AA dd 


cage 00 = 10 4446 
bb — ad 
aaaa — ddaa + A dddd = - = DD - + x 4+ 
8 . 44 
: 10 A1dd 
aa = 1 dd + IT 0 
x I6 Addd | 


C 


1 e Nn. ia e . b MR. A IS oo rats er nnd 3 OR Se 


* * - eh 5 * 2 
n * e 


" 
"= 
Wi 
q 
"IS + 
4 
©. 
* 
" 
. 
= 
\ 
4 
— 
0 
4 
"TK 
Wh 
+ Bu 
T 
* 
4% 
3 
44 
x 


A = od 4 8 
* " * _ 
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PROBLEM XV. 


There is an Oblique-angled plain Triangle, wherein a Perpendicular 
is let fall from the Vertical Angle upon the Baſe; the leaſi Side and 
the Baſe are given; and the Rectangle of the Difference of the Sides 
into the leaſt Side is equal to the Square of the Difference of the 
Segments of the Baſe : Tis requir'd to find the Segments of the 
Baſe, Oc. 


9 11 


D 
13 ͤ— 


I4 + 2cca 


OO © WW © UmmeEEhYy Nr 


11 


12 
13 


14 
15 


c 56 = the leaſt Side. 

B = 92 = the Baſe. 

a ＋ 20 2 

y = the Difference of the Sides. 
cy = aa by the Queſtion. 


B:xc+y::y: 4, for B 4 + 2c 
Ba = 2cy + Jy 
2cy = aa 

Ba — 2aa = yy 


ccyy = aaaa 


aaaa 
J) = 


ce 
aaaa 


CC 
cc Ba — 2ccaa = aaaa 
cc B — 2cca = aaa 
aaa ＋ 2a = cch 


Ba — 2aa = 


I5in Num. 


16 


aaa + 62724 = 288512 


The Value of a, in this Æguation, may be faund as in the Ex- 
amples Page 238, viz. by putting r + e = a, &c. as in thoſe 
Examples you will find a = 37,55502, &c. 


PROBLEM XVI. 


The three Chords or Subtenſes of throe Arches compleating a Semicir- 
cle being each given, thence to find the Diameter of that Circle. 


That is, 


Any Trapezium being inſcrib'd in a Semicircle, if one of its Sides 
be the Diameter, and the other three Sides be given, thence to find 
the Diameter or fourth Side. 1 


* 


Uu 2 Let 


Elements of Geometry. Part III. 
— — — 
[ESI | 
Let 4 | 2|c = 4 the 3 Sides, 
34 2 5 
Duzre| 4a = the Diam. fought 
Draw the two Diagonals 
e and y 
Then] 5|ca + b4 = ey. By Theorem 19. 
6laa — bb = 
And %% — 4 = 2, By Theorem 10 and 11. 
0 | B8|ccaa + 2bdca + bbdd ecyy 
6 X 7 gf aaaa — bbaa — ddaa + bbdd = eeyy 
8, = 9|10|aaaa — bbaa — ddaa = ccaa + dc 
10 — a[1I|aaa — bba — dda — cca = 2bdc 
11 — cca\12| aaa — bba.— dda — (ca = 2bdc 
12, Numb.|13|aaa — 50a = 120 


This Æquation being ſolv'd as in Example 2, Page 240, you 
will find a = 8,05581, &c. 


In any Right-angled Triangle, the Area and the Sum o 


PROBLEM XVII. 
the Hypothe- 


nuſe, when added to either Side, being given, thence to find the 


Sides, &c. 
ref a 
| 2 

3 

1X 2 41a 
4 * @|'$ 
Per Fig.] 6 
2 — 7 
55 718 
* 
5 * 100 
10 + ans? 


— 


2 24 1350 the Area. 


2 


„er, = 120 the Sum, &c. 
Quær es, andy 


=24 ec 


2 Pc 4 
: 


aa =y 


* 
Y 5 — — 


©, 9, 11 


13 X @a 14 aaa = $54 — 45A 
14 + [15] — aaa = 454 
15,inNum.| 16144004 — aaa = 648000 


The Value of a, in this Æguation, may be found as in the third 
Example, Page 241; that is, by making r + e = a, &c. it will 
be found that à = 60. 


— FOI W 


PROBLEM XVIII. 


There is an Obligue- angled plain Triangle, wherein a Perpendicular 
is let fall from the Vertical Angle upon the Baſe ; the Sum of each 
Segment of the Baſe, when added to its adjacent or next Side, and 
the Area of the Triangle, are given, to find the Perpendicular and 


. | AA A AA 
f 6, 9, 11 120 ＋ a = i 2 . 
5 12, That is 13 wg — 55 — 4 


each Side. 
325 2 
yp Let TEES 1500 J Quere y, b, e, and u 
. 34 = the Area = 141750 | 
; And] 41a = the Perpendicular ſought, 
Then| 5|y +eX3a A 
5X2—a| 6 e 24 
a 
: 7|yy + aa = bb 
Per Fig.) . 
I — 951 9 =z—y 
L u — — e 


bb = zz — 225 ＋L yy 
un = $5 — 254 — ce 


ZY — 2Zy = aa 
SS 2 254 — aa 
ZY — 4a = 2zy 
$5 a Fg 28 


2 — 44 Having found the Value of 4 
= fromthe 24th Step, e and y will be 
1 eaſily found by theſe two Steps, 
— = e Land 6, , by the gth and 1oth Step. 


24 
2% 9 


=y+e 


2 


__— / 1 


— 6— — —_ OO I ——_—S OI — — M8 


— — 
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ZZ — aa SS — aa 2 A 
6, 106 2 4 22 — 
| 1 24 a 

225 — 240 Za 

20 X 2z|21|zz — aa + — #2 

s a 


424 
a 
22 X a|23|2z5a aaa ＋ 2554 — 2aaa 42A, 
2 3, Numb.|24|go00004 — aaa == 243200000 
Here a = 300 found as in the laſt Problem. 


21 X 5$|22|225 — aa + 255 — 244 — 


—_— 


4 
—e—— — 2 — 


PR OB L E M XIX. 


There is a Right-angled Triangle, wherein a Right-line is drawn pa- 
rallel to the Cathetus ; there is given the Cathetus, that Segment 
of the Hypothenuſe next to the Cathetus, and the alternate Segment 
of the Bale ; thence to find the Baſe, c. 


viz. Let} 1] = 20 .c = 24, andb = 15 
Then 2]b + a = the Baſe, Quere a 
Here] 3]ᷣö a:c: 4 e per Figure. 54 
And] 4|aa + ee = hh per Figure. 2 
— — 3 ; 
3 5 b+ 2 — | 7 e 
2 ccaa 2 | 
9 GS | 6 IAD 4 1 | 
4 — aa] 7 — aa = ee * Y : 
Fo ccaa 1 
, 7 . bb ＋ 2ba + aa © bb 15 
8 X 9 | ccaa = hhbb — bbaa + 2hhba — 2a + hhaa — 4 
9 + 10A + 2baaa + ccaa + bbaa — hhaa — 2bbba = hbbb 
That is, [IIIA + 40 ++ 751aa — 900084 = 90000 


_—_ 
— ” — ﬀ. 


Far a Solution of this Æguation, let it be made 


#aaa ++ baaa + caa — da =G , TI = 40 .c = 751 
Putr +e=@ DS es = oa 
r + 4rrre + 6rree = a* | 
brrr + 3brre + 3bree = baaa 
Then js + 2cre + cee = £aa 
— ar — ds = — da 
SN F-22009 


= S 90900 


Then 


Ch 


T 


E 
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55 + 10000 + 4000e + Gooee 
Then 1 40000 + 120008 + * G = gooco 


+ 75100 + 150 20e + 75Iee 
— 90000 — goooe 
That is, 35100 ＋ 22020 + 2551 = 90000 
Hence it will be 22c20e + 2551ee = 54900 
Conſequently, 8,63e + te = 21,52 = D 


And 


= e 


ET 8,63 +e 
Operation, 8,63) 21,52 (2,1 =e 
+ 6 = 2, 1 20 


1. Diviſor = 10 1,52 Firſtr = 10 
2. Diviſor = 10,7 1,07 180 e= 2,1 


— — — 


45 &c. r +e= 2 12,1 =rforaſecond: 
Operation, which being involv'd, and multiply'd into the Co-effict- 
ents, as before, will produce theſe Numbers : 


+ 2143548881 + 7086,24e + 878,462 
＋ 70862, 4400 + 17569,20e + ES 


+ 109953,9100 + 18174,20e + 751,000 
— 10890, ooo — q9ooo, ooe 


Viz. 93352, 2381 — 33829, 64 rs 30817407 = = 909000 

Here, becauſe 93352,2381 > 90000 therefore 12,1 > a, and 
therefore it muſt be made r —e = a, which will produce the ſame 
Numbers, only all the ſecond Signs muſt be changed. 

Thus, 93352,2381 — 33829,64e + 3081,46ze = 90000 from 

whence will ariſe this Æguation : 

+ 33829,604e — 3081,46ee = 3352,2381 
Conſequently, 10,9784e — ee = 1,08787 332 = = D 
* 10, 9784) 1, 08787332 * = 
r 


1. Diviſor 10,88 | 108673 Laſt r = 125, 


2. Diviſar 10.879 97911 —e = 0,0999 
3. Diviſor 10,8785 1076232 2 12,0001 = 
979005 
&c. 


PROBLEM XX. 

In the OBlique-angled Triangle CAD, there is given the Side AD, and 

the Sum of the Sides AC+CD ; alle within the Triangle is giuen 
the 


N - S 4. 9 
S ä * 


— 1 8 1 
— — 
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the Line AB perpendicular to the Side CA; thence to find the Side 
CA, &c. 


1 


And 
Then 


19, 20 


MN > WW Db ww 


21 


C4+CD S 51 


F 
4D =d4 = 22 " 
AB =. = 21 2 * 
CA = a ſought. 8 > 
S—a=CGD 
c RJ 
the Line D F B _ 


parallel to AB; CA being produced to F 
ACAB, and A CFD will be alike. 
BC:CA::DC: CF 


BC = V bb + aa, Let AF = e, and FD =y 
y bb +aa:a::S—a:ia+e 

A — a. > 
F 
$5 — 25a +aa = CD | 
$S—25a+aa=aa+2ae+ee + yy =OCF+OFD 
$5 — 25a = 248 ＋ ee yy 
dd =ee + y= UAF - 0 FD 
$5 — 25 — dd = 2at 
2x = 55 — dd 
x — e = ae 


X — 5a 
— 
a 
x — a + aa 
— S are 
| a 
Staa — 254A + a* — 
— - hs = Qa Te 
| bb + aa 
xX — 2:54 + 2xaa ＋ $544 — 250) + a* = HFT 
aa 
s — 25aaa + 4. 
bb + aa | 
kx 25a + 2:xaa ＋ ga — 2543 ob a+ 
— aa * 


— 


This Zquation being brought out of the Fractions, and into 
Numbers, will become — 2018a* ＋ 1254094) — 24642 30,254 
+ 35468 307 = 274183922, 25; which being divided by 2018, 
the Co-efficient of the higheſt Pawer of a, will be— a* + 62,145 


6a) — 1221,1254* + 1757 3,9697 = 135869,138875, uy 


2 


al 


— 
- 


| 


de 


— _— 
© 898 ws rr — u ca. Dua i _ ci it Sad. a. Altea 6 I Tn On I ut OO N * 
— — - — — 
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And from hence the Value of a may be found, as in the /af# 
Problem, due Regard being had to the Signs of every Term. 


This Work of reducing, or preparing A quations for a Solution 
by Diviſion, hath always been taught both by ancient and modern 
Writers of Algebra, as a Work fo neceſſary to be done, that they 
do not ſo much as give a Hint at the Solution of any adſected Aiqua- 
tion without it. | 

Now it very often happens, that, in dividing all the Terms of an 
Equation, ſome of their Quotients will not only run into a long 
Series, but alſo into imperfect Fradtions (as in this Equation above) 
which renders the Solution both tedious and imperfect. 

To remedy that Imperſection, I ſhall here ſhew how this Zqgua- 
tion (and conſequently any other) may be reſolv'd without ſuch 
Diviſion or Reduction. 


Lad= 1018. 2 127479 d 2464230, 25 
f = 35468307. And G = 274183922, 25 

Then the precedent Equation will ftand thus: 
— baaaa + caaa — daa + fa = G 

Put r + e = a as before. 
— br* — gbrrre -— G6brree = — bat 
mJ + 3 A gerre + gore = + ai ( 
Then will) — drr — dre — Fo = — daa ( C 


+ +fe....... = + fe 


| This is plain and eaſily conceived. The next Thing will be, 
how to eſtimate the firſt Value of r; and, to perform that, let G 


be divided by b, only ſo far as to determine how many Places of 


whole Numbers there will be in the Quotient; conſequently, how 
many Points there muſt be (according to the Height of the A qua- 
tion.) | | 


Thus 5 = 2018) G = 274183922, 25 (130000 
2018 | 


7238, &c. 


Now from hence one may as eaſily gueſs at the Value of r, as i 
all the Terms had been divided. That is, I ſuppoſe r = 10, 
which being involved, &c. as the Letters abovę direct, will be 

X x — 20880000 


— — „ 
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— 20880000 — 80720002 — 1210800ee 
+ 125409000 + 37622700e + 376227 0ee 
— 2460423025 — 49284605e — 2464230, 25ee 
+ 354683070 + 35408 37e | 
Viz. 213489045 + 15734402e + 87230, 7 5ee = 2741839 &c, 
Hence 1573440 2c + 87239,7 5ce = 6069487 7,25 
Conſequently, 180,3e + ce = 695,72 = D 
D 
And 


1 


180, 3 + e es 
Operation. 180,3) 695,72 (3,7 =e 
— 7) 349 
r. Diviſor = 183 146,72 Firſt r = 10 
2. Diviſor = 184,0 128,80 ＋ = 37 
&c. r + e = 13,7 Dr for a 


fecond Operation, with which you may proceed, as in the laſt 
Problem, and ſo on to a third Operation, if Occaſion require ſuch 
Exactneſs. But this may be ſufficient to ſhew the Method of re- 
ſulving any adfected Aigquation, without reducing it; which is not 
only very exact, but allo very ready in Practice, as will fully ap- 
pear in the laſt Chapter of this Part, concerning the Periphery and 
Arca of the Circle, &c. wherein you will find a farther Improve- 


ment in the Numerical Solution of High Equations than hath hither- 
to been publiſh'd. 


CHAP, v. 


Practical Problems, and Rules for finding the Superficial 
| Contents, or Area's of Right-lin'd Figures. 


Boo I proceed to the following Problems, it may be conve- 
nient to acquaint the Learner, that the Superficies or Area of 
any Figure, whether it be Right-lin'd or Circular, is compes'd ot 
made up of Squares, either greater or le, according to the diffe- 
rent Meaſures by which the Dimen/ions of the Figures are taken 
or meaſur d. 

That is, if the Dimenſions are taken in Inches, the Area will be 
compos'd of ſquare Inches; if the Dimenſions are taken in Feet, the 
Area will be compos'd of ſquare Feet; it in Yards, the Area will be 
ſquare Yards ; and if the Dimenſions are taken by Poles or Perches 
(as in ſurveying of Land, &c.) then the Frea will be ſquare * 

| ' E. 


1 
* 
£ 
G 
* 
. 


RuLE. , 


xc. Theſe Things being underſtood, and the Definitions in the 
283d and 284th Pages well conſider'd, will help to render the 
following Rules very eaſy. 


PROBLEM I. 


To find the Superficial Content, or Area of a Square; or of 


any Right-angled Parallelcgram. 


Multiply the Length into its Breadth, and the Product will 
be the Arca requir'd, (See Lemma 1. Page 302.) 


Example. Suppoſe the Line AB = 6 4 
Yards, and the Breadth AC or BD T I 
= 3 Yards, then AB x AC = 6X 3 E 

C LNG. 


FRESH 


= 18 will be the Number of /quare — - 
Yerds contain'd in the Area of the Pa- |_| | „ 
rallelogram 45 CD. This is ſo evi- 

dent by the Figure only, that it needs no Demon/tration, 


PROBLEM . 


To find the Area of eny Oblique-Triangled Parallelogram, viz. 
either of a Rhombus or Rhomboides. 


Multiply the Length into its perpendicular Height (or 
Breadth) and the Product will be the Area requir'd. 


That is, the Side A BNB P = the Area of the Rhombus ABCD. 
For if B be drawn perpendicular to CD, 
and AG be made parallel to BP, them A B 
wil GC=PDand GP = CD. Con- N : 
ſequently A AGC ABP D, and © 
ABGP = Rhombus ABCD. But AB Pk : 
BPS DO ABGP. Therefore ABX O O AF =D 
BP, or CD Xx BP = the Area of the 
Rhombus A B CD. 


RvuLE. 


Example. Suppoſe the Side AB = 23 Inches, and the Perpendi- 


cular BP = 17,5 Inches (being the ſhorte/t or nearęſi Diſtance be- 


tween the two Sides, AB and CD.) then AB x BP = 23 Xx 17,5 
= 402,5 ſquare Inches, being the Area of the Rhombus required. 


The like may be done for any Rhomboides whoſe Length and per- 


pendicular Breadth is given. 


X x 2 P R O. 
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PROBLEM III. 
To find the Superficial! Content, or Area of any plain Triangle. 


Every plain Triangle is equal to half its circumſcribing Paralle— 
loygram, (41. e. 1.) which affords the following Rule: 


Multiply the Baſe of the given Triangle into half its perpen- 
RULE. 145 Height, or half the Baſe into the whole Perpendi- 
cular, and the Product will be the Area. | 


That is, B DNA CP, or; BDXCP = Area f A BCD, 
rt JC = ee 
and B C is common to both A A; 
therefore A ABC = A BCP, 
and for the like Reaſons AC FD 
= ACPD. Therefore A BCP 
+ A GFD = 1BGCD. 
Conſequently: BDXxXCP, or BDX+ CP will be the Area of 
ABCD. 


Example. Suppoſe the Baſe B D = 32 Inches, and the perpen- 
cular Height CP = 14 Inches, 


Then 1 BDXCP = 164 14 = 224. Or BDN(2CP= 
32X7 = 224. Or thus, 32 x 14 = 448. Then 2) 448 (224 
= the Area of the Triangle BCD in ſquare Inches. 


PROBLEM IV. 
To find the Superficies, er Area of any Trapczium. 


Firſt, divide the given Trapezium into two Triangles, by draw- 
ing a D/agonal rom one of its acute Angies to the oppolite Angle; 
and let fall two Perpendiculars (from the ether two Angles ) upon the 
Diagonal, as in the following Figure. Then 


Multiply half the Diagonal into the Sum of the two Per- 
RULE. ö pendiculars, or half the Sum of the Perpenatculars into the 
Diagonal, and the Product will be the jirea, 


That is, 1 ACXBPFED. Or ACX BP Y ZB 
Area of the Trapezium 4 BC D. 
For the AA C is Half its circumſcribing Parallelogram ; and 


the AACDis alſo Ha/f of its circumſcribirg Parallelsgram, as bath 
been prov'd at the laſt Problem. 


Conſequently, 


T 


Mm as Dt |] 


f 


— — 


CM 
o 
4 
„ 
= 
A 
*# 
. 
n 
*. 
'* 
8 
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— — — —— 
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„% . _ > - 


Conſequently, BP + ED x4 AC, or;BP +; EDX AC 
will be the Area of the Trapezium, | 
as above. B 


'C 


Example. Suppoſe the Diagonal 
AC = 33 Feet, and the Perpendicu- 4: 
lar BP = 15 Feet, and the Per- : 
pendicular E D = 14 Feet. Then : 


- 
5 „%% AVA „„ 1 „„. 


BP + ED = 29 Feet, and D 


BP+EDX3AC= 29X 16,5 

= 478, 5. Or Cx; BP +4 ED = 33X*% = 478,5. Or 
thus, 29 X 33 = 957. Then 2) 957 (478,5 any of theſe Pro- 
ducts are the Area of the Trapezium A BCD. 


PROBLEM V. 


To find the Superficial Content or Area of any irregular Polygon, or 
many ſided Figure, which by ſome Au- 
thors is calPd a Triangulate, becauſe (as 
I ſuppoſe) it muſt be divided into Trian- 
gles, as in the annexed Figure ABCD 
FG; by which it is evident, that the 
Sum of the Area's of all thoſe Trian- 
gles, found as in the laſt Problem, &c. 
will be the Area of their circumſcribing F 
Polygon. 


PROBLEM--VI. 


To find the Superficies, or Area of any regular Polygon, viz. of 
any regular Pentagon, Hexagon, Beptagon, Octagon, &c. 


Multiply half the Sum of its Sides into the Radius 
of the inſcrib'd Circle, or half the ſaid Radius into 

General RULE. F Sum of the Sides, and the Product will be the 
Area required, | 


That is, 7c X CP 
= the Area of the annexed Octagon; wherein it is evident, that its 
Area is compos'd of ſo many equal [ſoſceles Triangles as there are 
Numbers of Sides in the Polygon, viz. of eight Iſeſceles Triangles, 
whoſe Baſes are the Sides of the Ocdagon, viz. AB = BD = DE, 
&c. And the Sides of thoſe Triangles, CA, CB, CD, &c. are the 
Radius's of the circumſcribing Circle; and their perpendicular 
Heights, viz. PP, is the Radius of the inſcrib'd Circle. 

T Bur 

| 


— 
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i But the Area of any one of thoſe Triangles is 1 ABX CP 
by Pr.blem 3. Conſequently the 
Fum of all their Area's will be 


4 CP into half the Sum of all their The 
[2 Baſes, as above. F 
This, being equally evident in 8 
all regular Polygons whatſoever, T F. | 
makes the Rule general for find- _— 
ing their Area's. | f A) 

Now, becauſe it is requir'd to 1 
have the Radius of the propos'd 7 _ 
Poly gon's inſcrib'd Circle, I ſhall | 2 =] 
here inſert (and demonſtrate) the AS 7. 
Proportions that are between the 4 71 
Sides of ſeveral regular Polygons and the Radius's both of their i. : 70 
ſcrib'd and circumſcribing Circles; the one will help to delineate or Þ © of 
project the Polygon (if Occaſion require it) and the other will help to | 
find its Area. ; 

And Firſt, Of an Equilateral Triangle. | 

The Side of any Equilateral plain Triangle is in Proportion to the . 
Radius of : 

Circumſcribing Circle, 0,57735927 &c. 8 
its | Hers Circle * TY To} 028867513 &c. 
Perpendicular Height, 0,89602540 &c, 5 
AB: CD:: 1: 0, 57735027 : Vi. 
1. ö AB: CG: : 1: 0. 28867513 * 
AB: 46 :: 1: 0, 86602540 
Demonſtration. 

Let IB BD x, then will BG ag 
=GD=0,5; ww UAB - OBG * 
= UA by Theorem 11. That is. 1 4 
— 0.25'= 0% , t ·˙ er? b) 

quently, / 0,75 = 0,8660254 o= AG: H * £ 
Then AG: AB:: AB: AH, by Theorem 13, that is, 0,8660254: a h 
1::1: 1,15450054 &c. = AH, then i AH=0,57735027 = WE ) 
AG, Again, 4G: DG:: DG: CG, that is, 0,86602 54 : 0,5 : : + U 
0,5: O, 28867513 2 CG, Q. E. D. 1 f 


Now, by the Help of the Fir/? of theſe Proportiens, it will be 
eaſy to kl the following Prablem. | 


P R O- 


14 


LY 


” 4 "I 1 py q 
5 ww 
OR IPRS. 5; e ee, FE ERS 


. 
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PROBLEM VII. 
The Side of any E quilateral plain Triangle being given, to find its Area. 


Example, Suppoſe the Side of the propos'd Triangle A BC 
to be 25 Inches, viz. AB = BC = CA = 25 
Firſt 1: 0,866254:: AB = 25 :21,650635 


= BP by Therem 13. Then AP(=+41C PY 
A) x BP = the Area of A ABC by Rule FF 
to Problem 3, that is, 12,5 X 21,650635 = | \ 
270, 6329 the Area in ſquare Inches, : 8 


Or this Problem may be otherwiſe reſalv'd thus: 7 — 7 
Le. S = APAC. Then 26 = 43. But 
OGAB—OAP = O BP. By Theorem 11. That is, 455 — 
$6 = 288 =-( B P. Conſequently, vV 25 = B P.: Then 


v 3b =BPX+ AC, viz. V 3bblbXv 3 = the Area of the 
Triangle. | 


Secondly, For a Pentagon. 


The Side of any Pentagon is in Proportion to the Radius of 
Circumſcribing Circle, o, 85065080 &c. 
ita or Sy To) 


liſcrib'd Circle, 
Perpendicular Height, 


AB: 40 :: 1: 0,85065080 
PS 


o, 68819096 &c. 
1,5 3884176 &c, 


IB: CH:: 1: o, 68819096 
AB: AF:: 1: 1, 53884176 


Demonfration. 


Let AB 1. And draw the Di- 
agonals A D, A F, and D G, which 
will be equal to one another. Then will 
AGXDF+ ADXGF=AFXDG 
by Theorem 19, Conſequently, AG x 
DF= AFXDG:— ADXGF, that ie, QO AB= 0 AD: — 
A Dx G F g= I (becauſe AB =4G=DF,and4D=AF=DG) 
hence it will be AD 1, 61803398, then 4D - D 


AH by Theor, 1 1. But DH = A, therefore AD U 


AH = 1. 5388417. Again, 4 H: AD::AD;AX=2 AC. 
For A AH D and AH Date alike, 


Ergo 


— 
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Ergo = = 2 AC= 110130161. Hence 40 , 85065080 
But AH— AC= CH= o, 688 19096, &c: Q. E. D. 


From hence it will be eaſy to reſolve the following Problem. 


PROBLEM VII. 
The Side of any regular Pentagon being given, to find its Aria. 


md qv CON GO&o I @a+1I 


— 


Example. Suppoſe the given Side to be 15 Inches long, then it 
will be, as 1: 1,53884176 : : 15 : 22,0826264 the perpendicular 
Height; and by the general Rule 22,0826264 K = 165,619698 
the Area requir'd. 


Thirdly, For an Dagon. 
The Side of any regular Octagon is in Proportion to th Radius of 


110 F ere Circle, As I: to 1, 30656296, Cc. ; c 
| B Circle, As 1 : to 1,207 10678, &c 1 
i . „ BA: CA:: 1: 1, 30656290 
| Fi. BA: CP:: x : 1,207106;8 4 
Demonttration. 
Draw the Right Line DB, ad Þ 7 
from the Point B let fall the Pe- 
pendicular B x upon the Diameter 7 
DA. | 
Then will A DB A and A DxB 
be alike, by Theorem 10 and 12. © ; 
$ = B84 =1.c=> C5 5 
Let 14 = BD, andy = Bx 
Then] 1]2a:6::e:3. vis. DA: BA: DB: By I 
I 1 2 ＋ —e=DB | i ; 
2 . 3 == 0 DB 
But] 4 444 — — = bb 
That is] oO DA— ODB= OBA By Theorem 11. 
4 X bb 4bbaa — = bbbb | 
2 aa = . For Cx = . 
Again Slant Or E. = L 


5, © 


N 1 6 
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5. 6 7 4¹b aa — 24“ = = &. Or 24“ — 4 bla == we + 


7 L 2| SS — 2bbaa = — + 6+ 

8 CO 9 |a* — 2bbaa + b* = bt — 

9 ww* 10 aa — bb = 26 

ro LU = bb 2. 

11 w* [Iz [a =4/ : b 1, 30656296, &c, = CA 
Then] 13 — 45 QCP, viz. CH- UHP CP 


13 w* [14|V aa—1bb = 1. 20710678, &c. = CP. 


— 


LY = 2b 


— 


From hence *twill be eaſy to find the Area of any Octagon. 


PROBLEM IX. 


The Side of any regular Octagon being given, to find its Area: 


Example. Suppoſe _ Side given to be 12 Inches long ; Fife, 
as 1: 1,20710078 : : 14,48528136 = = the Radius of its in- 
ſcrib'd Circle ; then 14 X 4 48 is half the Sum of its Sides, 
and 48 X 14,48528136 = 695,2935 the Area required, 


Fourthly, For a Detagon. 


The Side of any regular Decagon (viz. a Polygon of ten equal Sides) 
is in Proportion to the Radius of 
Tis Circumſcribing Circle, as 1 : to 1, 61803398, &c. 
Inſcrib'd Circle to 1,5 3884176, &c. 
75 : Ys ls” 
* TBA:CP:: 1: 1,53884176 
Demonftratioir 


= DB andy =5. Bo 


" Then| 1124: 6: 
T hat is, DA: BA:: 'DB: Bx 
2ay = be 
I 1 fee 2y = — 
a 
But] 325: :: 1: 1, 61803398. See Pentagon. 
; Ie Pg be Ie 
3 476180370 98 SRI Boks 
4 * 1e 5 161803398 a 2 (CA 
1 aa — 4 66 = oO CP. 
gain| © 1 7 . CP. By Theorem 11. 
That is. 72, 01803398 — 0:25 — 1152884176 = CP. | 


7 P R O- 


* my PISS <2 © 
a "Iam. ge ns — S OE IO IN 
222 Ea = tes ee 
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PROBLEM X. 


The Side of am regular Decagon being given, to find its Area. 


Example. 


Let the given Side be 14 Inches long; then, as 


1: 1,5 3884176: : 14: 21, 543784 = the Radius of the inſcrib'd 


Circle; and 14 X 5 = 70 is half the Sum of its Sides. Laſtly, 


21543784 X 70 = 1508, 6488 the Area requit'd. 


The Side of any regular Dodecagon (viz. a Polygon of twelve equa! 


Fifthly, For a Dodetagon. 


Sides) is in Proportion to the Radius of 


1 5 Circumſcribing Circle, as 1 : to 1, 93185165, &c. 


Inſcrib'd Circle 


as 1: to 1, 86632012, &c, 


Na. BA: GH: 1,03185165 
BA: CP: : 1, 86632012 


Demonſtration. 
Let b BA - Il. a = (Aas before 


And e g A; then a—e= Cx 


15 un 
Again 


17 


17; Hence 18 


bb — D Bx =& ©: 
By Figure. 

Bx=CH= 5c 

O Bx = z aa 

bb — 44 = ee 


bb — + aa = ce. 
ad — 3 aa = aa — 2Zae ＋ ee 

OCB — B = Cx 

24 . bb — aa = 2ae 

bb — * aa — 24 / bb — aa = ee — 2ae 

aa — 1 4% = aa + bb— 1 4a — 24 U — 44 | 
2a 4 bb — da = bb 

abbaa — aaaa - b+ 

aaaa — 4bbaa = — b* 


taaaa — 4bbaa + 4b* wm of 7 


aa — 2bb = 3 = 1,7320508075 

aa = 2bb + V 3 = 3,7 320508075 

a = v/ 3,7320508075 = 1,93185165 = C# 
aa—ibb= QCP. viz, CF 0 PF= 0 CP 


Con 


„err 


CP — daa — 2 bb = 1586632012. Q. E. D. 
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Conſectary. 


Hence if the Side of any regular Dodecagen be given, the Radius 
of its inſcrib'd Circle may be eaſily obtain'd, and thence the Area 
found ; as in the laſt Problem. 


The Work of the foregoing Polygons, being well conſider'd, 
will help the young Geometer to raiſe the like Proportions for others, 
if his Curioſity requires them: And not only fo, but they will 
alſo help to form a true Idea of a Circle's Periphery and Area, ac- 
cording to the Method which I ſhall lay down in the next Chapter 
for finding them both, 


CHAP. VI. 


A ntw and eaſy Method of finding the Circle's Periphery 
and Arca to any aſſign'd Exatineſs (or Number of Figures 
by one Equation only. Alſo a new and facile Way of 

making Natural Sines and Tangents. | | 


L E T us ſuppoſe (what is very eaſy to conceive) the Circle's Area to 
be compos'd or made up of a vaſt Number of plain Jſaſceles 
Triangles, having their acute Angles all meeting in the Circle's 
Center. And let us imagine the Baſes of thoſe Triangles lo very 
ſmall, that their Sides and their Perpendicular Heights, v:z. the 
Radius's of their circumſcrib'd and inſcrib'd Circles (vide Pro- 
blem 6.) may become ſo very near in Length to each other, as that 
they may be taken one for another without any ſenſible Error : 
Then will the Peripheries of their circumſcribing and inſcrib'd 
Circles become (altho“ not co- incident, yet) ſo very near to each 
other, as that either of them may be indifferently taken for one and 
the ſame Circle, | 
But how to find out the Sides of a Polygan (viz. the Baſes of 
thoſe Iſoſceles Triangles) to ſuch a convenient Smallneſs as may 
be neceffary to determine and ſettle the Proportion betwixt a Cir- 
cle's Diameter and its Periphery (to any aſſign d Exaneſs) hath 
hitherto been a Work which requir'd great Care and much Time 
in its Performance; as may eaſily be conceived from the Nature 
of the Method us'd by all thoſe who have made any conſiderable 
Progreſs in it, viz. Archimedes, Snellius, Hugenius, Matins, Van 


Culen, &e, Theſe proceeded with the biſecting of an Arch, and 


found the Value of its Chord to a convenient Number of Figures 
_ | Yy 2 at 
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at every ſingle Biſection, repeating their Operations until they had 
approach'd to the Chord deſign'd. 

And this Method is made Choice of by the learned Dr. Wallis 
in his Tre:tiſe of Algebra; wherein, after he hath given us a large 
Account of the different Enquiries made by ſeveral (very eminent 
in Mathematical Sciences) in order to find out ſome eaſter and more 
expeditious Way of approaching to the Circle's Periphery, as in 
Chap. 82, 84, 85, 86, and ſeveral other Places, he comes to this 
Reſult, ( Page 321.) 

An true, faith he, we might in like Manner proceed by con- 
„ tinual Triſection, Quinquiſection, or other Section, if we had 
„ for theſe as convenient Methods of Operation as we have for 
«© Bifſection : But becauſe Euclid ſhews how to biſect an Arch 
«© Geometrically, but no: to triſect, &c. and the one may be done 
( Algcbraically) by reſolving a Quadratick AÆquation, but not 
«© thoſe other, without Equations of a higher Compoſition, I 
* therefore make Choice of a continual Biſedtion, &c,”" 


And then he lays down theſe following Canons : 


The Subtenſe of 5 I|into 6 
of + Y :2—4/ 3|into 12 
of 27 V :2+v :2+v/ 3|&c. 24 
of g WV :2—vV :2+v :2+v3 48 
of iz V:2—vV :2+v :2+vV:2+v 3 96 
&. Y:2—vV :2+v :2+v4:2+v :2+v 3 192 
V:2—V:2+v :2+v :2+v :2+v :2+v 3] 384 
V .2—V :2+v:2+v :2+v :2+v :2+v :2+v 3 768 


&c. 
How tedious and troubleſome the Work of theſe complicated Extrac- 


tions i, ¶ leave to the Confideration of thoſe, who either have had Ex- 


perience therein, or out of Curioſity will give themſelves the Trouble of 
making Trial. 

Again, in Page 347, the Doctor inſerts a particular Method pro- 
poſed by Libnitius, publiſh'd in the Aela Eruditorum at Leipfich, for 
the Month of February 1682, in order to find the Circle's Area, 
and conſequently its Periphery, which is this: 

As 1 to 2 —4＋ 2 —7 +3 — +i3—%3% + 7 1, &c. 
inhnirely : : ſo is the Square of the Diameter to the Circle's Area. 


But this convergeth ſo very ſlowly, that it is not worth the Time 
to purſue it. 


I ſha!l here propoſe a new Method of my own, whereby the 


Circle's Periphery, and conſequently its Area, may be obtain'd 
ho infinite» 


* e Wy 


wg BY * 
hr TL Ov TE - 


„ Eee et 
AS EE OS TIL A. oe +. cd. - 


4X &c.| 5|3R*a — aaa = RRc, 
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infinitely near the Truth, with much greater Eaſe and Expedition 
than either that of Biſection, or that of Libnitius, as above, or any 
other Method that I have yet ſeen ; it being perform'd by reſolving 
only one fquation, deduced by an eaſy Proceſs from the Property 
of a Circle, (#nown to every Cooper) which is this: 


The Radius of every Circle is equal to the Chord ef one ſixth Part of 
its Periphery, Thatis, AD = DH = HG, the Chords of one 
third Part of the Semicircle, are each equal to AF its Radius. Then 
if the Arch AD be triſected, it 
will be AB = BZ = Z2D. 


| Kan MF = 1 2, 
Let 55 —= ADI J,. . 1 
a = AB. Quere a. 1 


ne — 1 ee N 


Then| 1|R:a::a: . = Be A F 
And] 2 R:a::R——:ic—2 


That is, 3] FB: BZ :: Fe: ex = AD — 2a 
For A AFB, and A BA, are alike, 
Aud AB = A = Dx, &. 


2 4 Re — 2 Ra = Ra — — 


That i is, 3a — aaa - 1 
Here a = the Chord of 13 Part of the Circle. 

| For 3 3 of + 8 — 1 

—— — "Hf TIO — yn — — 


Next, To triſect the Arch AB. 


113 — 3 = a the laſt Chord. 
10% | 2127} — 27 +9 —y = a 
1X 3] 31% — 3 = 34 | 
r DT LI — BEE 
| Here y = the Chord of + — Part of the Circle. 


— 


Again, To triſect the Arch whereof y is the Chord. 


Let | x 20 — 881 
Ae ee eee 
I S. 3 | 243 — 4054 + 270 904” + I 0g3—g'f=ys 


1 0 


8 
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218747 — 510349 + 51034 — 283543 bY 
„494 =y 85 
1968349 — 590494" + 7873241 — 
e f 6123ba's = y? 
„„ 61274 — 9a = gy 
2 X 30 78102 — 81045 + 27047 — 3oag = 3oy? 
656145 — 1093597 + 729049 — 24304" þ+ 
3 * 27] 6 3 40543 + 27a = 27 5 
I 19683427 — 4592749 4+ 459274"! — 
1 | 25515 ＋ 85054“ = gy? 
6 — 7 27a — $199) + 737145 — 3088847 + 
+8—9f wY 729304? — 107 404 + Fo I 
+ 5 10465243 — 69768a¹ 


| Here a = the Chord of n Part of the Circle. 


—_ „ 22 — 


— 


pd — 


Proceeding on in this Method of continually triſecting the Arch 
of every new Chord, and ſtill connecting the produced AÆquationt 
into one, as in the tro lat Triſections, *twill not be difficult to ob- 
tain the Chord of any aſſign'd Arch, how ſmall ſoever it be. 

Now, in order to facilitate the Work of raiſing theſe Æquations 
to any conſiderable Height, *twill be convenient to add a few uſeful 
Obſervations concerning their Nature, and of ſuch Contractions 


as may be ſafely made in them; which, being well underſtood, will 
render the Work very eaſy. 


T. 1 have obſerv' d, that every Triſection will gain or advance one 
Figure in the Circle's Periphery, but no more. Therefore ſo many 
Places of Figures as are at firſt deſign'd to be perfect in the Periphery, 
Jo many Triſeftions muſt be repeated to raiſe gn Aguation that will 
produce a Chord anſwerable to that Deſign. 


2. J have alſo found, that all the ſuperior Powers (of a) whoſe 
Indices are greater than the Number of Triſections, (vis. whoſe In- 
dices are greater than the Number of deſign d Figures) may be wholly 
rejected as inſignificant, 

3. When once the Number of Triſections, and thence the highe/t 
Power (of a) is determined, the third Proceſs (viz. the third Triſec- 
tion) may be made a fix d or con/tant Canon; for by it, and Multipli- 
cation only, all the ſucceeding Tiiſections (how many ſaever they are) 
way be complegted without repeating the ſeveral Invalutions. 


® 
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* In raiſing and collecting the Co- efficient: of the ſeveral Powers 
{of a) *rwill be ſufficient to retam only ſo many fignificant Figures (at 


4) as there is deſigned to be Places of Figures in the Periphery (or at 


moſt but two more) and every ſucceeding ſuperior Power may be allow'd 
to decreaſe two Places of ſignificant Figures : But herein great Care muſt 
be taken to ſupply the Places, of thoſe Figures that are omitted, with 
Cyphers, that ſo the whole and ena Number of Places may be truly 
adjufted ; otherwiſe all the IYork will be erroneous. 

Now the Number of thoſe ſupplying Cyphers may be very conveniently 
denoted by Figures placed within a Parentheſis, thus : 576 (8) 45, 
may fignify 5760000000043, as in the following Afquations, The 
like may be done with Decimal Parts, thus: (,7)658 may ſignify 
,0000000658, &c. which will be found very uſeful in the Solution of 
theſe and the like Mquations. | 


The aforeſaid Contractions may be ſafely made, becauſe both the 
fuperior Powers of a, which are rejected; as alſo thoſe Numbers 
that are omitted in the Co-efficients (and fupply'd with Cyphers) 
would produce Figures fo very remote from Unity, as that the 
would not affect the Chord deſign'd; that is, they would not aff 
the Chord in that Place wherein the defign'd Periphery is concerned ; 
as will in Part appear in the following Example. 

If theſe Directions be carefully minded, *twill be eaſy to raiſe an 
Equation that will produce the Side of a regular Polygon, whoſe. 
Number of Sides ſhall be vaſtly numerous, conſequently infinitely 
ſmall : But, I preſume, *twill be ſufficient for an Example to find 
the Side of a Polygon conſiſting of 25 8280326 equal Sides; that is, 
if I find the Chord of 5555555 Part of the Circle's Periphery, and 
that requires but teen FTriſections, which being order'd, as before 
directed, will produce this Zguation. 


43040721a—332360179486968612(4)ai X 
+7698376052199714(20)a'—8491218532841(3547 
+ 54033331143(50)a%—23008 3348(66)a'* 
T+6830985(79)a'i—15072(94)a's 


— 8 


Here the Value of à will have 23 Places of Figures true z that 
is, the Sides of the inſcrib'd and circumſcrib'd Polygons will be exactly 
the ſame to 23 Places of Decimal Parts, but no farther ; all which 
may be eaſily obtain'd at two Operations. And for the firſt, twill 
be ſufficient to take only three Terms of the Zqaation, which will 
admit of being yet farther contracted, thus ; 


Let 


* 
- l _ . _— 2 42 * 
EC 2 aa | _ 
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4304672142—3323601794(12)a 1 | | 
La ＋7 6983765027) 5 5 ; = on 
And letr + e = a; then rejecting all the Powers of e, that ariſe Þ* | 
by Involution above eee, + N 
It will be r3 + 3rre + 3ree + eee = aaa | a, 
And ri + 5rie + loriee + Iorreee = 45 13 

Then the firſt ſingle Value of » may be thus found: | p 


43046721) 1,00000000 (,00000002 = r 
This ,00000002 = r being duly involv'd, and its Powers mul. 
tiply'd into their reſpective Co- icients, will produce 
+4,860934414+-430467212 Es | 
J. 02658881— 39883226—199416/9)e—3324(1B e S T 
+ ,00024635+ G61587e+ 6159(9)%+ 308(18)ee 


viz. ,$3459196+39119986e— 193250 (93016018) ec f 
Hence 39119986 e — 193257 (9) e - 3016018) e g, 16540804 


All the Teyms of this laſt Zquation being divided by 1932570) 
the Co-2fficient of ee, it will then become 
,0000002024e—ee—,156(5)cee=,0000000000000008558968=D 
Conjequently, 3 . do. BE vob? a ='F 


,0000002024 — 


lo 


Oral CS ĩ 


,0020002024) 4,0000000009000008 5 58968 (z000000004 = 
— e ,0000000043 :,0000000000000000009984 == 156 (5) eee 


1 Di. 000000198) ycooo000000000008;689532 (,v00000004 327 


— 


2 Di, ,ooooo01981” 792 | 
6489 | 
$943 | 


— — — 


: 5465 - + 
Firſt + = ,000c0002 3902 4 


＋e = ,000000004 327 Wc, 


7 þ e = ,000020024327 =4. Or rather newer for a ſecond 
; Operation. 


Now, if this firſt Value of a = ,000000024 327 were not continu- 
ed to more Places of Figures by a ſecond Operation, but only multiply'd 
into the Number of Chords, viz. ,000000024.327/ X 258280326 
= 6, 283185 39, &c. the Periphery of that Circle whoſe Diameter !! 
2, nearer than either Archimedes, or Moztius's Proportion: For 


3 | At- 


In, 


ariſe 


27 
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Archimedes makes it 6, 28 57 14, &c. viz. As 7 to 22. And Mœ- 
tius makes it 6,28318584, &c. viz. As 113 to 355. 

But if the whole Z#quation before propos'd be now taken, and we 
proceed to a ſecond Operation, the Value of a may be increas'd 
with twelve Places of Figures more, and thoſe may be obtain'd by 


plain Diviſion only. 


Thus, let r + e = a, as before, and let all the Powers of e be 
now rejected as inſignificant ; 


„ 79 + ogrie = 49 
mJ 73 + zie = @ irn = 4" 
77 + re = a FS + 15744 = @f5 


The ſeveral Powers of r = ,000000024.327 being rais'd, and 
multiply*d into their reſpective Co-efficients, will produce theſe fol- 
lowing Numbers : 


+ 1,047197581767 + 43046721e\ 

— „47849 96598394866 — 59007510 

+ ,00c6559060484595355 + 1348 lo0e 

— ,000004281440413375 — 123% 6 21 

+ ,000000016302517803 + a 
D „ oooooooooo4063 1160 — Oe 

＋ ,00000000000007 1 388 + oe 

— ,000000000000000093 — oe. 


= 8 


Viz 1,000000026474745106 + 37279554 -— 
Hence 37279554e = — ,000000026474745106 = D: O 
rather — 372795544 = 4g000000026474745106 = D 


Conſequently, 2 =—e 
; 37279557 
Operation. 
37279554) ,000000026474745106( (,15)7 10167967 = — 
260956878 


37905730 
37279554 


mm 


a 


6261 7660 
37279554 
&c. | 
2 2 Laſt 
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Laſt r = ,000000024327 
— e = ,0000000000000007 10167967 


7 — 4 = ,000000024.326999289832033 = a the Chord or 
Side of the Polygon required. 


The next Work will be to examine how many Places of thefe 
Figures will hold true to the Circles Periphery : In order to 
that, let a be repreſented by the Chord B b, in the annexed 
Scheme; and let Bx = xb. Then will 
Bx=;a=(,7)121634996449160165 D A 4 
and U B C — K B x — [] C x. . 
Let the Radius BC = 1 as before. | 
Then will the / - Bx= Ur 
= ,0999999999999999, &c. 

CA: AD 


But Cx: xB:: 


or Cx: Bb:: C4: D 4) ber Fig. 


939 1b 8 = 


* be 

Ergo Dd =, 7)243269992898320354 S if. 

the Side of the Circumſcribing | oy : me 

Then will a x 258280326 be the Pe- C on 

rimeter of the Inſcrib'd Polygon. And Ci 
Dd x 258280326 will be the Perimeter of the Circumſcribing Po- 1 
lygon. That is, 6, 283185 3071795859 = the Perimeter of the 

Inſcribd Polygon. And, 6, 283185307 1795865 = the Perimeter P. 

of the Circumſcribd Polygon. bor 

| te. 

Hence *tis evident, that the Circle's Periphery, whoſe Diameter S 

is 2, may be concluded 6,2831853071795864 true, becauſe the I|* he 

Perimeters of the inſerib'd and circumſcrib'd Polygons are fo far 5 th 

very near being Co- incident, or the ſame, bi 

"Tis poſſible there may be ſome who will think this is tedious Mi © 

and troubleſome Work; but if thoſe pleaſe to conſider, that, if | it 
this Periphery were to be found by the aforeſaid Methed of Biſettion, 

it would require theſe following Extradions : . * 

iz -V 2 TV: 2z2＋ VVV V2 ＋ I 

+ vv :2+v/ :2+v:2+4y/ :2+v/:2+v/ :2+4:2 1 

Viz. + 22Þ+v :2Þ+v:2+v 22+ :2+v:2+4/:2 4 

+Y/ 22+ :2+/ z TVA TV:2＋½ multi- 0 

ph'd into 402809984. | s 
Here the firſt Root (viz. 3) muſt be extracted at leaſt to t 
enc hundred and two Places of Figures, The ſecond Root t 


(Viz 


5 


» 
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{viz. T: 2 + 4 3) muſt have 99 Places of Figures in it. The 
third Root (viz. / :2 +4 : 2 + 3) muſt have 96 Places in 
it, &c. every Extraction being allow'd to decreaſe three Places, that 
ſo the laſt Root (viz. the Chord ſought ) may conſiſt of 24 Places of 
Figures, as above. 

I fay, whoever duly confiders the Trouble of theſe ſo often 
repeated Extractions will, I preſume, be pleas'd with what I 
have done. For truly, when I conſider the great Time and Care 
required in them, I cannot but admire at the Patience of the la- 
borious Van Culen, who proceeded that Way until he had found 
the Circle's Periphery to Thirty-fix Places of Figures, to wit, 
6,28318530717958647692528676655900576. Theſe Numbers 
are ſaid to be engraven upon his Tomb-Stone in St. Peter's Church in 


Leyden, for a Memorial of fo great a Wark, 


Having thus obtain'd the Circle's Periphery, its Arch may eaſily 
be found (to the ſame Number of Figures) by Problem 6. That is, 
if Half the Periphery of any Circle be multiply'd into Half its Dia- 
meter, the Product will be that Circle's Area, as will appear farther 
on. Therefore 3,141592653589793 will be the Area of the 
Circle whoſe Diameter is 2. 


Thus I have ſhew'd the young Geometer how to find the Circle's 
Periphery and Area to what Exactneſs he pleaſes to approach; for 
preciſely true it cannot be found, notwithſtanding the late Pre- 
tenſions of a certain Frenchman who hath publiſhed to the World 
(in the Yorks of the Learned) that after twenty-five Years Study 
he had found the * of the Circle : But if he had perus'd 
the 83d Chapter of Dr. Wallis's Algebra, he might there have ſeen 
his Error, viz, the Impoſſibility of what he pretended to; for it is 
as impoſlible to ſquare the Circle (that is, to find its true Area) as 
it is to find the Root of a Surd Number, 


Note, What I have here propos'd and done by the Triſection of 
an Arch, may as eafily and much more ſpeedily be perform'd by 
Quinqueſection or Septiſection, &c. But becauſe the Scheme for 
Triſection is more ſimple, and may be eaſier underſtood by a 
Learner than thoſe of the other Sections (of which ſee my Compen- 


dium of Algebra, Pages 76 and 79) I have for that Reaſon made 
Choice of Triſection. F 4 | W 


As to the Proportion of one Circle to another, and of the Circle 


to the Ellipfis, &c. thoſe ſhall be fully ſhew'd when we come to 
the Fifth Part. | | 
22 2 Beſore 
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Before I conclude this Part, I ſhall make ſome Uſe or Appli- 
cation of the above- found Periphery, in finding the Quantity of 
Angles, which is done by the Help of Right-lines, call'd Sines and 
Tangents, the Length whereof are calculated to every Degree and 
Minute of a Quadrant, by much Labour. But I ſhall here ſhew 
how to find the natural Sixe (and conſequent]y the natural Tangent) 
af any propos'd Arch or iMgle, by two Aquations, without the Help 
of any precedent Sine, as uſual z which I did ſome Years ago com- 
municate to the ingenious Mr. Jeſeph Ralphſon, and he ſo well ap. 
prov'd of them as to make them the 20th and 21ſt Problems in the 
ſecond Edition-of his Analyſis ÆQguationum Uni verſalis. 

And becauſe, in finding the Quantity of Angles, every Circle is 
ſappos'd to be divided into 360 equal Parts, call'd Degrees; every 
Degree is ſubdivigad into 65 Parts, call'd Minutes; and every 
Minute into CO Seconds, &c. (See Page 294.) 

Therefore 360) 6, 2831853, &c. (0,0174532925, &c. is an 
Arch of the above- found Periphery, equal to the Arch of one Degree. 


And 60) C, 174532925, &c. (o, ooo 2908882, &c. = the Arb 
of one Minute. | 


Then if the given Arch (or Angle) be leſs than 45 Degrees, re- 
duce it into Minutes, and multiply thoſe Minutes into this conſtant 
Multiplicator, viz. 0,0002908882 calling the Product p. And for 
the Sine ſought put a. Then it will be—aaga + 12paa@— 179 544 
— 30ppaa + 2404¼ = 45Pþ- 


Example. 


Let it be required to find the Sine of 192. 13%. = 1153. Here 
0,0002908832 Xx 1153 = o, 335 3940946 = p. And — at + 
4,0247294 — 199, 0490 fla + 80, 4945834 = 5,00201 394. 
| | Let r 2 2 | 

rr o+ 2re + ee = aa 
Then rr + zrre + ee = aaa 
rrrr + 4 rrre + brree = aaaa 

Note, In this Caſe the firſt r may always be taken equal to the firft 
Figure in the Produtt p. Viz. here r = 0,3 which being involved 
es its Potvers direct, 7 thoſe Powers multiply'd into the reſpective 
Co-efficients of the Æquation; it will be 

＋ 24,1483 ＋ * 80,49e 

— 17,9144 — 119,436 — 109, o See 4 

+ 2 1085 oh 3 ＋ 33 = 5,06201 394 
— 0,0081 — o, 11e — 0Og54ee 


* 


Fiz. 


0, 3344 — 37»976e — 135.076 = 5206201 


Hence 


121 


d 


c 
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Hence 37, 97e + 195,97ee = 1, 27239 
And oO, Iz3e + ee = 0,000492 = D 


'THEOREM 3 —— 
193 e 
Operation. o, 193) o, oo6492 (0,029 = e 
＋- = F029 42 
1. Diviſor „21 2292 
— 1998 
2. Diviſor 2222 — 
Firſt r = o, 3 
+ e = 0,029 


r + e = 0,329 Dr for a ſecond Operation. | 
Which being invelv'd and multiply'd, &c. as before, will pro- 
duce theſe Numbers : 
+ 26,48271781 + 80,494 582 
— 21,545 32894 — 130,97464e — 199,0496ee 
＋ 0,14332578 + 1,30692e + 23,9724 
— o, 01171611 — 0,142444 — 0,0494ee 


Viz. 55068998 54 — 49,31558e — 195,7266ee = 5,06201 394 

Hence 49,31558e + 195,7266ee = ,0q69846 ; which being 
divided by 195,7266 the Co-efficient of ee, will become ,25196e 
+ ce = ,0000356854 = D. 


Then } D = EC 


,25196 + e 

Operation. o, 25 196) ,0000356854 (0,0001415 = 8 

+ e = 0,00014 2520 | 
1. Diviſor o, 25 20 104854 
2. Diviſer o, 25210 100840 

40140 
25210 
Laſt r = 0,329 &c. 


＋e = 0,0001415 


r +e=a = , 3291415 being the natural Sine of 90. 13. As 
was required. | 

Thus you may find the Right Sine of any Arch or Angle leſs 
than 45 Degrees, | But, 
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* A 
4 8 


2»ĩä„»„— 


But, if the given Arch be greater than 45 Degrees, you muſt 
take its Complement to go?. viz. ſubtract it from go Degrees, 
and reduce the Remainder into Minutes, as betore. Then multi- 
ply the Square of theſe Minutes into this conſtant Multiplicator, 
0,000000084616 calling their Product p, and putting a = the 
Sine ſought, as before. Then will a+ + 28@3 + 195aa + 36paa 
+ 1084 — 28a = 196 — B1p. . 


Example. 


Suppoſe it were required to find the Sine of 75%. 32/. or (which 
is the ſame Thing) to find the Co-/ine of 14. 28“. = 868, whoſe 
Square 753424 K 0,000000084016 = 0,00375172g18 = p. 
Hence the Æguation in Numbers will be aaaa ＋ 284 + 
i:,7,295062aa — 21,1148144 = 190,8361102588. 


Letr —e = a Andr=1 
Fr — 2re + ee = aaa 
Then Jr — grre + Jree = aaa 
rrrr — 4rrre + Crree = aaea 


Note, I here take r = 1 becauſe the Arch is ſo near to 909. and 
therefore I make it r — e = a. 


* 21,1148 + 21,110 _ 

+ 197,2956 — 394,59e + 197,29ee 
85 wo + 28,0000 — 84,00% 84, ooee 

+ 1,0000 — 4, ooe + G, ooee 


Viz. 205, 1808 — 461,48 4+ 287, 296 e = 190, 8361 


Hence 461,48 — 287, 296 = 1443447 
And 1, obe — ce = , 049930 = D 


190, 8361 


ä 


- 


T HEOREM f „ 
1,026 — e 


Operation. 1,606) ,049930 (0,031 =e 
— e = 0,031 471 


1. Diviſor 1,57 2830 
©: 0 1575 
2. Diviſor 1,575 — 


&c. 


Firſt r = 1,000 
— e = 05,031 
- eg o, 9og = 7 


for a ſecond Operation; which, being involy'd as before, will pro- 
duce theſe following Numbers: | 
13 55 — 20z 


nd 


E 
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— 20,460254766 + 21,11481e 

+ 185,252368710 — 382,35783e + 197,2951ee 
＋ 25, 475889852 — 78,87272e + 81, 59 ee 
+ o, 881647759 — 24639410 + 5,0337 k 


Viz. 191, 149651515 — 443,755 15 + 284, 5248 . 
= 190, 836110259 


Hence it will be 443,755 15e — 284, 52486 = , 313541256 
And 1, 5 59636 — ee = , 0011019821 = | 


Then] 5 — 2 
15559903 — 20 
Operation. 1, 5 5963) o, oo 1019821 (0,00070C8 = & 
— & = 0,00070 109123 
i. Diviſer 1, 5589 : 1075210 
3 935358 
2. Diviſor 1, 5 5893 — 
1398520 


1247144, &c. 
Laſt r = 0,969 — 
— e = 0,0007068 


— 0,968 29 32 the Sine of 75. 327. as was required. 


Having found the Sine and Co: ſine of any Arch, the Tangent is 
uſually found by this Proportion: 


„ As the Co-fine of any Arch : is to the Sine of that Arch : : ſo is 
Viz. 0 the Radius: to the Tangent of the ſame Arch, 


For ſuppoſing BC = BD Radius, AC the Sine of the Arch 


CD. Then BA is the Co-fine, and ; pe 
FD the Tangent of the ſame Arch. — 
But BA:CA:: BD: FD, &c. 1 


Now by this Proportion there is re- 
quired to be given both the Sine and 
Co. ſine of the Arch, to find the Tan- | FEA 
gent, *Tis true, if the Radius, and td 


ms, 


the other may be found, thus, C- QOCA=BA. On 


either the Sine or the Co- ſine be given, B — 


= 0 5C—OBA=—=CA. But, if either the Sine or Co. ſine be given, 


the Tangent may (L preſume) be more eaſily found by the follow- 
ing Theorems : 


3 Let 
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Let B C= Ii. CA S. BA=xand FD = T. Then, if 1 


S be given, T may be found by this 
Tazore | "wg os 


1 —SS 


2 


Or if x be given, T may be found by this 


Tnrozen Jv — a Y 


1 — XX 


Let the Sine of qoꝰ. 17. (before found) be given, viz. o, 3291415 
=S, to find T the Tangent of the ſame Arch. Firſt 0,3291415 
»3291415 = 0,108334127 = 88. Again 1 — 0,108334127 
= 0,891665873=1— S. Then 0,891665873) 0,108334127 
(0,1214963253 and / 0,1214963253 = 0,3485032 = T, the 
Tangent of 19% 137. As was required, And fo you may proceed 
to find T = the Tangent, when x = the Co. ſine is given. 


Perhaps it may here be expected, that I ſhould have ſhew'd and 
demonſtrated (ar at leaſt have inſerted) the Proportions from whence 
the foregoing Agquations for making Sines were produced; but | 
have omitted that, as alſo their Uſe in computing the Sides and 


Angles of plain Triangles by the Pen only (viz. without the Help if 


Tables) for the Subject of my Diſcourſe hereafter, if Health and 
Time permit. | 


In the mean Time, what is here done may ſuffice to ſhew, that Þ 3 
the making of Sines by ſuch a laborious and operoſe Way, as was 


formerly uſed, is in a great Meaſure overcome; which, I think, 
I may juſtly claim as my own. 


AN 


— — 8 


Chap. 1. 


„ f | 
| AN 
TO EA 
0 
Maathematicks. 
1275 BY 
127 = = F 5 8 * 
ceed E a — - * 
: CHAT. 

and 2 
nc BY Definitions of a Cone, and its Sections. 
7 K HERE are ſeveral Definitions given of a Cone: The 

1 = Learned Dr. Burrow, upon Euclid, hath it thus: 
and Pn - « A Cone (ſaith he) is a Figure made when one Side of 
that * Rectangle Triangle (viz. one of thoſe Sides that contain the 

Right Angl:) remaining fix'd, the Triangle is turn'd round 
112 about, *till it return to the Place from whence it firſt moved: 
nk, | c And if the fix'd Right Line be equal to the other whi#h con- 


« taineth the Right Angle, then the Cone is a Rectangled Cone: 

AE © but if itbe leſs, tis an Obtuſe-angled Cone; it greater, an Acute» 
1% * angled Cone. The Axis of a Cone is that fix'd Line about which 
TE © the Triangle is mov'd : The Baſe of a Cone is the Circle, which 
© 1 4 js deſctib'd by the Right Line mov'd about.” 
% (Defin. 18, 19, 20. Euclid, 11.) 

Sir Janas Moor, in his Treatiſe of Conical Sections (taken out of 
the Works of Mydorginus) defines it thus: S; 

„If a Line of ſuch a Length a« ſhall be needful ſhall; upon a 
4% Point fix'd above the Plain of a Circle, ſo move about the Cir- 
« cle, unril it return to the Point from whence the Motion began, 
*© the Superficies that is made by ſuch a Line is call'd a Conical 
_ Srperfictes ; and the ſolid Figure contain'd within that Super ficies 
N * and the Circle is call'd a Cone, The Point remaining Rill is tha 

8 © Vertex of the Cone, &c.” | | 


Aa a Altho 
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Altho' both theſe Definitions are equally true, and, with a little 
Conſideration, may be pretty eaſily underſtood ; yet I ſhall here 
propoſe one very different from either of them; and, as I preſume, 
more plain and intelligible, eſpecially to a Learner. 

If a Circle deſcrib'd upon ſtiff Paper (or any other pliable Matter) 
of what Bigneſs you pleaſe, be cut into two, three, or more Sefors, 
either equal or unequal, and one of thoſe Sectors be ſo roll'd up, as 
that the Radii may exactly meet each other, it will form a Conical 
Super ficies. 

That is, if the Sector HG be 
cut out of the Circle, and ſo roll'd 
up as that the Radii / H and / 
may juſt meet each other in all their 
Parts, it will form a Cone, and the 
Center Y will become a Solid Point, 
call'd the VERTE A of the Cone; the 
Radius VH, being every-where equal, 
will be the Side of the Cone, and the 
Arch H G will become a Circle, 
whoſe Area is call'd the Cone's Baſe. 

A Right Line being ſuppos'd to paſs 
from the Vertex, or Point V, to the Cen- 
ter of the Cone's Baſe, as at C, that Line 
(viz. JC) will be the AXIS, or perpen- 
dicular Height of the Cone. 

If a Solid be actually made in ſuch a 
Form, it will be a compleat or perfect 
Cone; which I ſhall all along calla Right 
Cone, becauſe its Axis C ſtands at Right 
Angles with the Plain of its Baſe H G, [5 
and its Sides are every-where equal. V 3 


Any Cone, whoſe Axis is not at Right Angles 
with the Plain of its Baſe, may be properly 


call'd an imperfect Cone, becauſe its Sides are =|A 

net every-where equal (as in the annexed: Fi- = | J : 
gure.) Now, ſuch an imperfect Cone is uſual- . 0 
Iy call'd a Scalene, or Oblique Cone. 1 We 


Any ſolid Cone may be cut by Plains (which 1 /hall all along 
bereafter call Right Lines) into five Sections, 1 
| , | | ect. 
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Sea. 1. 


If a Right Cone be cut directly thro? its Axis, the Plain or Su- 
perficios ot that Seen will be a plain Hiaſceles Triangle, as HV G 
Fig. 2,, viz. the Sides (HY and /G) of the Cone will be the Sides 
of ne Triangle. the Diameter (AG) of the Cone's Baſe will be 
the Baſe of the Triangle, and (VC) its Axis will be the perpendicular 
Height of the Triangle, 


$2. 2. 


If a Right Cone be cut (any where) off by a Right-line paral- 
lel to its Baſe, as h g (it will be eaſy to concerve, that) the Plain 
of that Section will be a Circle, becauſe the Cone's Baſe is fuch z 
wherein one Thing ought to be clearly underſtood, which may be 
laid down as a Lemma, to demonſttate the Properties of the follow- 
ing Sections. 


If any two Right Lines, inſcribd within a Circle, do cut 
or croſs each other (as bg doth b h in the annexed Figure) 

LEMMA. 4 the Rectangle made of the Segments of one of the Lines 
will be equal to the Rectangle made of the Segments of the 
other Line, (See Theorem 15, Page 315.) 


That is, RES WEEN DIY 
And HA GAS BAX ABST 
conſequently if baa = ab, and if BA Az, 
then it will be haxga = [] a, and 
* Cone's Baſe HA X GA 0 


Sect. 3. 


If a Right Cone be (any where ) cut off by a Right Line that cuts both 
its Sides, but not parallel to its Baſe (as TS in the following Figure) 
the Plain of that Section will be an Ellipſis (vulgarly called an Oval) 
diz. an oblong or imperfect Circle, which hath ſeveral Diameters, 
and two particular Centers, That is, 

I. Any Right Line that divides an Ellipſis into two equal Parts is 
calfd a Diameter; among which the longeſt and the /horteft are 
particularly diftinguiſh'd from the reſt, as being of moſt general Uſe; 
the other are only applicable to particular Caſes, 8 
Aa a 2 2. The 


— 
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Altho' both theſe Definitions are equally true, and, with a little 

Conſideration, may be pretty eaſily underſtood ; yet I ſhall here 
propoſe one very different from either of them; and, as I preſume, 
more plain and intelligible, eſpecially to a Learner. 
If a Circle deſcrib'd upon ſtiff Paper (or any other pliable Matter) 
of what Bigneſs you pleaſe, be cut into ?wo, three, or more Sectors, 
either equal or unequal, and one of thoſe Sectors be ſo roll'd up, as 
that the Radii may exactly meet each other, it will form a Conical 
Super ficies. 

That is, if the Sector HG be 
cut out of the Circle, and ſo roll'd 


up as that the Radi V H and V G ; i 
may juſt meet each other in all their N | 
Parts, it will form a Cone, and the = 
Center will become a Solid Point, Jai 
call'd the VERTE X of the Cone; the 5 
Radius VH, being every-where equal, OY 


will be the Side of the Cone, and the 
Arch H will become a Circle, 
whoſe Area is call'd the Cone's Baſe, 

A Right Line being ſuppos'd to paſs 
from the Vertex, or Point J, to the Cen- 
ter of the Cone's Baſe, as at C, that Line 
(viz, VC) will be the AXIS, or perpen- 
dicular Height of the Cone. 

If a Solid be actually made in ſuch a 
Form, it will be a compleat or perfect 
Cone; which Iſhall all along calla Right 
Cone, becauſe its Axis C ſtands at Right 
Angles with the Plain of its Baſe HG, 
and its Sides are every-where equal. 


Any Cone, whoſe Axis is not at Right Angles 
with the Plain of its Baſe, may be properly 
call'd an imperfect Cone, becauſe its Sides are 
net every-where equal (as in the annexed Fi- 
gure, ) Now, ſuch an imperfe& Cone is uſual- 
Iy call'd a Scalene, or Obligue Cone. 


Any ſolid Cone may be cut by Plains (which I all all along 
bereafter call Right Lines) into five Sections, 


$a, 


9.0 


in the Cone's Bale HA XT GA U 
BA. | 
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If a Right Cone be cut directly thro' its Axis, the Plain or Su- 
perſicizs ot that Section will be a plain Hiaſceles Triangle, as HV G 
Fig. 2, viz. the Sides (HY and /G) of the Cone will be the Sides 
of ne Triangle. the Diameter (H) of the Cone's Baſe will be 
the Baſe of the Triangle, and (YC) its Axis will be the perpendicular 
Height of the Triangle, 


$2. 2. 


If a Right Cone be cut (any where) off by a Right-line paral- 
lel to its Baſe, as h g (it will be eaſy to conceive, that) the Plain 
of that Section will be a Circle, becauſe the Cone's Baſe is ſuch: 
wherein one Thing ought to be clearly underſtood, which may be 
laid down as a Lemma, to demonſttate the Properties of the follow- 
ing Sections. 


If any two Right Lines, inſcrib'd within a Circle, do cut 
or croſs each other (as hg doth h b in the annexed Figure) 

LEMMA. 4 the Rectangle made of the Segments of one of the Lines 
will be equal to the Rectangle made of the Segments of the 
other Line, (See Theorem 15, Page 315.) 


That is, 3333 
And HAT GA BAN ABST 
conſequently if baa = ab, and if BA=AB, 
then it will be haxga a, and 


Sect. 3. 


If a Right Cone be (any where ) cut off by a Right Line that cuts both 
its Sides, but not parallel to its Baſe (as 1 S in the following Figure) 
the Plain of that Section will be an Ellipſis (vulgarly called an Oval) 
diz. an oblong or imperfect Circle, which hath ſeveral Diameters, 
and two particular Centers, That is, 

I. Any Right Line that divides an Ellipſis into two equal Parts is 
calfd a Diameter; among which the longe/t and the ſhorteſt are 
particularly diftinguiſh'd from the reſt, as being of moſt gencral Uſe; 
the other are only applicable to particular Caſes, 

Aaaz 2, The 
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2. The longeſt Diameter (as TS) is 
called the Tranſverſe Diameter, or Tranſ- 
verſe Axis, being that Right Line which 
is drawn thro' the Middle of the Ellipſis, 
and doth ſhew or limit its Length. 


3. The ſhorteſt Diameter, call'd the 
Conjugate Diameter, is a Right Line that 
doth interſ{c& or croſs the Tranſverſe 
Diameter at Right! Angles, in the Mid- 
dle or common Center of the Ellipſis 


(as Nu) and doth limit the Ellipſis's 
Breadth. 


4. The two Points, which J call particular Centers of an Ellip- 
fs (for a Reaſon which ſhall be ſhew'd farther on) are two Points in 
the Tranſverſe Diameter, at an equal Diſtance each Way from the 


Conjugate Diameter, and are uſually call'd Nop Es, Foc, or burning 
Points. | 


5. All Right Lines within the Ellipſis that are parallel to one a- 
nother, and can be divided into two equal Parts, are called OR D1- 
NATES with Reſpe& to that Diameter which divides them: And if 
they are parallel to the Conjugate, viz. at Right Angles with the 
Tranſorrſe Diameter, then they are call'd Ordinates rightly apply'd. 
And thoſe two that paſs through the Foci are remarkable above 
the reſt, which, being equal and ſituated alike, are call'd both by 
one Name, viz. LaTus RECTUM, or Right Parameter, by which 


all the other Ordinates are regulated and valued ; as will appear 
farther on. | 


Sef. 4. 


If any Cone he cut into two Parts by a Right-line parallel to one 


of its Sides (as & A in the following Scheme) the Plain of that Section 
(viz. SY BAB UH) is call'd a PARABOLA, 


1. A Right Line being drawn thro' the Middle of any Parabola 
(as S A) is call'd its Axis, or intercepted Diameter. | 


2. All Right Lines that interſect or cut the Axis at Right Angles 
(as BB and bb are ſuppos'd to cut or croſs & A) are call'd Ordinates 
rightly apply'd (as in the Ellipfis) and the greateſt Ordinate, as B B, 
which limits the Length of the Parabela's Axis (& A ) is uſually call'd 
the Baſe of the Parabolsg. 


3. That 


4 


— — — - 


cauſe vv it all the other Ordinates are 


is) diſtant from the Vertex, or Top of 


the Parabola) and that Part of it which 
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Ii Lat Ordinate which paſles thro? * 
the Foce, or but Point fe a- 


raboia, 1+ called the Lain: Ne lu, or 
Fight 7 arameter (a. in the Clipts ) be- 


proportion'd, and may be found. 

4. The Node, Focus, or burning 
Point of the Parabola, is a Point in its 
Axis (but not a Center, as in the Ellip- 


the Section, (viz, from &) juſt , Part of 2 k wen 
the Latus Rectum; as {hall be ſhewn e ee, 
farther on. BE 


5. All Right Lines drawn within a Parabola parallel to its Axis 
are call'd Diameters; and every Right Line, that any of thoſe Dia- 
meters doth biſect or cut into two equal Parts, is ſaid to be an Or- 
dinate to the Diameter which biſects it. 


Sect. 5. 


If a Cone be any where cut by a Right Line, either parallel to 
its Axis (as S A, or otherwiſe as x N) ſo as the cutting Line be- 
ing continued thro' one Side of the T 
Cone (as at $ or x) will meet with the 
other Side of the Cone if it be conti- 
nued or produced beyond the Vertex V, 
as at 7; then the Plain of that Section 
— the Figure SB BHS) is call'd an 

YPERBOLA, 

I. A Right Line being drawn thro” 
the Middle of any Hyperbola, viz. within 
the Section (as S A, or & N) is call'd 


the Axis or intercepted Diameter (as in 


is continued or produced out of the Sec- TP © 
tion, until it meet with the other Side U. 
of the Cone continued, viz. TS or T x, nt, CAN. 
&c. is call'd the Tranſverſe Diameter, Re _ 
or Tranſverſe Axis of the Hyperbola. | 

2. All Right Lines that are drawn within an FHyperbola, at Right 
Angles to its Axis, are call'd Ordinates rightly apply'd ; as in the 
Ellip/is and Parabolg. e 

3. That 


v 
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3. That Ordinate which paſſes thro* the Focus of the Hyperbola 


the 

is call'd Latus Rechm, or Right Parameter, for the ſame Reaſon ner: 
as in the other Sections. into 
4. The middle Point of the Tranſverſe Diameter is call'd te of t 
Center of the Hyperbola: from whence may be drawn two Right of t 
Lines (out of the Section) call'd ASYMPTOTESs, becauſe they will the 
always incline (that is, come nearer and nearer ) to both Sides of the ing 
Hyperbola, but never meet with (or touch) them, altho' both they bein 
and the Sides of the Hyperbola were infinitely extended; as will 8 by \ 
plainly appear in its proper Place. | late. 


Theſe five Sections, viz. the Triangle, Circle, Ellipſis, Parabola, 5 Lat. 


and Hyper bola, are all the Plains that can poſſibly be produced from the 
a Cone; but of them, the three laſt are only called Conich Sectio, Lat. 
both by the ancient and modern Geometers. dual 
= anot 
Scholium. I —1 
Beſides the *foregoing Definitions, it may not be amiſs to add, by is uſ 
Way of Obſervation, how one Section may (or rather doth) change will 
or degenerate into another. = perh 
An Ellip/is being that Plain of any Section of the Cone which yet, 
is between the Circle and Parabola, *twill be eaſy to conceive that into 
there may be great Variety of Z//;þ/ezs produced from the ſame & four 
Cone; and when the Section comes to be exactly parallel to one Scct 
Side of the Cone, then doth the Ellipſis change or duegenerate into 
a Parabola. Now a Parabola, being that Section whoſe Plain is — 


always exactly parallel to the Side of the one, cannot vary, as 
the Ellipſis may; for ſo ſoon as ever it begins to move out of that 
Poſition (viz. from being parallel to the Cone's Side) it degenerates 
either into an Ellipſis, or into an Hyperbolg : That is, if the Section 
incline towards the Plain of the Cone's Baſ-, it becomes an Ellipſis; 
but if it incline towards the Cone's Vertex, it becomes an Hyper- 
Zola, which is the Plain of any Section that falls between the Pa- 
rabola and the Triangle. And therefore there may be as many Va- 
rieties of Hyperbola's produced from one and the ſame Cone, as 
there may be Ellipſes. | 

To be brief, a Circle may change into an Ellipſis, the Ellip/is 
into a Parabola, the Parabola into an Hyperbola, and the /1yper- 
Bola into a plain 7/o/celes Triangle: And the Center of the Circle, 
which is its Focus or burning Point, doth, as it were, part. or di- 
vide itfelf into two Foci fo ſoon as ever the Circle begins to dege- 
nerate into an E!ltp/is ; but when the Ellipſis changes into a Pa- 
rabola, one End of it flies open, and one of its Foci vaniſhes, and 


3 the 


8 . 6 — 


|. 
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: the remaining Focus goes along with the Parabola when it dege- 
n IX ncrates into an Hyperbola : And when the Hyperbola degenerates 
into a plain 1/o/celes Triangle, this Focus becomes the vertical Point 

je of the Triangle (viz. the Vertex of the Cone); ſo that the Center 
Mot the Cone's Baſe may be truly ſaid to paſs gradually through all 
the Sections, until it arrives at the Vertex of the Cone, {till carry- 
e þ ing its Latus Rectum along with it: For the Diameter of a Circle 
y being that Right Line which paſſes through its Center or Focus, and 
ll by which all other Right Lines drawn within the Circle are regu- 
Z latcd and valued, may (I preſume) be properly called the Circle's 

2, * Latus Reftum : and although it loſes the Name of Diameter when 
m the Circle degenerates into an Ellipſis, yet it retains the Name of 
„ latus Rectum, with its firſt Properties, in all the Sections, gra- 


dually ſhortening as the Focus carries it along from one Section to | 
another, until at laſt iF and the Focus become co-incident, and ter- | 
Z minate in the /ertex of the Cone. | 
I have been more particular and fuller in theſe Definitions than 
by is uſual in Books of this Subject, which I hope is no Fault, but 


ge will prove of Uſe, eſpecially to a Learner : And altho' they may 
perhaps ſeem a little ſtrange, and at firſt hard to be underſtood, 

ch yet, when they are well conſidered, and compar'd with a Cone cut 

at into ſuch Sections as have been defined, they will not only be 

ne found true, but will allo help to form a true and clear Idea of each 

ne hy Section. 

to 2 | 

is 1 — — — | 

as | 

lat * HAF. II. 

1 Concerning the Chief Properties of an Ellipſis. 

” : A N= If the tranſverſe Diameter of an Ellipſis, as TS in 

7. the following Figure, be inter ſected or divided into any two 

* Parts by an Ordinate rightly apply'd, as at the Points A, C, a, &c. 


i 1 then are thiſo Parts TA, TC, Ta, and $A, S C, Sa, &c. uſually | 
called Abſcillie (which fignifies Lines or Parts cut off) and by the | 
Rectangle of any two Abſciſſæ is meant the Rectangle of ſuch two | 


| by Parts as, being added together, will be equal to the Tranſverſe Di- | 
ametr. | 


As TA +SA=TS$S. And TC+SC=TS. | 
Or TA + SA = TS, &c. 


Sea. 
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Section 1. 


Every Ellipſis is proportion'd, and all ſuch Lines as relate to it 
are regulated, by the Help of one general Theorem. 


1 Half the Ordinate which divides them: : ſo is the 
ectangle of any other two Abſciſſæ: to the Square 


As the Rectangle of any two Abſciſſæ: is to the Square 
THEOREM. | 
of Half that Ordinate which divides them, 


That is, | * 
TAX SA: UBA: : Ta X Sa: Oba Bias 5 
TAX SA: BA:: TC SC: O NC * 
TC Xx SO: UNC: : Ta Xx Sa: a 


3 
Demonktration. SF , 


Let the annexed Figure repreſent a Right Cone, cut thro' both 
Sides by the Right Line 78; then | 


will the Plain of that Section be an 
Ellipſis (by Sect. 3. Chap. 1.) TS 
will be the Tranſberſe Diameter, 
N CN and bab will be Ordinates 
rightly apply'd; as before. Again, 
if the Lines Dd and && be parallel 
to the Cone's Baſe. they will be Di- 
ameters of Circles (by Sec. 2. Chap. 
I.) Then will ATC X and TaD 
be alike. Alſo, A Sad and ASCE 
will be alike. 


Ergo |1i|Sa:ad;:SC:Ck 
Anda 70 CK: 7 1 Per Nn 13. 

1 -:[2|SaxCk=adx SC 

2  o[alTaxCK=TCXeD:- i 

2 X 3 5|SaxCkxTaxCK=adxSCXTCXaD. Per Axiom. 

ut G CXX CHS UNC | 

And\rlaDxXad=0 ba C per Lemma Sef. 2. 
Then | |for CX Cl, andaDNXad, take NC and U ba 

5, 6, 7j\8|/SaxTaxDONC=TCxXSCX Oba. Per Axiom 5. 

Hence 9 


Sa Xx Ta: UA:: TCXSC: U NC. See Page 194 
ous — ö 
r 


— 


* 
2 
* 


r 
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Or, the Truth of theſe Proportions may be otherwiſe prov'd by 
a Circle, without the Help of the Cone; thus: Let any Ellipſis be 
circumſcrib'd and inſcrib'd with Circles, as in the following Fi- 
gure; then from any Point in the circumſcrib'd Circle's Periphery, 
as at B, draw the Right Line B a, parallel to the ſemi- conjugate 
Diameter Ne, then will þ a be a Semi-ordinate rightly apply'd to 
the tranſverſe Diameter 75, as before, Again, from the Point 5 


are : (in the Ellipſiss Periphery) draw the Right Line 5 d parallel to the 
A Tranſverſe 78; and draw the Radius BC, Then will A BCa 
and ACV d be alike. 
I$BC: Ba::Cf:dC „*** 
\ Therefore | 1 3 per The orem 1 3. Fo N B 
TC=BC,NC=C fo "A... 8b 
5 * j and ba d 7 5 5 | N 6 
/ Conſeq.| 3]TC: Ba:: NC: ba : 1 Js 
Or 4} TC: NC::Ba:ba . £[a 
4 in O's 5 OTC: QNC: : 0 Ba: Qa . . 
TaxSa=00Ba nb on £ 
both But 6 per Lem. Sect. 2. * SY of 
Tax Sa: Oba::TC des 
I herolore | 7 f Xx SCS U TC: UNC, as before. 


And ſo for any other Abſciſſæ and their Semi- ordinates. 


Theſe Proportions being found to be the true and common Pro- 
perties of every Ellipſis, all that is farther requit'd in (or about) 
that Section may be eaſily deduced from them. | 


Sect. 2. To find the Latus Rectum, or Right Parameter 
of any Ellipfts. 
There are ſeveral Ways of finding the Lalus Rectum, but L 


think none ſo eaſy, and ſhews it ſo plainly to be the Third Princi- 
pal Line in the Ellipſis, as the following, 


* 
** 
. 


As the Tranſverſe Diameter: 7s in Propor tim to the 
Conjugate : : /o is the Conjugate: to the Latus Rectum, 


THEOREM, ; 
iam g. Viz. (in the following Fig.) TS : M:: Nu: LR the Latus Rectum. 


Demonſtration. 


] ba . 
m j. From the Jaſt Proportions take either of the Antecedents, and 
2 194 its Conſequent, viz, either TCXxXSC: O NC, or Ta x $a: U bay 
D. B b b and 


— 


. 
— 
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and make TS the third Term, to which * a fourth Proportional, 
and it will be = L R: 


Thus 1] TC SC: O NMC:: 78: LR * 
Bur 2 TC SSC 18 
and NC=Cn * 
Therefore | 3|TCxXSC=4 0 TS od * 
And 40 N= N. TOE EC : 
1, 3, 4 50 TS:; N:: 78. LR . 
5 | 6] LR ◻ NaxTsS IR 
6 X 4|7|OTSXLR=O'Nax TS ” 
C0 | which gives the following Analogy. 
vix TS: Nn: Nn: L R 
Again 10 Trense. NC: Ta Xx Sa: U 3 
y common, Properties. 
I, IO'IIITS:LR:;TaXxSa: Ba. 


From hence 'tis evident that L R, thus found, is that Ordinate 
by which the other Ordinates may be regulated and found. There- 


fore (according to its Definition SecF. 3, Chap. 1.) it is the true 
Latus Reflum, Q. E. D 


Cenſcctary. 


Hence i it follows, that if the tranſverſe and conjugate Diameters 
of any £Ellipfis are given (either in Lines or Numbers) the Eatus 
Keclum may be ealily found; and then any Ordinate, whoſe Di- 
flance from the Conjugate is given, may be found, as above- 


Sect. 3. Tv find the Fotus of any Ellipſis. | 


The Focus is the Diſtance of the Latus Rectum from the Con- 
fugate or Middle of the Ellpſis (vide Definition 4, Page 364.) and 
that Diftance is always a Mean Proportional between the half Sum 
and half Difference of the tranſverſe and conjugate Diameters, 
which gives this Theorem, 

[em the Square of half the Tranfverſe rer 

uare of half the Conjugate, the ſquare Root of their 

TrzorE r «+ be the Diftane of = Focus from the 
Middle or common Center of the Ellipfis. 

That is, ſuppoſing the Points F and F to be the two Foci, viz. 
£e= 2 f,and TC =? TS. NC =? Nu. Then, TC + NC: 

: FC:TC— NC. Ergo O FC =TC—QO NC. Con- 
e FC = O TCO NC. 


T Demon⸗ 


„ 
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Demonſtration. 


Firſt, 1 TS X LR = [7 Nn, by 8th Step of the laſt Proceſs- 
And] 2 TS: LR :: TFS F: 0 L F, common Properties 
That is, 3 T: LR: TCC FTC CF: 1 LRS LF 
: 4 LRxXTS= 
4 OTC—OCFxL R wr 
54 LRXTS=O TC—OCF Pa * | 
61+ T$XLR=j;ONMO=NC T 7 3 5 
7 NG 7 CF . 
BOcF=OTC—=ONC . 
giCF=vV O147cC—ONC n 


Now from hence is deduced that notable Propoſition, upon which 
is grounded the uſual Method of deſcribing an Ellipſis, and drawing 


of Tangents, &c. 
If from the tuo Foci of any Ellipſis there be 
p 311 1. d £74" two Right Lines, /o as to meet each other 
8 Ju any Point of the Ellipſis's Periphery, the Sum 
3 of thoſe Lines will be equal to the Tranſverſe. 
Viz, NX NF TS. fExXLF=TS. OrfB + BF=TS, &c. 
Pemonffration. 
1 OCFXONC=OTC 
Firſt] 1 by 8th of the laſt. 
13 OCFY＋ONM= UN 
by Theorem 11. T 
3 ; ONF=OTC 
5 312 by Axiom 5. 
gu? 4INF=TC 
Hence 2 NF=2TC=—=TS 
Again, 5 TS: LR: : THEX FS: LE, by common Properties. 
Conſeq.| 6]: T: 1 L R:: T FX FS: LF 
But,, IsTS=TC. And LRS LF 
Ergo 7 TC: LF: : IC CTFXIC -CF. LF 
7 *vSITCXLF=OTC—OCF 
But,] 9 OfF+OLF=0n f/f L, b; Theorem 11. 
That is, 104 U CF+ OLF=OFL, for 2 CF = FV 
8 Xx 4114 070-40 CFS AT CXLFT + 
10+11112[4 OTC+ O LF=4TCxXLF+DFL 
12 — 1134 QTC—4TCxXEF+ OLf=OfL 


B b Db 2 13 wy 


— 


— — A 0 : 
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13 w* 114 2 TC—LF=fL 

14 +LF|ig 2 TC=fL+LF. But2TC=TS 

: Ergo | TS =fL+ LF. Q. E. D. 


And this Propoſition muſt needs hold true to every Point in the 
Ellipſis's Periphery, viz. at B, &c, As will evidently appear to 
any one who rightly conſiders, That, as a Thread juſt the Length 
of the Diameter of any Circle having its two Ends ty'd together, 
and then mov'd about a Point in the Center (viz, by making it a 
double Radius) will, by drawing another Point in its Extremity, 
deſcribe the Periphery of a Circle ; [vide Definition Page 280] even 
ſo, if a Thread juſt the Length of the tranſverſe Diameter (TS) 
having its two Ends ſo fix'd upon the two Foci (Fand J that it 
may be mov'd about them, by drawing a Point in its Extremity 
(viz. at its full Stretch) it will deſcribe the true Peripbery of an 
Ellipſis. 

Now, altho' this eaſy Way of deſcribing, or, as uſually phras'd, 
drawing an Ellipſis, be mechanical, and known even to moſt 
Foiners, Carpenters, &c. yet it gives as compleat and clear an Idea 
of that Figure as any other Way whatſoever ; and by deſcribing it 
thus about its two Foci, as a Circle is about its Center, doth plainly 
ſhew that thoſe two Points are not improperly.call'd particular Cen- 
ters in Definition 4, Sect. 3, Chap. 1. for each of them bears much 


the ſame Reſpect to the Ellipſis's Periphery, as the Circle's Center 
doth to its Periphery. 


Sect, 4. To deſcribe or delineate an Ellipſis ſeveral Ways, 
There are ſeveral (other) Ways of deſcribing an . both 


Geometrically and Numerically, according to peculiar Occaſions, 
but I ſhall only mention two or three of them, leaving the reſt to the 
Learner's Genius, Now, in order to that Work, it will be conve- 
nient to conſider what Lines are requiſite to limit or bound its Form, 
which I take to be chiefly theſe following. 


1. If the Tranſverſe and Conjugate are given, the Ellipſis is per- 
fectly limited; (vide Conſectary Page 363.) for if 7 S and Nn be ſet 
at Right Angles in their Middle at C, and TC or CS be ſet off from 
N, or n, both Ways upon the Tranſverſe to f and F, (viz. make f N 
= TC = NF) then will thoſe Points Fand F be the two Fect (by 


42 Step of the laſt Progeſs) and then the Ellipſis may be deſcrib'd as 
above, | 


2, If 


—— 
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2. If the Tranſverſe Diameter and Latus Rectum are given, the 

Ellipſis is truly limited, becauſe by them the Conjugate may be 

D. found, by Sect. 2. TIP 2 i 

3. Or if only the Tranſverſe, and the Proportion it hath either 
he to the Conjugate or Latus Rectum, be given, the E Ulipfts is thereby 
to limited. As for Inſtance ; ſuppoſe the given Ratio between the 
th Tranſverſe and Conjugate to be, as a: to d: 
= Viz. a: d:: TS: Nn, then — — Nn, Ke. 
qa 
Ys 4. If either the Tranſverſe or Conjugate, and the Diſtance of 
wp the Focus from the Conjugate be given, the Ellipſis is limited, be- 
90 cauſe by them the Conjugate or Tranſverſe may be found. 
30 Theſe being premis'd, and the precedent Work a little conſider'd, 
ty it muſt be eaſy to deſcribe or delineate any Ellipſis in Plano, either 
12 Geometrically or Numerically. 
d, I. To deſcribe an Ellipſis Numerically by Points. 
ft Suppoſe the Tranſverſe Diameter TS = 20, and the Conjugate 
18 Nn= 12, (either Inches, or any Na 5 
1 = other equal Parts) and let them CA wa-s 
ly = croſs eachother at Right Angles in 7 3 5 
* br their Middles, as in the Point C; „ 
hn den will TC=CS=a 10, and 
er = NC=Cn=6, and it will be 

20:12::12: 7, 2 = the Latus 


Rectum. 


Again 20: 7, 2. Or rather take their Ratio, 


1: o, 36 r o TI X10 - 1: Ua. i. 
Thus 1:0, 36: : 1 2X = 2: 86. 2. 
I 0. 36: : 10+3X10—3: U d. 3. &c. 


= — 1X0,36=([J9.1.Hencey/ 95Xo  =5,97 &c.=a. 1 
Viz. 


100 — 4, 36 b. 2. N = $,868 &rc.=d. 2 
100 — 9X , 362 U. 3. w91X0,36=5,72 &c. d. 3 


If ſo many Semi- ordinates as may be thought convenient (the 
more the hetter) be found in this Manner, and every one of them 
be ſet off at Right Angles from its reſpective Point in the Tranſ- 
verſe Diameter each Way, viz. from 1 to a, from 2 to b, from 
3 to d, &c, Then if a Curve Line be carefully drawn with an 
even Hand thro' thoſe extreme Points a, b, d, &c. it will be the 
Ellipſis's Periphery requir'd. 


2. To 


3 * . 


Conick Sections 


2. To deſcribe an Ellipſis Geometrically by Points. 


Having the Tranſverſe and Conjugate Diameters given, viz. 5 
and Nu, placed at Right Angles in their Middles, as before: 
Then from either End of the Conjugate, viz. N (or 1) ſet off 
half the Tranſverſe Diameter to x. 

That is, make Nx = T C (con- n 
tinuing the Conjugate N n when * . v 
it is ſhorter than TC) Or, which . 4 [ 2 2 
is all one, make Cx =TC —NC. 2 f 
Then take any Point in the Line * 

C x at Pleaſure; ſuppoſe it at G, 
and from that Point at G ſet off 
the Diſtance Cx to the Tranſverſe 
{as at E) viz. make GE= Cx, and join the Points G E with 1 
Right Line, produced ſo far beyond E as to make E B = NC, 
Conſequently GB = T C. 

Then, I ſay, where-ever the Point G was taken between C 
and x, the Point B will juſt touch (or fall in) the Ellipfts's Periphery, 


Demonffration. 


Draw the Right Line B A perpendicular to T'S, viz. let BA 
be a Semi- ordinate rightly apply'd to the tranſverſe Diameter 7 5; 
then AGCE and A BAE will be alike. 


Conſequently] 1 C E:AE::EG:EB, by Theorem 13. 
1, and] 2]JCE+AE:;AE:: EG+EB:EB., Seep. 192. 
But] 3|CE+AE=CA.EGXEB=TC. And EB = NC 
Therefore] 4]CA:AE::TC:NC © 
6, in O's| 5 9 
OCAXONC_ 
4 161 re 2 4 
But] 7[ONC - AB = AE 
That is, EB - UAB UAE 
6, 7 8 PERXERC=DONC O43 
8 x U TS] gf CAXONC=ONCxO TC—oABXOTE 
9 T. NCX OTC C NC ABC 
i0, Analogyf 11 TC: NC: : 70 - CA: d AB 


That is, 12 7 C XK CS: MC:: TT UTC: A 


which is according to the common Properties of the Ellipſis : There- 
fore the Point Bis truly found. Q. E. D. | 
| Hence 


Part IV. 


92. 
VC 


TC 
TC 


2 


re- 


ce 
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Hence it follows, that if a convenient Number of ſuch Lines 
as GE B be ſo drawn (as above directed) from the like Number 
of Points taken between C and x, &c. their extream Points (as at 
B) will be thoſe Points by which (with an even Hand) the Ellipſis 
may be truly defcrib'd, as before. 

t, if this be well underſtood, it will be very eaſy to conceive 
how to deſcribe an Ellipſis very readily, without drawing thoſe 
Lines, by having a thin, ſtreight, narrow Ruler juſt the Length 
of TC, made ſomewhat ſharp at both Ends, upon which, from 


one of its Ends, ſet off the Length of NC. Then, if the Point 
upon the Ruler which repreſents E be gradually or eaſily moved 
along the Tranſverſe 78, and at the fame Time the Point or End 
> repreſenting & be kept ſliding cloſe along the Conjugate N n, tis 


evident from the Work above, that the End of the Ruler repre- 
ſenting B will, by that Motion, aſſign the true Periphery of the 
Ellipſis required; for by that Motion the ſtreight Edge of the Ru- 
ler doth ſupply an infinite Number of the aforeſaid Lines; as will 


appear very plain and eaſy in Practice. 


Scholium. 


Now from hence was deduced the firſt Invention of that well- 
contrived Inſtrument for drawing an Ellip/is by one Motion, com- 


# monly called the Elliptical Compaſſes, being uſually made of Braſs, 


and compos'd of three Parts, two of which repreſent (or rather 


ſupply) the tranſverſe and conjugate Diameters ſet together at 


Right Angles ; and the third Part is a moveable Ruler, which 


EZ performs the Office of the laſt-mentioned thin Ruler. But becauſe 
the making of it is ſo well known to moſt Mathematical Inſtru- 
= ment-makers, eſpecially to that accurate and ingenious Artiſt Mr 
JOHN ROWLEY, Mathematical Inſtrument- mater, under St. 
= Dunſtan's Church in Fleet - ſtreet, London; who, for his great 
Skill in contriving, framing, and graduating all kind of Mathema- 


tical Inſtruments, may, I believe, be juſtly called one of the be 


= Horkmen of his Trade in Europe; I think it needleſs therefore to 
give a particular Deſcription of that Inſtrument. 


Alſo from hence came that ingenious Invention of making Engines 
for turning all Sorts of elliptical or oval Work, as oval Boxes, 


Picture-Frames, &c. 


Sc. 


5 
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Set. 5. Any Elliꝑſis being given, to find its Tranſverſe 
and Conjugate Diameters. 


Suppoſe the given Ellipſis to be T NSM (in the annexed 
Scheme) in which let it be required to find the tranſverſe Dia- 
meter T'$ and its Conjugate Nn. Draw within the Ellipſis any 
two Right Lines parallel to each Was. -- 
other as Zh and V m, and biſect 3 
thoſe Lines, viz. find the Middle 5 
Point of each, as at K and P; T ; 
then thro* thoſe Points K and P * 
draw a Right Line, as D 4, and it R 
will be a Diameter; for it will 
divide the Ellipiis into two equal | n 
Parts, ¶ Sce Defin. 1, Page 363.] conſequently the Middle of D- 
will be the true Middle or common Center of the Ellipſis, a 
at C. | 

For *tis the Nature and Property of all Diameters, howſoever thy 
are drawn in any Ellipſis (as 'tis in @ Circle) to cut or croſs one a- 
nother in the common Center or Middle of the Figure, as at C. 

Upon the Point C deſcribe an Arch of any Circle that will cut 
the Ellipſis's Periphery in two Points, as at B and 5; then join 
thoſe Points B with a Right Line, and it will be an Ordinate, 
thro' whoſe Middle (as at a) and the common Center C, the 
tranſyerſe Diameter 78 muſt paſs. For BS = $6, and Ba is at 


Right Angles with 7 S; therefore the Line Bb is an Ordinat: 


rightly apply'd to 7 S the tranſverſe Diameter. And if thro' the 
Point C there be drawn the Right Line Nu parallel to B56, it will 
become the Conjugate; as was requir'd. 


Se. 6. To draw a Tangent, or Right Line that mo) 
touch the Ellipfis*'s Periphery in any aſſigned Point. 


The Drawing of Tangents to or from any aſſigned Point in the 
Ellipfis's Periphery, admits of three Caſes. . 

Caſe 1. If it be requir'd to draw a Tangent that may touch the 
Ellipſis in either of the extream Points of its tranſverſe Diameter, 
as at Tor 8, it is plain the Tangent muſt be drawn parallel to the 
conjugate Diameter Nn; as HK in the following Figure is ſup- 
pos'd to be. 1 
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Caſe 2. Or, if the Tangent muſt be drawn to touch the Ellipſis 
in either of the extream Points of its Conjugate Diameter, as at 
N or n, tis as evident that it muſt be drawn parallel to the 
Tranſverſe Diameter T &, as K M. Conſequently if that Tangent 
and the Tranſverſe were both in- 


finitely continu'd, they would 
never meet. 


— 


Caſe 3. But if it be requir'd 
to draw a Tangent that may 
touch the E!lipfis in any other 
Point, as at B, &c. Then, if 
the Tangent and the Tranſverſe Diameter be both continu'd, they 
will meet in ſome Point, as at P; and thoſe two Points (viz. B 
and P) do ſo mutually depend upon each other, that one of them 
muſt be aſſigned in order to find the other, that ſo the Tangent may 
by them be truly drawn. Let D=TS, y = AS, andz = 
AP. Then, if y be given, z may be found by this 


Theorem | 
z=D—y 


this Theorem {DEE + —_— 2% 


Dy 2 =2, Or, if z be given, y may be found by 


Demonſtration. 


Draw the Semi-ordinate ba, as in the Figure; then will ABAP 
and AHA be alike, Put x = Aa the Diſtance between the two 
Semi-ordinates (viz. between BA and ba) which we ſuppoſe infinite- 
ly ſmall. 


Then] 1E: z — *:: BA: ba, by Theorem 13. 
But] 2]JD—yx3:D—y TN x:: BA: Obe 
That is, 3] Dy—yy: Dy—yy+2bx—Dx—xx:: OBA: Oba 
1 in 0's 42% : 223 — 2zx + xx:: UBA: U ba : 
Suppoſe] 5|x = c, that ſo x may be every where rejected. 
23, Then] 6 Dy — : Dy — 5 ＋ 25 —- D:: Q BA: O ba 
4, And] 7[zz:zz — 22 :: BA: Q ba | 
6, 7 8 DU —)y : Dy —Jy +29 —D:: zz: 22 — 22 
8 „ 9 zZ — Dzz = 2yyz — 2Dyz 

9 — 2z|10|yx — 1 Dz = yy — Dy 

wt jul; D - = Dy - 


'Cce 28 


0 
; 


22 ORCS. 8 
— — 
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: „ _ Dy—y which is the 1ſt Theorem, and gives 

e - the following Analogy. 

Analony 1311 DV-: y: : D-: z. Viz. CA: SA: TA: AP 

1o— 2 [14 yy — Dy — fr = — 1 De 

140 05 Dy z DD = DD+! 2% 

15 w* 160% — 12 D — 2 2 1 —+: 

That is, 17% =3 D +;2 + v {DD 7x which is the 2d 
Theor ** Faw 


— — r —— — — 


The Geometrical Performance of theſe two Theorems is very 
eaſy, as by the following Figure, | 


1. Suppoſe the Point B in the Ell Pſis Reibe were given, 
and it were requir'd to find the Point P, &c. 

Make 70 Radius, and upon the common Center C deſcribe the 
Semicircle Td &, and join the Points C and d with a Right Line; 
then biſe& that Line (by Prob. , Puge 287) and mark the Point 
where the biſecting Line would croſs the Tranſverſe, as at e. 
Upon that Point e, with the Radius Ce (or Cd) deſcribe another 
Semicircle, producing the Tranſverſe Diameter to its Periphery, 
and it will aſſign the Point P. 

For if D = DTS, 72 22 AP, as Os. 


Then] ID = NY U 44 


And 2D -N XX U 4A 

For 3 TA: dA: : 44: 84 
And 4 CA: dA: 44: AP 
But 5 CA = iD —y, &c. 


1, 216 


*Dz —yz = Dy — jy 
j as at the 11th Step before 


Therefore the Point P is truly found. Conſequently, if a Right 
Line be drawn through thofe Points B and P, it will be the Tan- 
gent requir'd, according to the firſt Theorem. 


2. The Converſe of this is as eaſy, to wit, if the Point P be 
given, thence to find the Point B in the Ellip/is Periphery. Thus, 
circumſcribe half the Ellip/is with the Semicircle T dS, as before; 
and biſe& the Diſtance between the Points C and P, as at e, viz. 
Let Ce Se P. Then making Ce Radius, upon the Point c, 
deſcribe the Semicircle C d P; and from the Point where the two 
Semicircles interſect or croſs each other, as at d, draw the Right 


Line d 4 * to the Tranſverſe TS, and it will oy 


N * 
— * 8 - 
- id 7 
a 3 7 o 
f 5 - ; — b 8 * ; 17 4 $2.2 . 
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the Point of Contact B in the Ellipſis Periphery through which 

* the Tangent muſt paſs. 
= But the Praal Method of drawing Tangents to any aflign'd 
© Point in the Ellipſis Periphery may (without finding the aforeſaid 
Point P) be eaſily deduced from the following.Preperty of Tangenis 


8 


1 
4 


* drawn to a Circle, which is this:: 
F 7 If to any Radius of a Circle, as CB, 
) ; there be drawn a Tangent Line (as HK) | B 
mh * to touch the Radius at the Point B; the 
two Angles, which the Tangent makes with 
Ty the Radius, will always be two Right An- 
| gles (16, 17, 18, 19 Euclid 3.) that is, 
5 = I HBC = I CBK = go". 
: | 
| In like Manner the two #nzles, made between the Tangent and 
the the two Lines drawn from the Foci of any Ellipſis to the Point of 
72 Contact, will always be equal, but not Right Angles, ſave only at 
* the two Ends of the Tranſverſe Diameter. | | 
* Theſe being well conſider'd, and compar'd with what hath been 


ſaid in Page 366, it muſt needs be eaſy to underſtand the following 
Thy Way of drawing Tangents to any affign'd Point in the Ellipſis Peri- 
* Pphery; which is thus: 

Having by the tranſverſe and conjugate Diameters found the two 
Fact F and F, by Se. 3. from them draw two Right Lines to 
meet each other in the ahi Point 
of Contact, as Fb and F (or 7B 
and FB) in the annex'd Figure. Next 
ſet off (viz. make) b4=bF(or BD 
BF and join the Points Fd (or FD) 
with a Right Line. 

; Then, I ſay, if a Right Line be 
bt drawn through the Point of Contact 
Tan- (or B) parallel to d F, or D F, 
it will be the Tangent requir'd. For 
it is plain, that as the NH FN when the Tangent 
is parallel to the Tranſverſe Diameter, even ſo is the x fb h = 
FFB, (and BH SFB K and will be every where 
fore; ſo, as the Point of Contact b (or B) and its Tangent is carried 


7 


512. about the Ellipſis Periphery with the Lines fb F (or fBF). 

nt c, | 

two Wi . 
Right Wl | Cee 2 CHAP. 
aſſign | | | 
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Concerning the Chief Properties of every Parabola. 


V TE, in every Parabola, the intercepted Diameter, or that 
Part of its Axis, which is between the Vertex and that Ordi- 
nate which limits its Length, as Sa or S A, &c. is call'd an Abſciſſa. 
Sect. 1. The Plain or Figure of every Parabola is proportion'd by 
its Ordinates and Abſciſſæ, as in the following Theorem: 

( As any one Abſciſſa : is to the Square of its Semi- 
T HEOREM 5 : : ſo is any other Abſciſſa : to the Square of 


its Semi»ordinate. 


That is, if we ſuppoſe the anner d Pi- S 


gure to be a Parabola, wherein S a, and 
S A, are Abſciſſæ, and bab, B AB, | 
Ordinates rightly apply'd, it will 


be Sa: S f\ the Pains a / . ö 


or Sa: SA:: O la: OBA the Points a, 


A, are taken, 5 8 
And ſo for any other Abſciſſæ, Kc. e a 
Demonftratſo:r. 


Let the following Figure HV repreſent a Right Cone cut in- 


to two Parts by the Right Line S A, parallel to its Side / H. 
Then the Plain of that Section, viz. Bb Sb B, will be a Parabola, 
by Sect. 4. Page 364. wherein let us ſuppoſe S A to be its Axis, 
and bab, BA to be Ordinates rightly apply'd to that Axis. 
Again, imagine the Cone to be cut by the Right Line hg parallel 
to its Baſe HG. Then will „g be the Diameter of a Circle, by 
Sect. 2. Page 303. and A Sag like to ASAG. | 
Sa: ag: : SA: AG 
Therefore | 1 By 75 rem 13. 
Sax AG SA ag 
; Sax AGH = AN 
By Axiom 3. 
HA ba, becauſe 84 
is parallel to H | 
OBA=AGxHA By Lem. 
0 ba = ag x ha P. 363 
ea 6 
” Axiom IN 4 1 2 
a: O ba: : &A: O BY ,. . . 
6, 4nalegy| 7 f Vide Page 194. B 
— men ener nennnngnnnmngnennne Q. E. D. Theſe 
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Theſe Proportions being prov'd to be the common Property of 
every Parabola, all that is farther requir'd about that Seat ion, or 
Figure, may from thence eaſily be deduced, 


Sect. 2. To find the Latus Rectum or Right Parameter 
of any Parabola. 


The Latus Refum of a Parabola hath the ſame Ratio or Pro- 
portion to any Abſciſſa, and its Semi- Ordinate, as the Latus Rectum 
of any Ellipſis hath to its Tranſverſe and Conjugate Diameters, and 
may be found by this Theorem. 


As any Abſciſſa : is in Proportion to its Semi-ordinate 
% is that Semi- ordinate: to the Latus Rectum. 


Let L = the Latus Rectum. 
ISa:ba::ba: L 


THEOREM 


'Then 


where-ever the Points a, and 


I 
And] 21SA: BA:: BA: I. A, are taken in the Axis. 
1 143 ako ex Lan 
a 

1 4D =L:Or84xL= U 

8828 81-3 982 = 2 Per Axiom 5. 

5 x | 6[SaxOBA=8SAXx Ua, which gives this 
Analogy| 7][ S: Q ba::SA: UB d, the ſame as at the 7th 


Step of the laſt Proceſs ; therefore L (thus found) is the true Latus 
Rectum, by which all the Ordinates may be regulated and found, 
according to its Definition in Section 4, Page 364. For by the 
third Step Sax L = (7) ba, and by the 4th Step S AL = 0 
B A. Conſequently / Sax L = ba and SAX IL. = B 4; 
and ſo for any other Ordinate. 4 


Or if the Ordinates are given, to find their Abſciſſæ; then it 
will be, L: ba: : ba: Sa, and L: BA:: BA: $4, &c. 
32 

2 


From the Conſideration of th:ſe Proportions, it will be eaſy te 
conceive how to find the Latus Rectum Geometrically, thus : 


Oba 
* 


Conſequently = Ca, and = 4, Kc. 


Jo'n 


N 
| 
| 
| 
| 
| 


— — = 
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Join the vertical Point & of the Axis, and either extream Point 


of any Ordinate as B (or b) with a Right 1 viz. 8B (or 86) | 
and biſect that Line (by Problem 2. 3 0 16 
Page 287 ) marking the Point where ; D. 
the biſeslng Line doth interſect or croſs ® c 
the Axis, as at E (or e) and with the 1 tri 
Radius S E {or Se) upon the Point E A 
(or e) deſcribe a Circle; (as in the an- &: Ir 
nex d Figure) then will the Diſtance ; 
betwcen the Ordinate and that Point 4 
where the Circle's Periphery cuts the 1 
Axis, viz. A R (or ar) be the true La- wi 
tus Nect um required. = P; 
For & A: B A:: BA: AR, and Sa: ba: : bat or, by Theor, 13. boi 
therefore AR = 2 And ar = L, by the iſt and 2d Steps above, an 


Conſectary. 


From theſe Pede of finding the Latus Rectum, it will be 
eaſy to deduce and demonſtrate the following Theorem : - 

As the Latus Rectum: is to the Sum of any two Semi. 
THEOREM ö ordinates : : ſo is the Difference of thoſe two Semi. or- 
dinates : to the Difference of their Abſciſſe. 

Suppoſe any Right Line drawn within the Parabola, as b D, 
parallel to its Axis 5 A; then will that Line (viz. b D) be a Dia. 
meter (by Def. 5, Page 365) which will make ED = AB + ab, 
DB = AB —ab, and D SA — Sa. Then it will be 


L:ED: DB: O D, according to the Theorem. 1 
* Demonſtration. 5 
es by Step 2. 5 ? 8 
. 5 
of the laſt Proceſs. 4 'N = 
L . 
of the e uf Proc g 
| OoOBA—DOba 
e 7 E / „ B N - 
4\/8$4—8SaxL= DO BA— 0 ba Which gives = 
5{0 BAD EAT l following = P 
6|$T7 Fax LEBA+bax BA— ba © Analogy. c: 
7 L: BA+ta:: BA ba: SA — &a 3 
8 L: ED: : DB: 50 a 


* = 
* „„ „nnn 


- a 4 p - . 8 ö * 
3 * FD : 
2 ” — 2 ; g . & . — — r 3 8 8 & Þ 4 
. 3 n * ab 2 "ls? „ s - A . * 4 


— 


| 
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This peculiar Property of the Parabola was firſt publiſh'd, Anna 
1684, by one Mr. Thomas Baker, Rector of Biſhop Nympton in 
Devonſhire, in a Treatiſe entitled, The Geometrical Key : Or, the 

rate of Equations unloch d; wherein he hath ſhew'd the Geome- 
trical Conſtruction and Solution of all Cubick and Biquadratick 
Adfected Mquations by one general Method, which he calls a Cen- 
tral Rule, deduced from this peeuliar Property of the Parabola. 


Set. 3. To find the Focus of any Parabola. 


The Focus of every Parabola is that Point in its Axis throught 
which the Latus Rectum doth paſs. (See Definition 3. Self. 4. 
Page 359.) Therefore its Diſtance from the /Yertex of the Para- 
Bola may be eaſily found, either by the Latus Rectum itſelf, or by 
any other Ordinate, and its Abſciſſe. 

Thus, ſuppoſe the Point at F to be the Focus, & the Vertex, ti 


Ordinate R FR = L the Latus F 
Rectum, and ba b any other Or- — 
dinate. Then wil SF = 2 J. N 
052 
Or SF = 172 þ : s 
. 288 a % 
Demonttration. 
Firſt 11S FX L = DO FR. by Se. 2. Page 375. 
And] 2 FR ==; for the Ordinate R FR = L as above. 
2 * iel 
1, = 3] 4]SFXL S101 
4 - L| 5|SF=1L, as by Definition 4. Sect. 4. Page 359. 
Again] 6 2M = L, by the third Step in Page 375. 
a 
| | | 
Conſeq.| 7 —_ = 2 L, &c. as above. Q. E. D. 


Sect. 4. To deſcribe, or draw a Parabela ſeveral Ways. 


Note, There are two or three Ways of drawing a Parabola in- 
ſtrumentally at one Motion; but becauſe thoſe Inſtruments or Ma- 
chines are not only too perplex'd for a Learner to manage, but 
alſo a little ſubject to Error, I have therefore choſen to ſhew how 
that Figure may be (the beſt) drawn by a convenient Number of 
Points, viz. Ordinates found, either Numerically or Geometri- 
cally, according to the DATA ; which if the Work of the three 
laſt Sections be well conſider'd, muſt needs be very eaſy, 
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1. If any Ordinate and its Abſciſſa are given, there may by 
them be found as many Ordinates as you pleaſe to aſſign or take 


Points in the Parabola's Aris; (by Sec. 4. Page 380) and the N N 


Curve of the Parabola may be drawn by the extream Points of 
thoſe Ordinates, as the Ellipfis was Page 373. 

2. It the Latus Rectum, and either any Ordinate, or its Abſciſſæ, 

are given, then any aſſign'd Number of Ordinates may by them 
be found (by Se. 2. Page 381) either Numerically or Geometri. 
cally, &c. 
3. If only the Diſtance of the Focus from the Vertex of the Pa. 
rabola be given, any aſfign'd Number of Ordinates may be found 
by it. For SF = ; L the Latus Rectum, and; L = FR as in 
the laſt Section; and it will be, as SF: is to O FR: : ſo is any 
other Abſciſſa, viz. (Sa or SA, &c.) : to the Square of its Semi- 
erdinate (viz. [7] ba, or UB) according to the common Pro- 
perty of the Parabola. 

Altho' any of theſe Ways of finding the Ordinates are eaſy 
enough, yet that Way which may be deduced from the follow- 
ing Prope/ition will be found much more eaſy and ready in 
Practice. 2; 

The Sum of any Abſciſſa and focal Diſtance fron 
3 F Vertex, will be equal fo the Diſtance from 
J the Focus to the extream Point of the Ordinate, 

which cuts off that Abſciſſa. 

For Inſtance, ſuppoſe $ to be the Vertex of J 
any Parabola, the Point F to be its Focus, and Sf... 
AB any Semi-ordinate rightly apply'd to its : 
Axis & A: Then, I fay, where-ever the Point 
A is taken in the Axis, it will be SA TSF 
= FB. Conſequently, if SF=8F, it will 
def 4 ERB. | 


9 
Demonttration. 
Firſt] 1]SF = L by the 7th Step, Sect. 3. 
Ergo) 2}f A = FA + 5 L by Conſtruction above. 
2 & | 2} OfA=OFA+ FAxXL+iLL 
Again] 4]SA = FA L by the Suppoſition and Figure. 
4x L| 5|SAy%L, =FAXL +23 LL, but SAXL = U AB 
Ergo] 61M AB = PAXL +4LL 
3—6] 5] 0 f4—DOAB=OFA,conſe. 0 f4A=O FA+0O45 
But] 8 FA + O AB = Q FB, by Theorem 11. 
Ergo] a = Q FB | 
9 un [10!f A = FB Q. E. D. 


— T his 
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„ This Prepsſition being well underſtood, 'twill be very eaſily ap- 
d the! ply'd to Practice, ſuppoſing the Fecal Diſtance given, or any other 
} Data by which it mav be found. Thus draw any Right Line to 

| repreſent the Parabola's Axis, and from its vertical Point, as at S, 
ie, ſet off the Focal Diſtance both upwards and downwards, vi. make 
HSSS E, the Diſtance of the given Fecus from the Vertex; as 

in the Scheme: Then by the Proteſitiam "tis evident, that, if never 
Z ſo many Lines be drawn Ordinately at Right Angles to the Axis, the 
. true Diſtance between the Point Fout of the Parabula, and any of 
| thoſe Lines (or Ordinates) being meaſur'd or ſet off from the Focus 


— . — _ 
= — - — 
— -- * - — 


— — eo tt 
= - 


Se 
2 


_ 
= _ —— to eons OG A oa 


ON F to the ſame Line or Ordinate, *twill aſſign the true Point in that 
— 0 Line through which the Curve muſt paſs; that is, it will ſhew 
* my true Limits or Length of that Ordinate; as at B in the laſt 
eme. 
* Proceeding on in the very ſame Manner from Ordinate to Ordi- 
FO nate, you may with great Expedition and Exactneſs find as many 
* Ordinates (or rather their Paints only, like B) as may be thought 
y in (BY convenient, which, being all join'd tog2ther with an even Hand, 
will form the Parabzla requir'd, 
fron 8 N. B. The more Ordinates (ar their Points) there are found, 
„nd the nearer they are to one another, the eaſſer and exatter may the 


Curve of the Parabola be drawn. The ſame is to be obſer vd when any 
other Curve is requir d to be drawn by Points. 


Set. 5. To draw a Tangent to any given Point in the 
Curve of @ Paraboia. | 


Tangents are very eaſily drawn to the Curve of any Parabola ; 

;4 "3 For, ſuppoſing S to be its Vertex, B 
o = the Point of Contact (viz. the Point 
—D Be where the Tangent muſt touch the 
Curve) and P the Point where the 


Tangent will interſect (or meet with) 4 {eas 
the Parabzola's Axis produced: Then 
if from the Point of Conta! B there 


be drawn the Semi-ordinate B A at 
Right Angles to the Axis 8 4, whereſoever the Paint A falls in the 
Axis, *twill be SP = SA. 


Demonttration. 


Draw the Semi-ordinate b a {as in the Fizure) then will the 
BAP and AP bealike, Lety = AS the Aſciſa, and z = 
Þ dd | 0; 


| 
| 


* 
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SP; put x = Aa the Diſtance between the two Sentiordinates, 3 
which we ſuppoſe to be infinitely near each other, as in the Ellipſ, S A 
Page 377. = 

Then I y+z:BA:: y+23+x:ba, per Theorem 13. T 
1, Or] zy TZ yT＋ZT N:: BA: ba. See Page 192. 


3%: OBA::y＋ : O ba, per Theorem Page 380. 3 
3» Or] 4%: y +x::O BA: Oba s T7 
CP APE ORCS pp Þ 2yz+ 29x + 22+ 
5 2zx ＋ Ax :: UBA: Ua 

6 


— 


5 y:iy T : +2y3z+22:33+ 232+ 
45 . 27 * ＋ $3 22x +xx 
" 7 7 2 


6 'l 7 pected: Xp 
 Cyy +292 +2y3x+z22 + 22x44-xx. 


That is, 8 5 =yx + xx, conſequently — =z+x 


Suppoſe| gf x = 0 and rejected, as in the Ellipfis, Page 377. Se 


Then 10 —. j conſeguently ZZ _CJY W- 
y | | 

10 2(11}z=y, that is, SP 8A | = 2 

. E. D. Wl '* 

. Pa 3 ee ee ee 3 4 * 

E HA P. IV. 


Concerning the chief Properties of the Pyperbola: 


N OTE, any Patt of the Aris of an Hyperbola, which is inter- 
| cepted between its Vertex and any Ordinate (viz. any inter- 
cepted Diameter) is call'd an Ab/ſcrſ/a ; as in the Parabola. 


Sect. 1. The Plain of every Hyperbola i:-propurtion'dby this general: 
Theorem. 


As the Sum of the Tranſyerſe and any Abſciſſa mul 
e into that Abſciſſa: is to the Square of its Se- 
THEOREM, { mi ordinate:: fo is the Sum of the Tranſverſe and 
25 other Abſciſſa multiply'd into that Abſciſſa: to 

the Square of its Semi- ordinate. 


Thee 


9, 


ter · 
ter- 
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That is, if T'S be the Tranſverſe Diameter, 7 
And | $a, S A Abſciſſæ. 
nd tb a,'B ASemi-ordinates, 
Ta=T8+86a C 


Then iq T4=T8+84 
And it will be 


Ta x SA: NB:: TH SA: U A. LA 3 


That is, | rg ag N. 
78S ＋ Sax da: U ba::TS+SAXSA:O BA g 


&c. 0 


Demonftration. 


Let the following Figure H repreſent a Right Cons cut into 
two Parts by the Right Line 8 4; then will the Plain of that 


; Section be an Hyperbola (by Sect. 5, Chep 1.) in which let $ 4 


be its Axis, or intercepted Diameter, 5 and B A B Oradinates 
rightly apply'd (as before in the Parabala) and T'S its Tranſverſe 


Diameter. Again, if the Cone is ſuppos'd to be cut by hg, paral- 
lel to its Baſe HG, it will alſo be the Diameter of a Circle, Oc. 


as in the Ellipfis and Parabola, Then will the AS a and A SGA 


de alike; alſo the ATa 5 and AT AH 
will be alike; therefore it 


ag X ah = [7) ab 


But 
| AGXx AH= U AB 


1184: g:: S4: AG 
And] 2 Tg: 4b: TA: AH 
12. 3 [SA XA SSA 
2 „Are AH H AX ab 
Pe SaxTaxAGxXAH= 
3A4 : SAXTAXag Xx ab 
7 


41.8 Lemma Page 363. 
. er AB = 


SAXTAXOQab 


which give the following : 
Anal.] 9 SaxTa: O4: : SIXT J: AR &e. 


8 
1 ** 


Q. F. D. 
D d d 2 Theſe 


— 


- 
8 


8 Conick Sections Part IV. 


Theſe Proportions are the common Property of every Hyper- 
Bola, and do only differ from thoſe of the Ellip/is in the Signs + 


and —; as plainly appears in the following x” f T 
Proportions. That is, if we ſuppoſ: 7 the S whit 
Tranſverſe Diameter common to both Sections it m 
(viz. both the Ellipſis and Hyperbola) as in the B 3 7 
annexed Scheme: then in the Ellipſis it will be 
TS—$aX8a:0ab::TS—SAXSA: b——/b G 
UA Bas by Sec. 1, Chap. 2. and in the Hy- 
perbola it is TS ＋ Sa Xx SG: UAH: TSA 5 
X SA: U AB, as above. Therefore all, 
that is farther requir'd in the Hyperbola. may : 
(in a manner) be found as in the Ellipſis, duep 11 
Regard being had to changing of the Sine. Al 2 
Sect. 2. To fird the Latus Rectum, or Right Parameter, G4 
of any Hyperbols. 12 
From the laſt Proportion take either of the Antecedents and its 
Conſequent, vis. either Ta & S4: abb. Or TAXSA: UAB, 
to them bring in the Tranſverſe 78S for a third Term, and by thoſe 
three find a fourth Proportional (as in the Ellipſis) and that will be 
the Latus Rectum. | | 
TaXx8a: Oab::TS: 2 ede Lats O 
Thus] 1 : Ta XS In 
Redtum, which call L (as in the Parabola.) 3 
Then] 2jTS: L:: TaxSa: U ab. = © 
But] 3]T ax Sa: Dab::TAXSA: UAB, therefore ; 
33 TS:L::TAXSA:OAB, &c. ; 4 
BE C 
Conſequently L is the true Latus Rectum, or right Parameter, pe 
by which all the Ordinates may be found, according to its Defi- P 
nition in Chap. 1. And becauſe TS SA Ta, let it be TS+ F 
Sa inſtead of T a, then it will be OabxT7s = L and in the 1 


77S XSa＋ Oda 


Nos i Ts MabxrTs Wo PIE 
FA Wit would be FN = ERIC. 


SA. 


V. 
er. 
41 


re 


perbola draw the Right Line 1 & I at 


Chap. 4. concerning the Pyperbota. 3 89 


Sect. 3. To find the Focus of any Hyperbola. 


The Focus being that Point in the Hyperbola's Axis through 
which the Latus Rectum muſt paſs (as in the Ellipſis and Parabola) 
it may be found by this Theorem, 


To the Rectangle made of half the Tranſverſe into 
half the Latus Rectum, add the Square of half the 
THEOREM, Tranſverſe ; the Square Root of that Sum will be the 
Diftance of the Focus from the Center of the Hy- 


perbola, 
Demonſtration. 
Suppoſe the Point at F, in the annex'd Scheme, to be the Focus 
ſought ; then will FR == IL. LetTC= * 
C $ be half the Tranſverſe; then is the Point 7 | 
C call'd the Center of the Hyperbola (for a | 
Reaſon that ſhall be hereafter ſhew'd. ) BE 
Again; let CS =4.andSF=a | ſ | 
Then] 12d: L:: 2d +axXa:iLl 8 
That is, 2 78: L:: TS SFX FS: O FR 1 
I *.:1314dL 2 da + aa F 
3+ dd|4\dd+3d L dd + 2 da aa 
4 w* 15;vV d+idL =d+a=FC 
Or 5. -A YAL -A SF / A; 


In the Ellipfis "tis, 24: L:: 24—aXa:iLL. that is, 1d L = 
2da — a a, &c. ” 

The Geometrical Effection of the laſt Theorem is very eaſily 
perform'd, thus: make Sx = z L, viz. half the Latus Rectum; 
and let CS = 4d, as above. Upon C x (as a Diameter) deſcribe a 
Circle, and at S the Vertex of [the Hy- i 75 | 


Right Angles to C x; then join the 
Points C N with a Right Line, and 
'twill be CN=d A = FC. 


CS: S N:: SN: Ss, per Ex. 
d: S N:: & N: ZL. 
1dL=OSN 

4+0 SN=OCN 
4d +3dL= OCN 


vVad+idL=CN=aha, Ce. 


Ges 
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Part IV. 


. Conick Sections 


PROPOSITION, 


Now here is not only found the Diftance of the Hyper bola's F. 2 
cus, either from its Center C, or Vertex S, but here is alſo found * 
that Right Line uſually call'd its Conjugate Diameter, viz. th | 42 
Line 2 & N, which bears the ſame Proportion to the Tranſverſe Þ © A 
and Latus Rectum of the Hyperbola, as the Conjugate Diameter af 
the Ellipſis doth to its Tranſverſe and Latus Redum. Forint: Þ 5, 
Fllipfis TS: Nn:: Nu: LR. per Sec. a, Page 363. Conſequent. 
lyzTS:z Nn::3Nn:i LR Butiz TS d, 4 NSN I 7 
and5LR=54jL. Therefore d: & N:: S N: 4 L. As at the 2d 
Step above. 3 

What Uſe the aforeſaid Line 2 & N is of, in Relation to the 11 
Hyperbola, will appear farther on. | 

Sect. 4. To deſcribe an Hyperbola in Plano. 2 2 - 

In order to the eaſy Deſcribing of an Hyperbola in Plano, it will l! 
be convenient to premiſe the following Propoſition, which differs 7 LY 
from that af the Ellipſis ta Sect. 4, Chap. 2, only in the Signs. UH 

| If from the Foci of an Hyperbola there be drawn 112 


two Right Lines, ſo as to meet each other in any | 
Paint of the Hyper bola' Curve, the Difference if 113 
| thoſe Lines (in the Ellipſis tis their Sum) will be 2 

Leqgual to the Tranſverſe Diameter, 14 


That is, if F be the Facus, and it be made CF = CF (as in 5 
the Jail Scheme) then the Point F is ſaid to be a Focus out of the 16, 
Section (or rather of the oppoſite Section) and it will be f & — 8 


FB=TS. 15. 

Demonſtrat ion. } . 

Suppoſe JC, or Cf = 2, and SA = x, let CS, or TC , . — 

as before; then will FA=d +x +z, and FA = d + x—z, 22 

Again, let FB =h, and f B = 6, then 24 = b — b, by be 

Propoſition, ; © Pro 

tha 

From theſe ſub/tituted Letters it follows, 11 

| = {up 
That|1|dd + 24x + 24 + *x + 2zx +2zz= 0 f 4 1 

And|2]dd + 2dx — 2dz + A — RT +zz= UF 4 1, 

But] AAB B, and 0 f4+ B= FB 17 

„% TTL a . Bp 


34 


Fas- FX T0 


— 
r 


2 15—17 18 24 = h — b U 17th Step. 
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3— 4% 4% —dd = 4d L. 
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++i1) HIT EE 
Again] 624: L. t 0 AB, by common Propertios. 
5, 60 724 . + xx: 0 4B 
- ** 8 — — dddx — ddux = O48 
21 | | dd + 24x + 242+ xx+22x+2z + 
+ + 8] 9 . GFA UAB H 
4 | a4 + 24s —2dz +ax—22x +2 . | 
12 + 0e OFA-FDOAB = 


2 4 
e 


10 X dd 12] d#—24*2—24dsx+ddzz+ 2dzzx+zzxx=dd4bb 


II ww” [13 ddd-dz+zx=db { Although the AEquation at the 
12 w* |141 dd —dz—zx=do | 16:4 Step be in it/elF impeoſſi- 
f ; "7 n ble, becauſe 2 is greater thaw 
13 —di5}d+z+—= d (by the 4th Step). yet from; 
5s | T* thence it ail be eaſy 10 con. 
8 14 — 4 16 4 — TY — 7 — 5 3 clude, that the Difference bee 
is Ty | | tavern d and 2 > aol] VE 
16, or z+——d=b | pe 


| che true Value of b, as in the 


hl aq * "AY — __—_— —l— — — — r 


9 


But becauſe I would leave no Room for the Learner to doubt 


EZ about changing the Zqratiom, d — z — 5 = into that of 


12 + = —d = 6, it may be convenient to illuſtrate the whole 


E Proceſs in Numbers, whereby (I preſume) twill plainly appear 


that h— s = TS, 
= Inorder to that, let the Tranſverſe 794 = 2d = 12, then d = 6 
= ſuppoſe the Abſciffa S A = x = 4, and the Semi-ordinate AB = 3. 


7 PY 
7 BY 


= Firſt FF SJ 84:0 AB::TS:L, per Sec. 2. 

1, viz} 2a ＋ 4 4 64:9: : 12: 1,6875 = L 

Again] 3 Vd, l =d++a=CF, per Sect. 3 

3. viz. 4] 36 + 5, o025 = 6,408 2 CF x 

Tbenſ 54 T +z2=6+4 J 6,408 — 16,408 = f4 
And] 6 d ＋ Xx 2 2 6＋ 4 — 6,408 = 3,592 = FA 


5 &” 


— — 


FY WY 
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5 S726, 2224 = 4 
6 ©-* 8 12,9024 = O FA : 
But] of 9 = Q 4B, for AB = 3 by Suppoſition, 


7 + 9110278, 2224 = IL fA+QOAB=OFB 
8 + 9111 21,9024 = 0a FA AB QO FB 
10'w* 121] 16,68 = 7B 


1m % 13 4,68 2 
12-1314] 12,00=fB= FB - 78. Which was to be prov'd. 


— a 


If this Propoſition be truly underſtood, it muſt needs be eaſy to 

conceive how to deſcribe the Curve of any Hyperbola very readily 
by Points when the Tranſverſe Diameter and the Focus are given 
(or any other Data by which they may be found, as in the prece- 
dent Rules) thus : | 

Draw any ftraight Line at Pleaſure, and on it ſet off the Length 

of the given Tranſverſe TS, and from its 
extreme Points or Limits, viz. 78, ſet off ef 

Tf = 8 F, the Diſtance of the given Fo- | 
cus (viz. the Point F without, and F with- 
in the Section, as before) : that done, upon 
the Point f (as a Center) with any aſſum'd 

Radius greater than TS, deſcribe an Arch 


of a Circle; then from that Radius take 8 9 
the Tranſverſe TS, making their Diffe- * F hs 
rence a ſecond Radius, with which, upon © : of 
the Point F within the Section, deſcribe "© : 4 


another Arch to cut or croſs the firſt Arch, 7 N 
as at B; then will that Point B be in the Curve of the Hyperbola, 
by the laſt Propoſition. And therefore *tis plain, that, proceed- 
ing on in this Manner, you may find as many Points (like B) 28 
may be thought convenient (the more there are, .and nearer they 
are together, the better) which being all join'd together with an 
even Hand (as in the Parabola) will form the Hyperbola requir'd. 

There are ſeveral other Ways of delineating an Hyperbola in 
Plano : One Way is, by finding a competent Number of Ordinate, 
as by Section 1, Cc. but I think none ſo eaſy and expeditious 3 
this mechanical Way: I ſhall therefore, for-Brevity's Sake, pa 
over the reſt, and leave them to the Learner's Practice, as being 
eaſily deduced from what hath been already ſaid, 


» | | Set, 
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fers from that in the Elli s only in Signs. 
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concerning the Pyperbola: 


gy 


Sect. 5. To draw a Tangent 7o any given Point in ibe 
Curve of an Hyperbola. | 


The drawing of a Tangent, that will touch any given Point in 
the Curve of an Hyperbola, may be eaſily perform'd by Help of a 
Theorem; as in the Ellipis, Set. 6, Chap. 2. 


K r= TS the Tranſverſe Diameter. 
et 


T 
L = the Latus Rectum. 
y = SA the Abſcrſſa. 
the Diſtance N the 
ES Ordinate and that Point 
ade Fa jo the Tranſverſe cut by 
the Tangent. 
Then, if y be given, z may be found by 


this Theorem, 175 +I 2 2 [which dif- 


Vide Page 37 1. J 
Or, if 2 15 given, then y may be found by this W 


THEOREM, V22 i= =y ＋ 122 — 1 Dr y. 


Dcmonſtration. 
Draw the Semi-ordinate ba, as in the Figure, and 


an infinite ſmall Space between the two Sem-ordi- 
. Aa, ee! 3 as before in the Ellipſis, &c. 
Then 1D: L:: Dy: Q AB 
That is, 278: L:: TS ＋ SAX SA: U AB 
DE SLEENE = 2 0 48 
Again 4D: L:: Dy y —24x—Dx+xx: Q 4b 
That is, 5|TS:L::TS CN: 2“ 
4 Pol +5 age Lon DE ael =_ 
Per Figure 7|z: AB: : z—x: aby v. PA: AB:: P4A 40 
7 in 0's 8 .=: AB: : 23 — 22 + xx; Oab 
Suppoſe * = © and every-where rejected (as in the Z1lip/i ) 
Then 2, 9 101 KA e — 18 42 
A DyL22 + yy Lzz—-2 Dy Lz—2yy Ls _ 45 
| | | D zz 
Eee 65 It 


— EO — 


Conick Sections | 
os 2 L+ yy L—2y L—-DL__ 


D 
Dy Lzz +yy Lzz—2 Dy Lz—2yy Lx 

DR _ IN 
12 reduced 13 Dx + zy = Dy + yy 
13 2 14 9 viz. CA: SA:: 74:4 
13--3D+y 15 * = = which is the firſt Theorem. 

z 

13 — z y|16|yy + Dy—z2y =iDz 


16 U C|17|19 ο e ] = 
17 us 1 +3 D—tz=/ EE 


8 +[19þ =V II: +51 | amd ee. 


; 
— A I —— —— —_— * _—_—— _— UY — — — 7 
1 88 9 . = 
: 


The Geometrical Effection of the firſt of theſe Theorems is very 
eaſy ; for, by the 14th Step, tis evident that there are three Lines 
given to find a fourth proportional Line. By Problem 3, Page 308.] 


Scholium. 


From the Comparifons, which have been all- along made in this 
Chapter, between the Ayperbola and the Ellipfis, twill be eaſy 
(even for a Learner) to perceive the Cohe- 5 
rence that is in (or between) thoſe two Fi- 
gures ; but, for the better underſtanding of . ＋ 
what is meant by the Center and Ahmplotes . h.. 


of an Hyperbola, conſider the annex d I 
Scheme, wherein it is evident (even by In # „ 
ſpection) that the oppoſite Hyperbola's will » e 
always be alike, becauſe they will always BY 22 
have the ſame Tranſverſe Diameter com- L 


mon to both, Oc. (ſee Sci. 1, of this Cο [. 
Alſo, that the middle Point, or common £ | 
Center of the £llipfis, is the common Cen- . * 
ter to alt the four cenyugal Hyperbola's, x | 75 
And the two Diagonals of the Right-angled Parallelagram, which 
eircumſeribes the Ellipſis (or is inſcrib'd to the four Hyperbola's) be- 
ing continued, will be ſuch Aſymptotes to thoſe Hyperbola as are de- 
ſmed Chap. F, Sees, 35 De fin. 4. | | ; 808 


ff - % 
2 


3 R . 


FF Ma. 
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Sect. 6. To draw the Aſymptotes of any pperbola, &c. 


Having found the Latus Refum (by Sect. 2.) and the Conjugate 

Diameter in n & N in its true Poſition, by Set. 3. Then through 

p * the Center C of the yperbola, and the extream Points N of ith. 
* Conjugate Diameter, draw two Right Lines, as CN and Cn, in- 

finitely continued (as in the following Figure) and they will be the 

Aſymptotes required, That is, they are two ſuch Right Lines as, 


5 N being infinitely extended, will continually incline to the Sides of the 
— * +HHyperbila, but never touch them. 
Demonftration. 
* Suppoſe the Sen- ordinates a b and 4 B to be rightly appty'd to 
| the Axis TA; and produced both Ways to the A/ymptotes, as at fg 
D, 4 and FG; then will the A CSM, A Cag, and ACAG be alike, 
| Letd=CS=TC, And L= the Latus Rectum; as before, 
4 Put Len Sat the Abſciſſe. Then 44222 
a Then] IId: & N:: de: ag. viz. CS: S N:: Ca: ag 
| 1 in 's] 24d: OSN::dd ＋ 2de ee: Dag 
1 But] 342 CY, oor Sect. 3. 
as dd 2de Lee LL 
aſy | 25 3 +] EL 77 — — 8 EL 
2 Again] 52 d: L:: 2de ee: U ab, per Sect. 2. 
« 79 855 fd : 
5 2] A + ets =O. 
bs [i 4 —6| ofiE=D0og— 00 
3 8jag ab =bf ; 
wen | { But f 9 ag—ab 212 oer Fig. 
| 8 x 9gj1o] Dag—Qab=bfxbg 
| 7, 10 nbfxbg=dL 
, Again|12]4d: DO SN:: dd +244 y: 4G 
N Tbat is, 2 CS: SN :: DCA: 4 
N | 3 12. 13 AK 4 77 
ich But 1424: L:: 2dy + yy: UAB, per Sect. 2. * 
„24% LTY L | | 
„ PIT OS OLE 
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2 46 — 1 43 


2 
17 AGTAB= BF 
Allo 16048 BEE N ber r. 
17 X 180190 46 — ABB FXBG 
| 16 19120|[BFxXBG=1tidL F 
1 
5 11, & 20. ½ 4 * And BG = 35 


— 
— — 


From the laſt Step *tis evident, that the A/ymptotes are nearer 
the Hyperbola at G than at g, and conſequently will continually ap- 
proach to its Curve: For BF)+d4L(=BG is leſs thanbf) 1 dl 
(= bg, becauſe the Diviſar B Fis greater than the Diviſor b f 3 and 
it muſt needs be ſo where-ever the Ordinates are produc'd to the 
Aſymptotes, from the Nature of the Triangles. 

Again; From the 7th and 16th Steps 'tis evident, that the A/ymp- 
totes can never really meet and be co-incident with the Curve 
of the Hyperbola, although both were infinitely extended, becauſe 
d L will always be the Difference between the Square of any Semi: 
ordinate and the Square of that Semi-ordinate, when (is produc'd to 

the Afymptete. 1 


Conſectary. 


From hence it follows, that every Right Line which paſſes thro' 
the Center and falls within the Aymptetes, will cut the Fiperbola ; | 
and all ſuch Lines are call'd Diameters (as in the Ellipfis ) becauſe | 3 
the Properties of the Hyperbola and Ellipſis are the ſame. | 


Note, Every Diameter, both in the Ellipfis, Parabola, and Ih- 
perbola, hath its particular Latus Rectum and Ordinates ; which 
(ſhould they be diſtintly handled, and the Effection of all ſuch 
Lines as relate to them, as alſo the Nature and Properties of ſuch 
Figures as may be inſcribed and circumſcribed to all the Sections, 
with the various Habitudes or Proportions of one Hyperbola to ano- 
ther, &c,) would afford Matter ſufficient to fill a large Volume: 
But thus much may ſuffice by way of Intraduct ion; I ſhall therefore 
deſiſt put ſuing them any farther, being fully ſatisfied, that, if what | 
I have already dane be well underſtood, the reſt muſt needs be! 


_ eaſy to any one that intends to proceed farther on that ub-' 
je. Has = 
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either any LINE, SUPERFICIES, or SOLID) by a regular 
Progreſſion, or Series of Quantities continually approach- 
ing to it, which, being infinitely continued, would then become 
perfectly equal to it; is what is commonly calld Aritbmetict of 
nfinitet; which I ſhall briefly deliver in the following Lemma's, 
Zand apply them to Practice in finding the ſuperficial and ſolid Con- 
tents of Geometrical Figures farther on. 


LEMMA I. 


If any Series of equal Numbers {repreſenting Lines or other 
NS Quantities) as, 1. I. 1, 1. Sc. or 2. 2. 2. 2, &c, or 3. 

3. 3. 3. Sc, if one of the Terms be multiply'd into the 
.* of Terms, the Product will be the Sum of all the Terms 
in the Series. 

| This is ſo very plain, and eaſy to be underſtaod, that it needs 

no Example, 


i 9 3 HE Method of finding out any particular Quantity (wiz. 


LEMMA II. 


lf the Series of Numbers in Arithmetick Progreſſion begin with a 
* CIT, and the common Difference be 1; as, o. 1. 2. 3. 4. Cc. 
© (repreſenting a Series of Lines or Roots beginning with a Point) 
if the laſt Term be multiply'd into the Number of Terms, the 
Product will be double the Sum of all the Series. 3 


3 That is, putting L= the laſt Term, N.= the Number of 
Terms, and 8 = the Sum of all the Series: me 


—— os — * y = = GL 00 — — | 
398 The Arithmetick os Jnfinites, Part v. 
Then will NL=28. Confequently, ; NI S. 
vis. one Half di ſo many times the greateſt Term as there u. 
Numbers of Terms in the Series. "7 
Thus o+1+2+3+4 __ 10 = the Sum of the Series = 4; NI. 
4+4+4+4+4 20=NL. IT he! 
And this will always be ſo, how many Terms ſoever there ate © 
by Conſect. 1, Page 185. 


L EMMA III. 


If a Series of Squares whoſe Sides or Roots are in Arithmetick 
Progreſſion, beginning with a Cypher, &c. (as in the laſt Len. 
ma) be infinitely continued; the laſt Term, being multiply“ 

- into the Numbers of Terms, will be Triple to the Sum of al 
the Series, viz. NLL=38, or z4NLL=S. 
That is, the Sum of ſuch a Series will be one Third of the lat 

or greateſt Term, ſo many times repeated as is the Number d 

Terms in the Series. 


| Inſtances in the Square Numbers: 
. 8 48242 


4+4+4 12” 3 12 
| $oiiied2 =it—7 wed 
rer 30 18 3 1 
| De S 
C16+16+16+i6 80 8 24 3 24 
From theſe Inſtances tis evident, that as the Number of Term! 
in the Series does increaſe, the Fraction or Exceſs above dos 


decreaſe, the faid Exceſs always being 3 which, if we ſup- 


T 
| 6N—6 
poſe the Series to be infinitely continued, will then become inh- 
nitely ſmall, viz. in Effect nothing at all. Conſequently, NLLIM 
may be taken for the true or perfect Sum of ſuch an infinite Serie: 


of Squares, e 
L EMMA IV. 

If a Series of Cubes, whoſe Roots are in Arithmetick Progreſſion, 
beginning with a Cypher, c. (as above) be infinitely cantinu'd, 
the Sum of all the Series will be YLLL=S. 

That is, one Fourth of the laſt or greateſt Term ſo many times i 

repeated as is the Number of Terms. 3 
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re an Inſtances in Cube Numbers, | 
Ifo.1. 2 . 3. &c. be the Roots of the Cubes, 
NL 


ö de 2 

* 15 hen . rwngrs = "108 142 4 + 12 
Ter PT EEDE 
; 164+64464+64+64 320 32 16 44 16 


met ſs, $ EE 3427+ Ching 225 5 3 60 
N Len * 125+125+125+125+125+125. 750 159 10 20 4 20 
e From theſe Pxamples it plainly appears, that, as the Number of 


Terms in the Series increaſes, the Fraction or Excefs above 4 de- 
: reaſes, the Exceſs being always J 5 Which, if we ſuppoſe 


he Series to be infinitely continued, will become infinitely ſmall, 
pr rather nothing; as in the laſt Lemma. Conſequently, + NL 
LL ͤ may be taken for the true and perfect Sum of all the "Terms 
ſuch an infinite Series of Cubes. 


LEMMA V. 


a Series of Biquadrates, whoſe Roots are in Arithmetick Pro- 
pps beginning with a Cypher, &c. (as before) be infinite- 
y 2 the Sum of all the Terms in ſuch a Series will be 
1 NL4. | 


The Truth of this may be manifeſted by the like Proceſs, as in 
he foregoing Lemma's, and fo on for higher Powers. But if any 
ne deſires a farther Demonſtration of theſe Series, he may (I pre- 
ume) meet with ample Satisfaction in Dr. Vallis's Hiſtory of Al. 
x * Chap. 78 and 79, wherein the Doctor concludes with theſe 
Vords: 


Thus having ſhew'd, that in the Progteſſion of Laterals (or 
Arithmetical Proportionals) beginning at o, the Sum of 2, 3, 4, 
5, 6 Terms, is always equal to half of ſo many times the great- 
eſt ; and there being no Pretence of Reaſon why we ſhould 
then doubt it in a Progreflion of 7, 8, 9, 10, Se. we conclude 
It ſo to be, tho* ſuch Number of Terms be ſuppos'd infinite. 
Again; in a Progreſſion of their Squares having ſhew'd, that 
in 2, 3, 4, 5, 6 Terms the Aggregate is always more than one 
Third of ſo many times the greateſt, and the Exceſs always ſuch 
| « aliquot 


Term | | 
> does 
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to the Sum of all the Terms in the other Series. 
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« aliquot Part of the greateſt, as is denominated by ſix times th; 
% Number of Terms wanting 1. (As, if the Terms be 2 F* 
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eit is 3 +4; if three, it is 1 ＋ *; if 4, it is 3 ＋ 13 ifs, 
« it is 5 + rc of ſo many times the greateſt Term, and ſo onward) 
« we may well conclude (there being no Pretence of Reaſon] 
«© why to doubt it in the reſt) that it will be ſo, how many ſoevet 
4c be ſuch Number of Terms. And becauſe ſuch Exceſs, as th: 
4 Number of Terms do increaſe, will become infinitely ſmall (u 
cc leſs than any aſſignable) we conclude (from the Method of Ex. RF Th 
cc hauſtions) that, if the Number of Terms be ſuppos'd infinite | FF - 
& ſuch Exceſs muſt be ſuppos'd to vaniſh, and the Aggregate 0 VIZ 
* ſuch infinite Progreſſion ſuppos'd equal to 4 of ſo many time ing 
ce the greateſt. | 
& In like manner having prov'd that ſuch Progreſſion of Cubs 
& doth (as the Number of Terms increaſe) approach infinitely neu 
<« to; of ſo many times the greateſt, and of Biquadrates to 4, s 
« ſo of Surſolids to 3 of ſo many times the greateſt, and ſo on- an 
«© wards as we pleaſe to try; and there being no Pretence of Re - 
« ſon why to doubt it as to the reſt, we may take it as a ſufficien n; 
% Diſcovery, that (univerſally) the Aggregate of ſuch infinite Fig 
c Progreſſion is equal (or doth approach infinitely near) to ſuc - 
« a Part of ſo many times the greateſt, as is denominated by tie Mecie: 
Exponent (or Number of Dimenſions) of ſuch Power (as I 7 
<< that according to which the Progreſſion is made) increas'd h all 
«« 1, namely, of Laterals 2; of Squares 3; of Cubes 2; of B. rn 
« quadrates 33; of ſo many times the greateſt) and fo onwari are 
« infinitely.” | = Th; 
This Diſcourſe of the Doctor's T thought convenient to inſert, an 
ſuppoling it may give ſome Satisfaction to the Learner, to hear on 
Great a Man as Dr. Vallis's Argument about the Truth of the 
Series, which I have briefly deliver'd in the *foregoing Lemma's. Lin 
| | | he 
LEMM A VI. Lal) 
| e er 
If any two Series or Ranks of Proportionals have the ſame Num: 
ber of Terms (whether Finite or Infinite) it will always x 
As the firſt Term of one Series: is to the firſt Term of te 
be be Series :: ſo is the Sum of all the Terms in the one Serie un 
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The Application of theſe Lemma's to Geometrical Quantities, 


The Pypotheſcs. 


1. That every Line is ſuppos'd to conſiſt (or be compos'd) of 
Jan infinite Series of equidiſtant Points. 


© wiz. to Lines, Superficies, and Solids, wholly depends upon grant- 
ing the following Hypotheſes. 


2. A Surface (vis. the Area of any Figure) to conſiſt of an in- 


F finite Series of Lines, either ſtreight or crooked, according as the 
Figure requires. 


3. A Solid to conſiſt of an infinite Series of Plains, or Superfi- 


Wcics, according as its Figure requires. 


Not that we ſuppoſe Lines, which have really no Breadth, can 


hickneſs, can conſtitute a Solid: But by what we here call Lines 


Ware to be underſtood ſmall Parallelograms (or other Superficies) 
aafinitely narrow, yet ſo as that their Breadths, being all taken 
and put together, muſt be equal to the Figure they are ſuppos'd to 
ill up. And thoſe Plains or Superficies, which are here ſaid to 
We onſtitute a Solid, are to be underſtood infinitely thin; yet ſo as 
hat their Depths or Thickneſſes (which are hereafter, alſo called 
Lines) being all taken together, muſt be equal to the Height of 
Ihe propos'd Solid. Now, in order to render this Hypotheſis as 
aſy for a Learner to underſtand as I can, I ſhall here propoſe a 
ery plain and familiar Example; Fiz. Let us ſuppoſe any Book 
o be compos'd (or made up) of 100, 200, 309 (more or leſs) 
caves of fine Paper; ſuch a Book, being cloſe 
ave Length, Breadth, and Depth or Thickneſs, and therefore 
ay (not improperly) be called a Solid; and each of its Edges 
being evenly cut) will be a Superficies compos'd of a Series of 
mall Parallelograms, every one of their Breadths being only the 
ge of a ſingle Leaf of Paper; and if we conceive the Thick- 
es of every one of thoſe Leaves to be divided into 10, or 


Ff, 


put together, will 


400, 
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« aliquot Part of the greateſt, as is denominated by fix times the 
« Number of Terms wanting 1. (As, if the Terms be 2, 
« itis+ + 33 if three, it is 3 + ; if 4, it is 3 ＋ 13 ifs, 
44 it is 5 + {of ſo many times the greateſt Term, and fo onward 
« we may well conclude (there being no Pretence of Reaſon 
« why to doubt it in the reſt) that it will be ſo, how many ſoever 
« be ſuch Number of Terms. And becauſe ſuch Exceſs, as the 
« Number oi Terms do increaſe, will become infinitely ſmall (or 
« Jeſs than any aſſignable) we conclude (from the Method of Ex- 
cc hauſtions) that, if the Number of Terms be ſuppos'd infinite, 
cc ſuch Exceſs muſt be ſuppos'd to vaniſh, and the Aggregate of 
<« ſuch infinite Progreſſion ſuppos'd equal to 4 of ſo many times 
ce the greateſt. 

In like manner having prov'd that ſuch Progreſſion of Cubes 
& doth (as the Number of Terms increaſe) approach infinitely near 
©« to 3 of ſo many times the greateſt, and of Biquadrates to 4, and 
« ſo of Surſolids to ; of fo many times the greateſt, and fo on- 
„% wards as we pleaſe to try; and there being no Pretence of Rea- 
« fon why to doubt it as to the reſt, we may take it as a ſufficient 
% Diſcovery, that (univerſally) the Aggregate of ſuch infinite 
& Progreſſion is equal (or doth approach infinitely near) to ſuch 
« a Part of ſo many times the greateſt, as is denominated by the 
« Exponent (or Number of Dimenſions) of ſuch Power (as is 
<< that according to which the Progreſſion is made) increas'd by 
« 1, namely, of Laterals * ; of Squares 2: 3 of Cubes £ ; of Bi- 
« quadrates 3; of ſo many times the greateſt) and fo onwards 
« infinitely.” | 


NR 


This Diſcourſe of the Doctor's T thought convenient to inſert, 
ſuppoſing it may give ſome Satisfaction to the Learner, to hear fo 
Great a Man as Dr. J/2/!is's Argument about the Truth of theſe 
Series, which I have briefly deliver'd in the *foregoing Lemma's. 


LEMMA VI. 


If any two Series or Ranks of Proportionals have the ſame Num- 
ber of Terms (whether Finite or Infinite) it will always 

As the firſt Term of one Series : is to the firſt Term of the 

be lower Series:: ſo is the Sum of all the Terms in the one Series: 
to the Sum of all the Terms in the other Series. 

(12, e. 5) 
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As in theſe Numbers, 3| 6 Or theſe Numbers, 44 5 
2| 6 1 
31 9 30] 45 
4|12 108 135 
3115 324] 495 
6|15 97211215 
Ex- That is, 1: 3 :: 21:63 And 4: 5: : 1456 :1820 Ce. 
nite, The Application of theſe Lemma's to Geometrical Quantities, 
e of viz. to Lines, Superficies, and Solids, wholly depends upon grant- 
umcs ing the following Hypotheſes. 
wm The Yypotheſcs. | 
and 1. That every Line is ſuppos'd to conſiſt (or be compos'd) of 
on- an infinite Series of equidiſtant Points. 
Rea- 2. A Surface (vis. the Area of any Figure) to conſiſt of an in- 
cent finite Series of Lines, either ſtreight or crooked, according as the 
unite . Figure requires. | 
ſuch 2. A Solid to conſiſt of an infinite Series of Plains, or Superfi- 
the cies, according as its Figure requires. 
as 8 Not that we ſuppoſe Lines, which have really no Breadth, can 
d by © fill a Space or Superficies; or that Plains, which have not any 
f Bi- Thickneſs, can conſtitute a Solid: But by what we here call Lines 
varcs are to be underſtood ſmall Parallelograms (or other Superficies) 


infinitely narrow, yet ſo as that their Breadths, being all taken 
and put together, muſt be equal to the Figure they are ſuppos'd to 
fill up. And thole Plains or Superficies, which are here ſaid to 
conſtitute a Solid, are to be underſtood infinitely thin; yet fo as 
that their Depths or Thickneſſes (which are hereafter, alſo called 
Lines) being all taken together, muſt be equal to the Height of 
the propos'd Solid. Now, in order to render this Hypotheſis as 
eaſy for a Learner to underſtand as I can, I ſhall here propoſe a 
very plain and familiar Example; Fiz. Let us ſuppoſe any Book 
to be compos'd (or made up) of 100, 200, 300 (more or leſs) 
Leaves of fine Paper ; ſuch a Book, being cloſe put together, will 
have Length, Breadth, and Depth or Thickneſs, and therefore 
may {not improperly) be called a Solid; and each of its Edges 
(being evenly cut) will be a Superficies compos'd of a Series of 
ſmall Parallelograms, every one of their Breadths being only the 
Edge of a ſingle Leaf of Paper; and if we conceive the Thick- 
nels of every one of thoſe Leaves to be divided into 10, or 
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100, or 1000, &c. they will then become ſuch a Series of inf. 


ritely ſmall Lines as are (by the Hypotheſis) ſaid: to compoſe or 
fill up a Superficies. And all the Superficies of thoſe infinitely thin 
or divided Leaves of Paper will become ſuch a Series of Plains, 
or Superficies, as are ſaid to conſtitute a Solid, viz. ſuch a Solid 
as the Bigneſs and Figure of that Book. 

Now according to this Idea of Lines, Superficies, and Solids, 
one may, Without the leaſt Prejudice to any 3 admi; 
of the following Definitions and Theorems, 


Delinitions. 


I. The Area's of Squares, and all other Parallelograms, are com- 
pos'd or fill'd up with am infinite Series of equal Right Lines. 


II. The Area of every plain Triangle is compos'd of an infinit 
Series of Right Lines parallel to its Baſe, and equally decrezing 
until they terminate in a Point at the vertical Angle. 


III. The Area of a Circle may be compoſed either of an infinite 
Series of concentrick or parallel Circles, or of an infinite Series df 
Chord Lines parallel to its Diameter, or of an innumerable Mu 
titude of Sectors. 


IV. The Area of an EHipfss may be compos'd either of an in. 


mite Series of Ordinates rightly apply*d, or of an infinite Seis | 2 


of Right Lines parallel to its Tranſverſe Diameter. 


V. The Area's of the Parabola and Hyperbols are compos'd cf 


an infinite Series of Ordinates ; or may alſo be compos'd of Right 
Lines parallel to its Axis, Oc. 


VI. A Priſm is a ſolid Body contain'd or included within ſeve 
ral equal Parallelograms, having its Baſes or Ends equal and alike; 
nd it is generally nam'd according. to the Figure of its Baſe: 

hat is, 


VII. A Cube (or Solid like a Dye) is a Priſm bounded or iu. 
eluded with fix equal ſquare Plains. 


VIII. A Parallelopipedon is a Priſm that hath its Sides boundet 


or included within four equal Parallelograms and two ſquare Baſs 
or Ends. 


IX. A Cylinder (or Solid, like a Rolling-ſtone i in a Garden); 
only a round Priſm, having its Baſes or Ends a perfect Circle, 


X. Th 


ö J 
ries 
1 
, 
{ 


Ifinite 


eeſing 


finite 
ries of 


Mul. 


an in- 


Seris | 


08 d of 
Right 


1 ſeve- Þ 


alike; 
Baſe: 


or iu- 


hunde 


e Baſt 


jen) » 


cle. 


. Th 
5 4 


o 
N 
| 
3 
Y 


; 
'S 


* 


apphy'd 46 Supei fictes and Solids. 403 | 


X. The Solidity of every Priſm is compos'd of an infinite Se- 
ries of equal Plains, parallel and alike to that of its Baſe. 


XI. A Pyramid is a Solid bounded or included within ſeveral 
plain Triangles ſet upon any Polygonous Baſe, having their verti- 
cal Angles all meeting together in a Point, called the Vertex, and 
takes its Name from the Figure, of its Baſe, viz. if it has a ſquare 
Baſe, tis call'd a ſquare Pyramid; if a triangular Baſe, tis call'd 
a triangular Pyramid, Tc. | 
' XII, A Cone is only a round Pyramid, which hath been already 
defined in Page 355, Sc. 

XIII. The Solidity of every Pyramid is compos'd or conſtituted 
of an infinite Series of Plains, parallel and alike to that of its Baſe, 
equally decreaſing until they terminate in a Point at the Vertex. 


XIV. A Sphere or Globe, (viz. a Ball) is a Solid bounded or 
included within one regular Superficies, being form'd or gene- 
rated by the Rotation of a Semi-circle about its Diameter (call'd 
the Axis of a Sphere) and its Solidity is compos'd or conſtituted 
of an infinite Series of-concentrick Circles, whoſe Diameters are 
the Chords of that Circle by which it was form'd. 

XV. A Spheroid (or Egg-like Figure) is a Solid bounded with 
Zone regular Superficies, form'd by the Rotation of a Semi-ellipſis 
about its Tranſverſe Diameter (call'd the Axis of the Spheroid) 
and its Solidity is conſtituted of an infinite Series of concentrick 
= Circles, whoſe Diameters are the Ordinates of that Ellipſis by 
= which it was form'd. 

XVI. There is another Sort of Solid call'd an Oblate Spheroid, 
being formed by the Rotation of an Ellipſis about its Conjugate 
Diameter, and it is like a flat Turnep. I, 


XVII. If a Semi-parabola be turn'd about its Axis, twill form 


Pun 


May { 5 Wet > <A 


9. 


2 Solid call'd a Parabolick Coroid, being compos'd or conſtituted 


of an infinite Series of Circles, whoſe Diameters are the Ordinates 
of a Parabola, 


XVIII. If a Parabola be turn'd about its Baſe, ar greateſt Or- 
dinate, 'twill form a Solid call'd a Pyramidaid, but moſt com- 
monly a Parabolic: Spindle, which will be conſtituted of an infi- 


Inite Series of Circles, whoſe Diameters are Right Lines parallel to 
the Parabola's Axis. 


; XIX, If an Hyperbola be turn'd about its Axis, *twill form a 
Solid call'd an Hyperbolick Conoid, being conſtituted of an infinite 


eries of Circles, whoſe Diameters are the Ordinates of the Hy- 


perbola. 
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XX. The curve Superficies of all circular Solids (viz. Cylin- 
ders, Cones, Spheres, &c.) are compos'd of an infinite Series of 
the Peripheries of thoſe Circles which conſtitute their Solidities, 


Upon theſe Definitions are grounded all the following Theorem: ; 
and therefore, if they were diligently compar'd with their re- 
ſpective Figures, it muſt needs be of great Help to the Learner, 
and would render all that follows very eaſy ; wherein I ſhall begin 
with what hath been already demonſtrated, by way of introducing 
the reſt, 


1 REORKEM-I 


| The Area of every Right-angled Parallelogram is obtain'd by mult:, 


plying the Length into its Breadth. 
That is, B DFB S the Area of the Parallelogram B D FG, 


by Lemma 1, compar'd with De- F 7 


fanition 1. | — 


Example. 


then 26 * = 234 the Area. a 


See Prob. 1, Page 339. B 'y 


THEOREM II. 


The Area of every plain Triangle is equal ts half the Area of it 


circumſcribing Parallelogram. That is, 2 = =the Area 


ABCD, in the following Figure. 


Demonſtration. 


Suppoſe the Perpendicular C A to be divided into an infinit 
Number of equal Parts, as at the | 


Points a, a, a, &c, and through 3 0 
thoſe Points there were drawn „ 
Right Lines parallel to the Baſe {| EE 3 
BD; (viz. bad, bad, bad, &.) | b/ Sd. 
then will thoſe Lines be a Series : FF 1% 
of Terms in Arithmetick Progreſ- 3 - J 


fion beginning at the Point C (viz. ; 

o, bd, 23 , 3bd, &c. as is evident by the Figure, wherein BY 

the greateſt Term = L, and CA the Number of Terms = __ 
2 ul 


e 


But; NI. 8, by Lemma 2. And $= the Triangle's Area 


; by. Definition 2. Q. E. D. 
s. | Example. Let B D = 26, and CA = q, as above; then 


ems ; ; 20X9 = 119, or 19 =2117. Or thus, 26 x} = 117, the 


uy 
_ 
ms 
' 
LE a, 


r re- i * requir'd. [See Problem 3, Page 330.] 
rner, f | 
begin : THEORE M III. 
Ucing / 


The Peripheries of Circles are in Proportion one to another as their 
Diameters are. 


TA Demonttration. 


| Let the Periphery of a Circle be divided into any Number of 
Fe equal Arches by Right Lines drawn from 
the Center (viz. Radii] ſuppoſe em 8, 
— as in the annexed Figure, wherein A B 
— is one of them; then, if thro' any Point 
in the Radius there be drawn a concen- 
trick or parallel Circle, its Periphery 
— will alſo be divided into 8 equal Arches 
buy thoſe Radii, one whereof will be ab, 

and the A Cab will be like to ACA B, 
* Therefore Ca: ab:: CA: AB, or Ca: CA: : 4b: A 3, 
of it = conſequently 2Ca:2CA::8ab:8AB, But 2Ca=4da 
> the Diameter of the Circle, whoſe Periphery is 8 ab; and2CA 
rea * =D, the Diameter of the Circle, whoſe Periphery is 8 4 B. 
Therefore, Oc. as by the Theorem, Q. E. D. 


Example. 


[4 In Chapter 6, Part III, it was found, that, if the Diameter of 

fins 2 Circle be 2, its Periphery will be 6,2831853, Sc. Therefore, 
2: 6,2831853, Cc. :: 1: 3,14159265, Cc. the Periphery of 

the Circle whoſe Diameter is 1. 


Corollary, re 


Hence it follows, that becauſe Unity, or 1, may be made the 
firſt Term in the Proportion, therefore 3,14159265, &c. may be 
made a conftant or ſettled Factor; which, being multiply'd into 
any prapos'd Diameter, will produce the Periphery of that Circle. 
Nete, Inſtead of 3,14159265, Cc. it may be ſufficient to take 
only 3,1416, | 
Or, 
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Or, in whole Numbers, the Proportion may be, 


I 
As 7 : : : Diam:-: Periphery TIEN may ſerve, Þ 


Or 113: * by 5 :: Diam, : Periphery ponds - e — in com- 


T. H! EO REM IV... 
The Area of any Sector of a Circle is equal to half the Rectangle 


of the Radius into its Arch, That is, G 3 AB _ the Area. th 

of ACE. | bs Pt 
Demonſtration. 

th 


Suppoſe the Radius CA to be divided into an infinite Series of 
equidiſtant Points, as a, e, , &c. and 
thro* thoſe Points there were drawn concen- 
trick or parallel Arches, as ab, ed, yf, &c. 
then they will be a Series of Arches in 
Arithmetick Progreſſion, beginning at the 
Point C (vis. o, 1, 2, 3, &c.) as plainly ap- 
pears by the Figure, wherein the greateſt 
Term is AB =L, and Number of Terms is 
CAN. But i: NL=', the Sum of all 
the Series, by Lemma 2, and $= = the Sector's 
Area, by Dchaition 3. Q. E. D. 


Let the Radius CA 12, and the Arch 4 B =8, then 12x8 


7 
=.438, Or *3x8=48. Or; x 12 = = 48, the Arca of the 
Sector ACB. 
THEOREM V. c 
The Area of every Circle is equal to half the Rectangle of the Radius ( 


into its Periphery. That ts, according to Archimedes, à Circle 

is equal to 4 Right-angled Triangle, whoſe Sides centaining the Ss : 
Right-angle are equal, one to the Radius, and the other ta the W 
Perimeter of that Circle. Pro. 1. de Dimenſione Circuli. | 


'The Truth of this Theorem may be eaſily deduced from the : 
laſt, thus: If we ſuppoſe the laſt Sector to be one Eighth-part of a ; 


Circle, then it follows, that — = C4 =4ABxXCA4wil be 


the Area of the whole Circle. But 3 AB = half the Circle's Pe- 
riphery, and C 4 = half its Diameter; thereſore, Ic. as per 
Theorem. Q. E. D. 


2 xample * 


* apply 7 fo - Superficies and Solids. 180 

Sid TY Example. 

rve, | II the Diameter be Unity, or 1, the 41: road will be 3,14159265 

om- ma &c. by Theorem 3. Then 525590 23x41 = 0,78539816, 

&c. (or 0,7854 for common Uſe) will be the Area of that Circle. 
Scholium. 

nele From hence naturally flows the following Proportion between 
the Square and its inſcrib'd Circle, 

rea. As the Perimeter (viz, the Sum of the four Sides) 
PaoronT1ON. Fol any Square: is to its Area:: ſo is-the Peri- 

phery of the inſcrib'd Circle: to its Area. 
That is, ſuppoſing 4 B = D = the Side of the Square, and 

the Diameter of its inſcrib'd Circle ; 


| of then 4 D = the Perimeter, D D=the 


Area of the Square, and 3, 1416 D = the Ra WL 1B 
Periphery of the Circle, by Theorem 3. 0 
But 4 D: DD:: 3, 1416 D: 0, 7854 DD * 
== the Circle's Area. And if D=r, 5 — 
| : then 4 D = 4, and DD=1X1=1, 
and the Periphery will be 3,14 16. Then 4 
y * 4:1:: 1: 0,7854 &c. as in the Example |, N 
Y above. And from hence may be eakily OED 
* deduced the following Theorems. 
.; THEOREM. VI. 
EO g The Area's of all C ircles are in Proportion one to another as the 
he 4 Squares of their Diameters, (2, e. 12.) 
| For if D=the Diameter of one Circle, and 4 = the Diameter 
ol another Circle, then will 0,7854 DD be the Area of one 
ius Circle, and o, 7854 d d will be the Area of the other Circle; as 
cle above. But 0,7854 DD: o, 7854 d d:: DD: dd. Or thus, let D 
he = = the Diameter, and P.= the Periphery of one Circle; d = the 
he Diameter, and p = the Periphery of another Circle; 
Then IIZ DX PS DP A, the Area of one Circle. 
* | And|2 14 17 aþ a4, the Area of the other Circle. 
2 3 
5 * 1X4\3|DP=44 (per laſt Theorem. 
Ty * 2X 4[4|4p=40 | 
er 3= nd 5 5 47 


| 
| 
F 
1 
| 


2 5 [D = 
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<A 6lpa 22 
4 — 44 6'p= - LE 
But] 7}P:p:: D: d, per Theorem 3. 
A 4a * 
5, 6, 7] 8]D:d: Ir | 
8 -<.-| 9j4 DDa=4ddA, that is, DDa=dd4 
9, Analog 10 DD: A::dd:a, orf:a::DD:4dd 


wy Q. Z. D. 

Corollary. 
Hence it follows, that becauſe the Square of 1 is 1 (viz. 
IXI I) and 0,785 39816, &c. or o, 7854 is the Area of the 


Circle whoſe Diameter is x (as before) therefore it will be 


: 0,7854 :: ſo is the Square of any Circle's Diameter: to its 
Area. And becauſe 1 is the firſt Term in the Proportion, there- 
fore 0,7854 may be made a conſtant Factor; which, being mul- 
tiply'd into the Square of any propos'd Diameter, will produce the 
Area of that Circle. | | 
Note, The four laſt Theorems do plainly ſhew the Reaſon of 
all the common or practical Problems about a Circle, which, for 
the Learner's farther Satisfaction, I have here inſerted together. 
Suppoſing as before, ä | 
D = the Diameter | 
That L = the Periphery of any propoſed Circle. 
A = the Area | 


— r 8 _—— — — 


Probl. 1. D being given, to find P. 
Then| 1 |1 : 3,1416 :: D : P. per Theorem 3. 
2 [3,1416 D=P. | 
| 5 Suppoſe D 32. Then 3, 141632 =100,5312 
| the Periphery. ; 


— — —_— _w _—_—_— 
_ 1 K = 


— 


Probl. 2. D being given, to find A. 
3 [1:0,7854::DD: A, per Theorem 6. 
3 4 Jo, 78540 DA 
Suppoſe D = 32 (as before) 
Examp. [DD = 32 & 322 1024 | 
Then] [0,7854 x 1024 = 804, 2496, the Area requir'd. 


Probl. 3. P being given, to find D. 


' becauſe ,,+%4 = 0, 3183 
tor therefore 0.3183 P=D. 


This, being only Converſe to the firſt, needs no Exam. 


* 
_— 1m ˙ 


4 


2 @& 2 


= 
/ 


o 


—_— 
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| Prob. 4. P being given to find A, 
2 64 519.86g6s DD = FF | 


6 — HOD AA „or o, 10132 PP = DD 
ES 9 — 
1 1 > „or 1,2732 L DD 
7854 
For] g 1, 27 32 
PP 


=: — — or o, 10132 PP = 1,2732 4 
* 


a ſe 
. A, or o, 7957 PP =A 


— 


9 X Kc. 10 


Kü 


Prob. 5. A being given, to find D. 


| A 
Sm Dr of = 1,2732 4 
* whe 657854 e 


Prob. 6. A being given, to find F. 
ro Xx &c. 5 PP:= 12,5664 4, FP = 2 


0,07957 
I2 w* 13 PSV 12,5664 A, or R= 


0,07957 


Theſe fix Problems contain all the Variety that can be propoſed 
about finding the Periphery, Diameter, and Area of any Circle. 

But if it be required to find the Area of any Segment, or Part of 
a Circle cut off by a Chord, that Work will require a farther Con- 
ſideration. | 

Firſt, As to the Data there muſt always be given the Diameter; 
or, either the Periphery or Area of the Circle, in order to find the 
Diameter. | 

Secondly, There muſt alſo be given, either the Chord which is the 
Baſe of the Segment, or the verſed Sine, which is the Height of the 
Segment. That is, either BG, or A F, in the following Scheme, 
muſt be given, that ſo the Area of the A BCG may be found. Then 
it's evident (by the Figure) that, if the Area of the A BCG be taken 
from the Area of the Sector CB AG, the Remainder will be the Area 
of the Segment BAG. And if the Area of the Segment BAG be taken 
from the whole Area of the Circle, the Remainder will be the Area 
of the other Segment DBG. 

| Gg Exam- 


— — — — ꝓꝓʒ— 
— — 


— G A e * 


1 
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Example in Numbers. 


Let there be given D A = 32, as in 
Prob. 1. and the verſed Sine AF =6; 
then DF=BC=CA=: 16, and 
CA—AF=CF= ro. But BC 
—DOCF=D0OBF Conſcquently 
/ OBC—OCF=BF,uz.v 156 
= 123,49/= 8 #: 

Then, by the Doctrine of plain Tri- | G 
angles, the Arch B 4 = I BC A may 
be found in Degrees and Decimal Parts. Thus BC: Radius:: 
B F: Sine BCF=51,31 Degrees, And then it will always hold 
in this Proportion; 

As the Circle's Periphery in Degrees: is to its Periphery in 
Viz I equal Parts (according to the Dimenſions taken) : : So zs 
J the Arch in Degrees (via, x BCA): to the ſame Arch in 

| Cequal Parts. 

That is, 360? : 100, 5312: : 51, 31: 14,3284 = BA. Then 
14, 3284 X 16 = 229, 2544, the Area of the Sector BCAG ; and 
12,49 X 10 = 12449, the Area of the A BCG. Their Difference 
104, 3644 = the Area of the Sezm. BAG. 

Or the Arca of any Segment may be otherwiſe found (as moſt 
uſually it is) by a Table of the Segments of a Circle, whoſe Area is 
Unity, or 1. The Confiruftin or making of ſuch a Table is very 


well laid down in Mr, Darie's Book of Gauging, Chap. 9. which he 
perſorms in this Problem. 


PROBLEM. 


I a Circle whoſe Area is Unity, and its Diameter cut by Chord Lines 
into 1009 equal Parts. to find the Segment to any verfed Sine pro- 
p35'a, not exceeding 500 of theſe equal Paris. 


1. Multiply the ver/ed Sine propos'd by 0,002, and ſubtract the 
Product from an Unit or 1. 


2. This Remainder you fhall ſeek in the common Table of Natural 
Sines, (the Arch being divided into Degrees and Centeſimals) which 
being found, let its Cœarcb be doubled, and called A. 


3. You mult find the correſpondent Sine to A; which Sine being 
found, you may call &, and then it holds 6,2831853) 0,0174532 
925 4— 8 (= the Srgment required, 

2 Now 


1d 


Unit, you have the Co-ſegment, &c. 


of this Problem, it very often falls out that the Remainder there 


Diviſer. 


E 15 Superlictes and Solid. 4¹¹ 


Now this Segment being thus found, if you ſubduct it from an 


Note, Notwithſtanding what has been ſaid in the ſecond Precept 


ſpoken of cannot be truly found in the Table of Natural Sines ; 
therefore in this Caſe my Advice is, that you make two Opera- 
tions, one with a Sine the next greater, and one with a Sine the 
next leſs; and in fo doing you will be ſure to have the Segment re- 
quir'd bounded between the Reſults of thoſe two Operations, 


Example, Let it be propes'd to find the correſpondent Segment ta the 
wverſ:d Sine 203. 


Firſt, 263 X 0,052 = 0,526, and 1 — 0,526 = 0,474, its 
Arch is 28,29* being leſs than juſt; its Complement is 61,719, 
which, being doubled, is 123,42 = A. 

Then ,0174533 A = 2,154086286 
= 0,8346556 = 5 the Sine of A. 


6,2831853) 1,3194.3c686 (o, 209993 the Segment, 


Now 1 make. a ſecond Mork. 
263 being multiplied with 0,002 is 526. and 1 — 526 = 0,474 its 
Arch is 28, 309 being greater than juſt; and its Complement is 
61,70?, which being doubled is 123,4 = 4. 
Then 0,0174533 4 = 2,1537 372 
: — 0,8348478 = 5 the Sine of A 


6,2831853) 1,3188894 (0,229907 the Segment. 

So you ſee by theſe two Operations that the Segment is bounded, 
and 'tis very probable it may be 0.20995. 
But to abbreviate this large Factor, and this large Diviſor, I 
ſhall here inſert two Tables of them, which will be ready for Uſe, 
and exact enough too. 


| Factor. | Thus far Mr. Darie, which I have 


| 0,2832|i] 0174533 U. here inſerted to ſhew the Learner how, 
12,5664|2] [,0349066[2] by the Help of th-ſe two Tables, and 
18,8495 3 ,0522599]3} a Table of Natural Sines, he may ea- 
25,1327|4| l. 0698 13204] ily make a Table of Segments, whole 
31,4159]5| 087266505] Uſe hall be thewed farther on, vez. 
37»b991]6| [,1047197 94 when I come to treat of practical 
43.982307) |,1221730j7] Gauging. In the mean Time I ſhall 
50, 26558 139620508 here lay down another Mlethod to 
56,5487 ,1570796/9] had the Area of any Segment of a Cir- 


Gg g 2 ce 


* — 
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cle (very near) by a new Theorem, without the Help either of 2 a 
Table of Sines or Segments, having the ſame Data as before in 
Page 404. 


R= the Radius, or: Diameter of the given Circle. 
Vix. Let 5 d = the Difference between the verſed Sine and Radius. 
C = half the Chord of the Segment's Baſe. 


THEOREM. ; 1 C, the Area of the Segm. 
14 R＋24 


Example, Suppoſe R = 5B C 16, d = FC= 10, and C = 
B F = 12,49; as before. 
Then 25 RR = 597, 33323. 1 7 4 7 ˙3333. dd = 100 


313.3333 21 Ks 


1 R+d= 34 284,0000 (8,3529. Laſtly, 8,3529 x 1249 
= 104,3276 the Area of the Segment B A G, as before, 


 THEORE M VII. 


As Squares are to the Area's of their inſcribed Circles, ſo are Pa- 
rallclograms to the Area's of their inſcribed Ellipſes. 


As the Square of the Diameter of any Circle : is to its 
That is, 5 Area : : ſo is the Rectangle of the Tranſverſe and Con- 
Jugate Diameters of any Ellipfis : to its Area, 


Demonckration. 


Circumſcribe any Elligſis with a Circle; and ſuppoſe an ;nflake 
Number of Chord Lines drawn therein, all paralle] to the Con- 
mugate Diameter, as thoſe in the annexed Figure; then it will 

As (D A) the Diameter of the Circle: is to (N n) the Con- 
be 7 jugate Diameter of the Ellipſis:: ſo is (Ba B) any Chord in 
the Circle: 10 (bab) its eier Ordinate in the Ellipſis, 


For according to the Property of the Circle 


Dre 


it f S - T4 Ta UBA Es 
Andſ [by the Property of the Ellipjs FI 
it i219 TC: DO NC: :TS—TaxTa: NB 8 
1, 2$3JQ TC: ONC::G B4: Oba D 
3. Henceſ4T C: NC: : BA: ba —— | 
Conſeq 45 70: 2 NC: : 2 Ba: 2 ba hs ww 
That is % A: Nn:: BAB: 54 b ; 
PuiſJD =2 TC, andd=2 NC 
Theni5]D : 4: ; Chord Bab: Ordinate bab, &c. 


But 
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— 


But the Sum of an infinite Series of ſuch Chords, as Ba B, do 
conſtitute the Area of the Circle, by Definition 3 : and the Sum of 
the like Series of their reſpective Ordinates, as h a b, do conſtitute 
the Ellipſis's Area by Definition 4. Therefore D: d:: Circle's Area: 

þ Ellipſis's Area, by Lemma 6. But D: d:: DD: Dad. Whence 
it follows, that DD: Circle's Area:: Dd: Ellipſis's Area. Q. E. D. 
Conſequently, as I : is to o, 7854 :: ſo is the Rectangle or Product 
of the Tranſverſe and Conjugate Diameters of any Ellip/is : to its 


: Area. 
Example, Suppoſe T $ = 36, and Nn = 16; then 3616 = 576, 
0 and 576 x 0,7854 = 452, 3904 the Area of the Hllipſis. 
, Corollaries. 
1. Hence it is eaſy to conceive, that the ſquare Root of the 
Rectangle or Product of the Tranſverſe and Conjugate Diameters 
will be the Diameter of a Circle whoſe Area will be equal to the 
N Ellipfis's Area, viz. / 576 = 24 the Diameter of a Circle S to the 
Ellipſis. 
2. All Segments of an Ellipſis and its circumſcribing Circle (whoſe 
s Baſes are parallel to the Conjugate Diameter, and of the ſame Height) 
- ' are in Proportion one to another, as their Baſes are. That is, 
Bab: Bab :: Area Segment BNB: Area Segment h N; or 
TS: Nn:: Area Segment B NB: Area Segment b N b. 
1 THEOREM VIII. 
* The Area of every Ellipſis im a mean Proportional between the Area's 
11 | of its circumſcribing and inſcrib'd Circles. 
1 
n The Truth of this Theorem may be eaſily deduced from the laſt; 
for ſuppoſing D = 7 5, and 4 = 1 
Nin, as before; then it is already 
proved, that DD: Dd: : circum- 
| ſeribing Circle's Area: Ellipfis's Area. 
B But DD: Dd:: Dd: dd. There- 
fore Ellipſiss Area : inſcrib'd Circle's 8 15 
4 Area:: Dd: dd. By Theorem 6. 9 = Q | 


Example, Let TS D = 36, and Nn = d = 16. 0 before; 
then D D = 1296, and dd = 256, 
Then 


% 


at 


2 


— 
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* 0 rr 


Then will 1 1296 X 0,7854 = = 10178784 the great Circles s Area 
36 * 7854 — = 201, 0624 the leſſer Circle's Area. 

Suppoſe A = "tha Ellipfis's Area; then, according to the Theo- 
rem, it will be, 1017,8784: 4: : A: 201, 0624. Ergo AA = 


1017, 8784 X : 201, 0624 = 204657, 074012106. Conſequently, 


* 204657. 07401216 452, 3904 = A, the Area of the Ellipſis 
as before in the laſt Example. 


Corollary, 


From hence it follows, that all Segments of an Ellipſis and its in- 
ſcrib d Circle, whoſe Baſes are parallel to the Tranſverſe Diameter, 
and have the ſame Height, are in Proportion one to another as the 
Area's of the Ellipfis and Circle are, That is, Area of Circle: 
Area of Ellipfis : : Segment h N: Segment B N B. Or, Nn:T$S 
: : Area Segment bNb; Area Segment B NB. 


THEOREM IX. 


The Solid Cintent of any Priſm (what Figure ſoever its Baſe is of } 


is obtained by multiplying the Area of its Baſe into «ts 
Height, 


For Inſtance, a Parallelapipedon (or ſquare Priſm) is conflituted 
ef an infinite Series of equal Squares ; that of D V 
its Baſe B A being one of the Terms, and its e e 
Height D B, or G 4, the Number of all the 2 
Terms. Conſequently, the Area of B Aba X Fay 3 en 
D B == the Sum of all the Series (by Lemma 1.) Fut. 
which is the Solidity of the Parallelopipedon D B en e 


„„ „ „% „% „%%% %% „% «„ „6 „„ 


G A, by Definition 10. ZR BAY 


 Erample, Suppoſe the Side of the Baſe BA BS——A 


= 16 and the Height D B = 42; then will : C 
16 * 16 = 256 be he Area of the Baſe, and : 
250 X 42 = 10752 the Solid Content of the : 'h 
Parallebpipeden B GA. mem 
In this Manner you may find the Sclidity of all regular Polygo- 
nus Priſms, whoſe Baſes (or Ends) are paraliei and alike, what 
Form foever they are of, that is, whether their Baſes are | Triangles, 
Pentagons, Hexagons, or Oftagans, &c, 


THE O- 
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THEOREM-X: 
Every Pyramid is the third Part of the Priſm, that hath the ſame 
Baſe and Height with it (7. e. 12.) | 


That is, the Solid Content of the Pyramid BVA (in the laſt Fi- 
gure) is one Third of its circumſcribing Priſm D B GA. 


Demonſtration, 


For every Pyramid that hath a ſquare Baſe (as B A b a, in the 
laſt Figure) is conſtituted of an infinite Series of Squares, whoſe 
Sides or Roots are continually increaling in Arithmetick Progreſſion, 
beginning at the Vertex or Point / (See Theor. 2.) its Baſe B A Baz 
being the greateſt Term {= L L) and its perpendicular Height VC, 


or D B, is the Number of all the Terms = N; but — — S the 


Sum of all the S:rizs, by Lemma 3, and S = the Solid Coins of the 
Pyramid B A, by Definition 13. 

Example, Suppoſe the Side of a Pyramid's Baſe be B A = 16, 
and its Height be YC = 42. Then 16 X 16 = 256 the Area of 


its Baſe BABa=a, and 257055 = 3584. Or 35 X 42 = 
3584 or thus, 256 x . = 3584, is the Solidity of that Pyramid B VA. 


Corollary, 


From hence it will be eaſy to conceive, that every Pyramid is 
3 of its circumſcribing Priſm, what Form ſoever its Baſe is of, via. 
whether it be a Square, Triangle, Pentagon, &c. | 


THEOREM Kl. 


The Solid Cantent of every Cylinder is obtain'd by multiplying the Area 
of its Baſe into its Height, 


For every Right Cylinder is only a round £ 4 
Priſm, being conſtituted of an infinite Series ||. 9 
of equal Circles; that of its Baſe or End be- 5 
ing one of the Terms, and its Height B D is the e 
Number of all the Terms. Therefore the Area 3 
of its Baſe B A, being multiply'd into DB, eee 1 
will be its Solidity, by Lemma 1. viz. Let D = ; ky 
B A, and H=G A. Then 0,7854 DDXH B —A 
= its Solidity. 
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Example, Let the Diameter of its Baſe be D = 16, and its Height 
— 42. Then 1: 0,7854 : : 16 X 16 = 256: 201,0624 the 


Area of its Baſe. And 201, 0624 X 42 = 8444,6208 the Solid 


Content of that Cylinder D B G A. 
Corollary, 


Hence it is evident that every ſquare Parallelopipedon is to its in- 
ſcrib'd Cylinder, as 1 : is to o, 7854. Or in whole Numbers, as 
452 : to 355 very near, And that all Priſms are in Proportion to 
their inſcrib'd Cylinders, as the Area's of their Baſes are. 


THEOREM XI. 


The Curve Super ficies of every Right Cylinder is equal to the Rect- 
angle made of its Height into the Periphery of its Baſe, 


That is, D B multiply'd into the Periphery of the Diameter 
B A, will produce the Curve Superficies of the laſt Cylinder DB 
G A. For the Cylinder is conſtituted of an infinite Series of equal 
Circles (according to the laſt Theorem. Therefore its Curve Su- 
per ficies is compos'd of the Peripberies of thoſe Circles, by Definition 
20. But the Periphery of its Baſe B A is one of the Terms, and 
its Height DB is the Number of Terms, Therefore, &c. as by 
Lemma 1. To which, if there be added the Area's of both its 
Ends (or Baſes) the Sum will be the Superficizes of the whole G- 


linder. 


Example. Suppoſe the Diameter of its Baſe to be B A = 16, 
and its Height DB 42; as before, then 1: 3, 1416: : 16: 
50,2656 the Periphery of its Baſe. Again, 1: o, 7854: : 16 16 
= 256 : 201, 0624 the Area of each End or Baſe, 


Then 50, 2656 X 42 = 2111,1552 the Curve Super ficies, to 
which add 201,0264 * 2 = 402,1248 both the End Ared's. 


The Sum = 2513,2800 is the Superficies of the 
whole Cylinder. 


THEOREM XII. 


Every Cone is the third Part of a C winder, having the ſame Baſe 
with it, and their Altitudes equal, (10, e. 12.) 


Demons 


FR. 


ad. ˖ Se. TE 


* 


—_ 
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Demonſtration. 


The Truth of this Theorem may be eaſily conceiv'd by only 
conſidering, that a Cone is but a round Pyramid, and therefore it 
muſt needs have the ſame Ratio to its circumſcribing Cylinder as 
the ſquare Pyramid hath to its circumſcribing Parallelopipedon, viz. 
as I : to 3. However, to make it yet clearer, let it be farther 
conſidered, that every Right Cone is conſtituted 
of an infinite Series of Circles, whoſe Diameters 
do continually encreaſe in Arithmetick Progreſ- 
fron beginning at the Vertex or Point V, the Area 
of its Baſe B A being the greateſt Term, and its 
perpendicular Height / the Number of all 
the Terms ; therefore the Area of the Circle 
B A XV C will be the Sum of all the Serzes, 
by Lemma 3, which is the Cone's Solidity. 


Example, Let the Diameter of its Baſe be 
B 4 = 16, and its Height / C=42; Then 
I : C,7854 : : 16X16 = 256 : 201,0624 the Area of the Baſe ; 


and 28 _ X42 — 2814,87 36 the Solidity of the Cone B V A. 
Or thus, 201,0624 x<} = 2814, 8736, Cc. 


Corollary, 


Hence it follows, that every ſquare Pyramid is to its inſcrib'd 
Cone, as 1: 0,7854. (Or as 452: 355) conſequently, that all 
Pyramids have the ſame Ratio to their inſcrib'd Cones as the Area's 
of their Baſes have. 


FH EORE M XIV. 


The Curve Super ficies of cvery Right Cone is equal to half the Rectan— 
gle of the Periphery of its Baſe into the Length of its Side. 


The Truth of this Theorem is ſelf-evident from the Definition 
of a Cone, Chap. 1, Part IV, where it appears, that the Curve 
Superficies of every Right Cone (as B F) is equal to the Area of 
a Sector of that Circle whoſe Nadius is the Side of the Cone (35) 
and its Arch equal to the Periphery of the Cone's Baſe (B . But 


the Area of any Sector is equal to half the Rectangle of the Radius 


er 


into its Arch, by Theerem 4. Therefore, Sc. 
| H hh Exams 


— — 
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Example. Suppoſe the Length of the Cone's Side to be “ B, or 
VA = 42,7551, and the Diameter of its Baſe, viz. B A = 16 
(as before) then will 50,2656 be the Periphery of its Baſe, and 7 

74 
2 = 107445553, Sc. the Curve of the Super- 
ficies 5, to which if there be added the Area of its Baſe, the Sum 
will be the Sperficies of the whole (viz. all the) Cone. 


That is, 107455553 


= : _ — N — n . — A = 
- — ze = C<_ : 2 — Ä— > : 8 5 
FFC ⁵³˙ AA ie EE © ˙ ˙ TO: : 
65 - - q — 2 _ _ 4 * 


+ 201, 0624 the Area of the Baſe. 1 
Sum 1275, 61 77 is the total Super ſicies, &c. N 
| Note, The Truth of this Theorem may be prov'd from the Conſi- 
deration of the laſt Theorem and Definition 20. = 
Scholium. | fo 
| BS + 
| From the roth and 1 3th Theorems may be eafily deduced ſeveral | H 
| Theorems for finding the ſolid Content of any Fruſtum or Part, either ce 
of a Pyramid or Cone, cut by a plain Parallel to its Baſe. 4 
tr 
Suppoſe a ſquare Pyramid, as B A, to be b. 
cut by a Plain at a b, parallel to its Baſe 0 
B A, and it were requir'd to find the Solidi- ir 
ty of the Fruſtum or Part ab AB; let there F 
be given D BA the Side of the greater 7 
1 Baſe. d ba the Side of the leſſer Baſe. (: 
* H= P the perpendicular Height. b 
1 B 
1 1 1H X 
Firft, 1D — 4: H:: 4:5 V C by the Figure. 
| | Then] 2 bs DX —.— the whole Pyramid B A. 8 
| ö By Theorem 10. 
1 And] 3]/4dx:V C = the Pyramid a Y b cut off. 1 
l. <P DDDH 
. Viz. 1, 2 4 e = the whole Pyramid B V A. 2 
| J And 1, 3 5 1. 7 the Pyramid a F b. 
| | 4:48 DESDE —cce Hf te Frum ed 4D. 
| 6. Redue.| 7 r 
+ eater} 7 DDD x 4 H= the Fruſtum ab A B. F 


Which in Words gives this following Theorem. 
THEO- 


ral 


ger 
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THEOREM XV. 
To the Rectangle of the Sides of the two Baſes, add the Sum of their 
Squares; that Sum, being multiply d into one Third of the Fruſtum's 
Height, will give its Solidity. 


Example. Suppoſe the Side of the greater Baſe B A = 16, and 


the Side of the lefler Baſe (or Top) a b = 12 the Height CP= 9. 


Then 16 7 12 = 192. 16 X 16 = 256. and 12 X 12 = 144. 
Next 192 + 256 + 144 = 592. and —.— 2 1776. Or 592 


= 1776 the Content of the Fruſtum of a ſquare Pyramid. 

And if it were the like Fruſtum of a Right Cone, it may be 
found by the ſame Theorem. Suppoſing D = the Diameter of the 
greater Baſe, 4 = the Diameter of the leſſer, and H = the 
Height of the Fruſtum, then the Sum of all the Squares which 


conſtitute the Fruſtum of a ſquare Pyramid, are to the Sum of all 


the Circles which conſtitute the like Fru/um of a right Cone, in 
the Ratio of 1 : to 0,7854 (or of 452 : to 355) therefore it will 


be 1: 0,7854:: DD + DAA dd H: 00,7854 DD + 
0,7854 Dd + 0,7854 dd x | H = the Cone's Fruſtum, that is, 


in the laſt Example, 1: 0,7854 : : 1776 : 1394,8704 the like 
Fruſtum of a right Cone. Or becauſe —— = 1,273236, &c. 
Therefore it may be made 1, 273236) DD +d+ddxXx+1i H 
(= the ſame Fruſtum; that is, 1, 27 3236) 1776 (1394,87, Cc. as 
before. And if you take the Triple of this Diviſor, viz. 1,27 3236 
X 3, it will be 3,8197) DD +Dd4 + dd: x H(= the Fruſtum, &c. 


Again, 


Suppoſe | 1]x =D —4, and # = the Fruſtum. 

Then| 2|D D+ Dd +4d= , by the 7th Step of the laſt 
16+ | 4jxx=DD—2Dd+ad 

| EF 
2 — 314 3 Dd = — x 
1 \ F 

4 — 315 D = A, or Da ＋ * => 
5 x HI 6|DiFizzxH= F the Fruſiumab AB. 


Hence we have another caſy Jheorem for finding the ſame 
Fruſtum. 


H h h 2 THE O- 
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THEOREM XVI. 


To the Rectangle of the Sides of the two Baſes, add one third Part 
of the Square of their Difference; that Sum, being multiply*d into 
the Height, will produce the Solidity. 


Exan ple. Let D — 16. 4 == 17; and H Wee 95 AS before ; 
then 54 192. D—d =4=vsx. 1 ax = SS 4 — 5533333 


and 192 + 5,3333 2 197/3323. Laſtly, 197, 33339 = 1775» 
7 the Solidity of the Fruſtum of the ſquare Pyramid, as before. 


And 3.8 1968) 1775,9997 (1394, 87, Sc. the like Fruſtum of a 


right Cone, as before. f 

Either of the two laſt Theorems (being rightly apply'd) will 
produce the true ſolid Content of all Fruſtums of any kind of Py- 
ramids, that are intercepted between two parallel and alike Plains 
or Baſes : As above. 

But if ſuch Fruſtums are cut through the Extremities of both 
Baſes by a Diagonal Plain (as A h in the 3 
annexed Figure) into two Parts, A a 6 : 
and A B b, call'd Ho,; then the Soli- 
dity of thoſe Hoofs is uſually found by 
dividing the middle Term Dad of the 
Equation D d + Dd -+ Ad into two g 
Parts, and adding one of thoſe Parts to the 4 


Square of each Baſe. Thus, DD + i Ddx4 H= the great 
20% ABb, and dd DI H= the leſſer Hoof Aa b of 
the Fruſtum of any ſquare Pyramid. Then 3, 8 19%) DD +4 DAN 


1 (=) the greater Hoof of a Cone. And 3,8 10%) dd + 5 Dd Xx 
H (=) the leſſer Hoof, &c. N N | 


Theſe are the Theorems made Uſe of by Mr. Darie, in his Book 
of Gauging, and are pretty near the Truth, but not exactly ſo; 
for they give the Solidity of the upper Hoof Aab a ſmall Matter 
too big, and the lower Hoof A Bb as much too little. 

Now, in order to rectify that ſmall Error, I ſhall here propoſe 
the two following Theorems, which come very near the Truth, and 


are more eaſily perform'd than thoſe propos'd in the jir/t Impreſſion 
of this Book. 


Firſt, DD +TDJdFD—Ix: E will be the Solidity of the 
greater Hoof A Bb, | 


Secondly, 


* 
* _ 
CUBES 2A ˙ ma 


apply'd to Superũcieg od Gt os, 421 
Secondly, 4d 4-1 DAT © x ,, H will give the Slidity of 
the leſſer Hoof A ab, of the Vu of any ſquare Pyramid. 
And for the like He of lic Hruflum of any right Cone, it 
will be | | 
Thus, 3,8197) DD 312d + D—dx* the greater Hoof. ; 
And 23,8197) dd +12 Dd+d—DxX Ha (= the leſſer Hoof. 


Note, In order to avoid many Words in the following Demon- 


ſtrations, let © ſignify any Circle in general; and if any two Let- 


ters be join'd to it, thus, O B A, &c. it then denotes the Area of 
ſuch a Circle as thoſe two Letters repreſent the Radius of. 


THEOREM XVII. 


The Super ficies of every Sphere (or Globe) is equal to four Times 
the Area of its greateſt Circle. 


That is, of a Circle whoſe Diameter is the Axis of the Sphere. 


Demonttration. 


If any Semicircle (as 4 TGS) be turn'd or mov'd about its: 
Diameter (TS) it will deſcribe a ſolid Body call'd a Sphere, which 
will be conſtituted of an infinite Series 
of concentrick or parallel Circles, whoſe 
Diameters are Chords, viz. © a b, O 
ed, © ef, &c. by Definition 14. Con- — 
ſequently, the Superficies of the Sphere + 12 2 
will be compos'd of the Peripheries of K 
thoſe Circles which conſtitute its Soli- 
dity, by Definition 20. 

Let D T, the Axis of any Sphere. 
Then, according to the Property of a 
Circle, it 12 S 

will beſt] D—ThbxTb=[1ab 

That is, 2 DXTb—DOTb=Qab 
Therefore 3 DX TY O4 7, for Gab+OTb=OQOaT. 

And | 4\DxTd=OQeT | 

5S[DxXTf=0DyT, &c. 


The Error is here corrected, which Mr, J. Rebertſon takes Notice of in his Book, 
entitled, A Compleat Treatiſe of Menfuration, Page 160, 


Hence. 


œ—— —— UD— —— — — 


—— ͤ——ẽ— — — — — — — — — 
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Hence *tis evident, that the Series QaT, Q eT, 0 yT, &c. 


' are in the ſame Ratio with T b, Td, T, &c. viz. in Arithmetick 1 
1 Progreſfion ; whence it follows, that the O4 T = the Sum of all 
1 the Circle's Peripheries between T and ö, and Oe 7 = the Sum of 
all the Circle's Peripheries between T and d, &c. Conſequently, that S. 


the © A T the Sum of all the Circle's Peripheries included be- 
tween 7 and C; that is, O A T = the Superficies of the Hemi- 
ſphere. And becauſe UHC ＋ OTC=DAT, and Q A C= 
OTC. Therefore O AT = 2 © AC is the Superfictes of the 
Hemiſphere. Conſequently, 4 © AC will be the Superficies of | 
the whole Sphere. Q. E. D. Ao 
Example. Suppoſe the AxisT S= D = 16. Then DD=256, | 
and 1: 0,7854:: 256: 201,0624 = © AC, for 2 D= AC, | 
| Then 201,0624 K 4 = 804,2496, the Superficies of the whole 
x Sphere, Or, becauſe 3,1416 is four Times 0,7854, therefore it 
| will always be 1: 3,1416:: DD: 3,1416 D D, the Superficies of 
the Sphere (as before); and it is equal to the curve Superfictes of the 
right Cylinder, whoſe Diameter and Height are each = D the Axis | 
5 of the Sphere. For 3, 1416 D = the Periphery of the Cylinger's 
9 Baſe, and that, multiply'd with D its Height, will be 3, 1416 DD 
1 the curve Super ficies of the Cylinder, by Theorem 12. And if to this 
there be added the Area of its two Baſes (or Ends) viz. 1, 5708 
DD, then *tis evident, that the whole Superficies of the Cylinder | 
will be to that of the Sphere in Proportion of 3 to 2. 


Scholi um. | | 


From the Method here uſed in proving the laſt Theorem twill 
be eaſy to find the curve Super ficies of any Segment, or Part of a 
Sphere, that is cut off by a Right Line or Plain, viz. ſuch as the 
Segment a T m in the laſt Scheme, whoſe curve Super ficies is © a 
T (as above). Therefore (becauſe GH ab+ T7 = U 2 7) 
it will be © ab + © T = the curve Superficies of that Seg- | 
ment. | | 

But if the Axis T S, and Height T 6, of the Segment are given, | : 
then will it be 7 SX 750 47; as in the third Step above: 
Which gives this Proportion or Theorem; { 


. | l 0 
Viz. 1 by 5 


the greateſt Term, and 7 C the Number 


DD DS, 3927 D DD. 


then o, 3927 0D D—0o, 1 309 DDD=0,2618 DDD the Solidity o. 
the Semi- ſphere ATG; conſequently, o, 2618 DDD x2 =o, 52 36. 
> DDD will be the ſolid Content of the whole Sphere, Which? £qu12 
to two Thirds of the Cylinder whoſe Diameter of its uſe an 


1 ——— . — —— 
. 
2 P . _ \ 


. 
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3 * the Axis of the Sphere: is to the whole Superficies of the 
Viz 


Sphere : : /o is the Height of any Segment to its curve Su- 
perficies. 


To which if there be added the Area of the Segment's Baſe, the 
Sum will be the Superficies of the whole Segment. 


THE O REM XVIII. 
Every Sphere is equal to two Thirds of its circumſcribing Cylinder, 


That is, of a Cylinder whoſe Height and Diameter of its Bate 
are each equal to the Axis of the Sphere. 


Wemonffration. 


According to the Work in the laſt Theorem it appears, that 
© ab, © ed, © yf, &c. do conſtitute the 
Solidity of the Sphere; and that U @ 7, 
Je, OT, &c. are a Series of Terms 
in Arithmetick Progreſſion, UA T being 


of Terms; therefore OA TNT T C 
the Sum of all the Series, per Lemma 2. 
And becauſe a 7 —- T= U 45, 
OoeeT—OTd=Oted, OyT—-OT 

— 4, OG AT-OTC=D AC, 
&c. wherein 75, [1 Tad, U T f, &c. are a Series of Squares 
whoſe Roots T b, Ta, Tf, are in Arithmetick Progreflion, U T C 
being the greateſt Term, and T C the Number of Terms; therefore 
O TCx3TC= the Sum of all that Series, per Lemma 3, con- 
ſequently, © ATX3TC—OTCX53TC= the Sum of the 
Series O ab, Q ed, © /, &c. which conſtitute the Solidity of 
the half Sphere 4 76. Put D = 2T C the Axis of the Sphere; 
then 1 D TC, and 3 D=3TC. And becauſe T T= 20 
TC; therefore d AT=2©TC=1,5708 DD. And 1, 5708 


Again, DTC XTC go, 7854 DD DS, 1309 DPD, 


Height = D. For 0,7854 DDD = the Solidity of the h nde 
by Theorem 11. But 3 of o, 7854 DDD o, 5236 DDD; a 
lore, Therefore, Sc.: as by Theorem, 


2 Fan 
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Example. Suppoſe the Axis D=16, then DD D= 4c96, and 
1: 0,5236 : : 4096: 2144,6656 the ſolid Content of that Sphere. 


Corollaries. 


1. Hence it appears, that the ſolid Content of every Sphere is 
equal to its Super ficies multiply'd into one ſixth Part of its Axis. 
For its Superficies is 3, 1416 D D, by Theorem 17. But 3, 1416 X 
: D = 0,5236 DDD the ſolid Content, as before. 


2. And hence 'tis alſo evident, that there is the like Ratio or 
Habitude between the Cube and its inſcrib'd Sphere, as is betwixt 
the Square and its inſcrib'd Circle; and that is, as the Superhcies 
of any Cube: is to the Superficies of its inſcrib'd Sphere : : ſo is 
the ſolid Content of that Cube: to the ſolid Content of the Sphere. 
[See the Circle's Proportion, Page 407.] For if D = the Side 
of the Cube, then 6 DD = its Superficies, and DDD = its Soli- 
dity, and 3, 1416 DD == the Sphere's Superficies. But 6 DD: 
3,1416 DPD:: DDD: 0,5236 DDD the Solidity of the Sphere; 


43 above. 


Sc holium. 


From the Proof of this Theorem 'twill be eaſy to deduce or 
raiſe Theorems for ſinding the ſolid Content of any Fruſtum or Seg- 
ment of a Sphere, as a T m in the laſt Figure. For we there ſup- 
poſe the Segment a T m to be conſtituted of an infinite Series of 
Circles, which have the ſame Ratio with all thoſe Circles that con- 
ſtitute the Semi- ſphere. Therefore it follows, that Of I 75 
—ObTX+T b will be the Sum of all the Circles intercepted 
between T and b. Conſequently *twill be the Solidity of that Seg- 
ment. And becauſe G ab+ O Tb = OO a 7: therefore 
Oab+- OTbx%iTb—OTbx3b= the ſame Solidity. 

Let c = a b half the Segment's Baſe; h = Tb its. Height; and 
S = the Solidity of the Segment or Fruſtum: Then © a b = 3,14 
1c, and © T b = 3,1416hh, Conſequently, | 
DIED — , which being reduced 
will become gech o, 52 30 O. Or 1,909855) 3cch-þhbb 
(=. for o, 5236) 1,0000 (1, 909855. Which is one Theorem 
for finding the Fruſtum's Solidity. 


Note, 


„ e 1 


=, 4 20 


= AQ.ct 5 


S — 


lidity of the half Zone a mA G. And becauſe UAC - 7 C6 
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Note, Here we ſuppoſe the Height of the Segment, and the 
Diameter of its Baſe to be given; but if the Axis of the Sphere, 
and the Height of the Segment be given, then putting D = the 
Sphere's Axis, þ = the Segment's Height, and c as before, *twill be 
D—hxh= cc, viz. Db — bh = cc. Therefore 3 D hh — 2 hbh 
= 3cch + hhh. conſequently 3 Dbhb—2hhhXo, 5236 2 8, 
the Fruſtum's Solidity. Or 1, 00985) 3 DPH — 25% % 8, 
as before. Which is a ſecond Theorem for finding the ſame Fru- 

flum a Tm. 


And if it be requir'd to find the middle Part am N XK, uſually 
call'd the middle Zone of a Sphere, then 
becauſe *tis ſuppos'd that am= VK, or 
which is all one, that b6C CB, there- 
fore it is plain, that, if twice the Segment 
a Tm be taken from the Solidity of the 
whole Sphere, there will remain the Mid- 
dle Zone a m N K. But, becauſe that 
Work is a little troubleſome, I ſhall here 
ſhew how to raiſe a Theorem for the do- 
ing it, 

Firſt, Becauſe AC =yC=eC=aC=TC. Therefore it 
will be QGAC—OCf=Dyf.O0AAC—OCd=Ded. 
AC -C == Q 2, &c. Here becauſe OA C. UAC. 
VAC, &c. are a Series of Equals, and C the Number of all 
the Terms, therefore 0 AC x Ch = the Sum of all that Series, 
by Lemma 1, And Q CF. O Cad. UCB, &c. being a Series 
of Squares whoſe Roots are in Arithmetick Progreſſin, beginning at 
the Center or Point C, viz. o, Cf, Cd, Cb, &c. wherein the 
greateſt Term is Ch, and Number of Terms is C. Ergo 
CX Ch = the Sum of all the Series by Lemma 3. Conſe- 
quently, the © ACxXCb—©OCbxXiCh= the Sum of all the 
Series Oyf.Oe4d. O a b, &c. which do conſtitute the So- 


= Qa. Erge O AC - Sab = O C5, Conſequently © A C 


?— ©abxCb 1 ; 
— 2 - =20 AC O will bethe 
Solidity of the half Zone. 


Put D =4G=24C.x=am.adH=bB=20C6. 
Then © AC = 0,7854 DD. © ab = 00,7854 xx. And if 


we turn the common Factor 0,7854 into the Diviſor 1127323, 
ii an 


— 


— 
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and then take the Triple of that Diviſor, viz. 3,8197 (as before in 
the Fruſtum of Pyramids) the Reſult of the precedent Work will 
produce this following Theorem, 


THEOR. XIX. 1 * HIN Zone am 


THEOREM XX. 


Spheres are in Proportion one to another as the Cubes of their Diameters, 
(18, e. 12.) 


Part V. 


Demonſtration. 


Suppoſe D = the Diameter or Axis of any Sphere, and d = the 
Diameter of another Sphere, either greater or leſſer. Then is 
0.5236 DDD = the Solidity of one Sphere, and 0,52364ddd = the 
Solidiiy of the other Sphere, by Theorem 18. But DDD: ddd:: 
0,5230 DDD: 0,5236ddd. Q. E. D. 


T HE OR E M XXI. 


The folid Content of every Spheroid is equal to two Thirds of its cir- 
cumſcribing Cylinder. 


Demonttration. 


Suppoſe the Figure NTu& N in the annex'd Scheme, to re- 
preſent a Sphereid, form'd by the Rotation of the Semi-Ellipſis T NS, 
about its Tranſverſe Axis T 8 (as by Definition 15.) 

Let D = TS, the Length of the Spheroid, and the Axis of its 
circumſcribing Sphere; and d = N n, the Diameter of the greateſt 
Circle of the Spherazd, Then becauſe OTC: UNC :: U 45: 
D ab, by Step 3 in Theor, 7, therefore it will be D D: dd:: U 46 
: DO ab::OAb:© ab, &c. But the Sum of an infinite Series 


of ſuch Circles as © A (whoſe Diameters . of 
on 15. Ergo DD: 44:: o, 5236 DDD: 


are Chords) do conſtitute the Solidity of 
the Sphere, (as before at Theorem 18) and / 
* 
* B 
0,52364d D = the Solidity of the Spheroid, 9 
by Lemma 6. & - 


CS 


* 


the Sum of an infinite Series of ſuch Cir- 
cles as © ab (viz. whoſe Diameters are 
Ordinates of the Ellipſis) do conſtitute 
the Solidity of the Spheroid, by Definiti- 


oe „ — 
* I 
ov, ty TY 
7 nnn“ 


=} 


i 
ill 


N 


rs, 


ir- 


But 


2 DD xx 


0, 5236 4d D:: 


„„ hich being taken i 
by, D x 55 = 73 x HA, whic eing taken inſtead 
LN there will ariſe this following 
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But 0,5236d4d D = 5 of the Cylinder whoſe Diameter is = 4, and 
Height = D, by Theorem 11. Q. E. D. 


Now, from this Proportion between the Sphere and its inſcrib'd 
Spheroid, twill be very eaſy to deduce Theorems for finding the So- 
lid Content either of the Segment or middle Zone of any Spheroid, hav- 
ing the ſame Height with that of the Sphere. 


Spheroid : : ſo is any Part of the Sphere: to the like Part of the 


As the Solidity of the whole Sphere : is to the Solidity of the whole 
For 
Spheroid, by the Converſe to Lemma 6, 


As for Inſtance ; ſuppoſe it were requir'd to find the middle 
Zone of any Spheraid : Let D=TS, and d Nn, as above; and 
IIb B, x = A M, as in Theorem 19, and let c g amn. Then 


H = the middle Zone of the Sphere. And o, 5236 DDD 


2 DD+ x 24dx H , xx dd x H 
358197 * 3,8197 5 3-8197 DD 
middle Zone of the Spheroid. 


Again, DD: dd: : xx: cc, therefore Af. = cc, conſequent- 
xx dd E 


3.8197 
the 


THEOREM RENE INTL, = 4 6 Zone 
3,8197 XH = of the Spheroid 


being the very ſame with Theorem 19. 


Note, In the ſame Manner you may raiſe Theorems for finding the 
Segment of 4 Spheroid, cut off at either of its Ends, &c. 


THEOREM XXIII. 


The Area of every Parabola is equal to two Thirds of its circumſcribing 
Parallclogram, 


Demonſtration. 


Let the Figure S A B repreſent half a Parabola. Make DB 
parallel to the Axis $ A, and S d parallel to the Semi- Ordinate A B, 
and ſuppoſe $4 to be divided into an infinite Series of equidiſtant 

| Ii i 2 Points, 


—B 
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Points, as f, g, b, &c. and from thoſe Points imagine a Series of pa- 
ralle] Lines, viz. F m, g n, h p, &c. to touch the Curue of the Para- 
bela, and meet the Semiordinates ma, ne, y p, &c. Then, according 
to the Property of the Parabela, it will 


«7008 11SA: AB:: Sa: Dam 732 1 d 
te 21SA: AB:: Se: Den ax 1: 
31SA: UAB: : Sy: Oy p, &ce. n 
But Sa = fm. Se =gn. Sy = hp. S A=dB 1 
Therefore alternately it will be a 

3. 4] OAB: 43: : QD: 55 
2, 5 OA B: dB:: Benin 
I, 6 UAB: dB:: Ua n: /n, &c. 1 B 


In theſe Proportions U a m, U en, U y þ, &c. are a Series of 
Squares whoſe Roots S f, S g, S h, &c. are in Arithmetick Progreſſion, 
beginning at the Point 8, And becauſe the Lines h p, g n, F m, &c. 
have the ſame Ratio, therefore they are as ſuch a Series of Squares, 
wherein d B is the greateſt Term, and & d the Number of Terms. 


Conſequently 22 


= the Sum of all thoſe Lines, by Lemma 3. 


But S T IB ABN $4. Therefore IX J the Sum of 


3 
all that Series of Lines; but all thoſe Lines do conſtitute the Area of 
the Semi- Parabola's Complement, viz. the Area of what half the Para- 
bola wants of compleating or filling up the Parallelogram SdAB. 


Wherefore & IN 4B ASA AB 222X412 vill be: the 


3 
Area of half the ParabalaS A B. Conſequently, 3 $ Ax b B will be 
the Area of the whole ParabelabS B. Q. E. D. 


Example. Suppoſe the Baſe, or greateſt Ordinate, of a Parabela 
to be h B = 24, and its intercepted Diameter (or Axis) be 8 4 = 
333 then 28 HXB = 66 x 24 = 1584. and 3) 1584 (528 the 
Area of that Parabola. 7 


THEOREM XXIV. 


Every Parabolic Conoid is equal to one Half of its circumſcribing 
Cylinder, 


Demon⸗ 


{ 
4 


F e eee 


on⸗ 
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Demonftration. 


If any Semi-Parabola (as B & A) be turn'd or mov'd about its 
Axis (SA) *rwill form a ſolid Parabolical Conoid, conſtituted of an 
infinite Series of Circles, viz. © ba, © fe, © g y, &c. by Defini- 
tron I7, 

Now, according to the Property of every Parabola, it will be, 
SA:AB:: AB: 7 =L, the Latus Rectum. 

Sa XLS 2a 
584 = DQ. 
Sy XLS O, &c. 

Here S a NL, Se XL, Sy XL, &c. are 
a Series of Terms in Arithmetick Progreſſion : 
therefore U 3 a, U fe, DO gy, &c. are alſo 
a Series of Terms in the ſame Progreſſion, be- 
ginning at the Point $; wherein U AB is A 2 
the greateſt Term, and & A the Number of all ene 5 
the Terms, Therefore UA BN SA the Sum of all the Serys 
by Lemma 2. Conſequently, © A BIA SA = the Sum of all the 
Series © ba, © fe, © gy, &c. which do conſtitute the S2/idity of 
the Conoid. And putting D 2 A B, and H= S A. Then 0,7854 
DDXx H SgHœᷣ o, 3927 DDA will be the ſolid Content of the Conoid, 
which is juſt half the Cylinder whoſe Baſe D and Height = H. 


| [See Theorem 11. ] Q. E. D. 


This being underſtood, *twill be eaſy to raiſe a Theorem for 
finding the lower Fruſtum of any Parabolick Conoid. For ſuppoſ- 
ing h == A A the Height of the Fruſtum, and p = S à the Height of 
the Part 5 & þ cut off; then B ＋ p = S A, the Height of the 


DH  gaidiy of 
2 


whole Conoid. Conſequently, 


the whole Cid. And © = the Sol . 


diiy of the Part cut off. 3 
| IE 5 7. 


Ergo |1 2 
the Solidity of the Fruſtum. 


But 2 h Y: UAB: p: Oba — 
Conſeq. 3 p . O AB: 292 © ba B 2 
3 „ABN ©baxh+ O©baxp . ee 
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4— © baxfp} 5 ]O ABXp—Obaxp=0baxb 
1x2] GO ABXb+ © ABXxp—Obaxp=2F 
7 
8 


6 — 5 O ABIT PS 2 F— © baxh 
17 nn O ABXb+ Obaxh=2F 
3 2 %% 242 +904, z Pe Froftum's Solidity. 
| 2 


Let D = AB, as before, and d = 23a the Diameter of the 
| Part cut off; then we ſhall have this following 


$0,3927 DD + o, 3927 dd Xh = the 
THEOREM XX V. Solidity of the Fruſtum requir'd. 
0 12 ad 
K 


2,5404. the Frulum; for, 3927) 1,0000 (=2,5464 
and becauſe 2,5464 + 2:5404 — 3,8 196 therefore it may be 


2 
made 3, 8 106) DD dd x h (= the ſame Fruſtum, &c. 

Note, The Reaſon why ] have reduced this Theorem to have the 
fame Diviſor with thoſe at the Fruſtums of Pyramids, &c. 
will beſt appear farther on, viz. when they all come to be apply'd 
to Practice in Gauging. 


THEOREM XXVI, 
Every Parabolick Spindle ( or Pyramidoid) is equal to eight Fifteenth of 


its circumſcribing Cylinder, 


Demonftration. 


If any acute Parabola, as b S B, be turn'd or mov'd about its great- 
eſt Ordinate 5 A B, it will form a Solid call'd a Parabolick Spindle, 
conſtituted of an infinite Series of © ma, © ne, © þ y, &c. by De- 
fioition 18, 47 5 | | 

Let us ſuppoſe the Line & d, parallel to A B, &c. (as at Theorem 
23) then it hath already been prov'd, that the Lines F m, g n, h p, 
&c. are 2 Series of Squares whoſe Roots are in Arithmetick Progreſ- 
fon: conſequently their Squares, viz, fm, O n, D p. &c. 
will be a Series of Biquadrates, whoſe 
Roots will be in Arithmetick Progreſ- Sf N 
ſion + which being premis'd, we may TIT - 
proceed thus. 


1 SA—fm= ma : 
Fi, 2|]SA—pgn= ne 8K; EY B 
| 3] S{4—bp =p y&c 


— 


2 


he 


'd 
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Sec. That is, 
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16*|4] O SA—2S4xfmEHDOfm=Oma 
26. IN 
364 [6] OO SA—2Axhp+ Ob et U py, &c. 


In theſe Aquations the U SA, SA, USA being a Series of 
Equals, and AB the Number of all the Terms; therefore it will 
be OG SAXAB = the Sum of the Series, by Lemma 1. 

2. Becauſe fm, gn, hp, &c. are as a Series of Squares where - 
in S A is the greate/t Term, and AB the Number of all the Terms; 


8 
therefore IX CAX AB 208 5 AB „in be the Sumof all that 


Series, by Tones s 

3. And the DO fm, Ogn, DO hp, &c. will be a Series of 
Terms in the Ratio of Biguadrates, as above; 1 dB= AS 4 
being the g reate/? Term, and A B the Number of all the Terms ; 


therefore it will be Z _ 2 the Sum of all that Series, by 


Lemma 5. 
Whence it follows, that LI S AX AB 2D SLXAB | 


3 
— SAXAB _ the Sum of all the Series of U ma, U ne, O py, 


8 DOD SAXAB 
15 


— the Sum of all the Series of ma, 


Une, DU hp, UdB. &c. conſequently, "Y 3 
of all the Series of Oma, One, Op y, &c which do conſtitute 
the Solidity of half the Spindle, viz. of S AB. Therefore putting 
D=28SA,and H=2 AB, (viz. b AB)it will be 0,41888 DDH 
= the Solidity of the whole Parabolict Spindle b & B, being g of 
0,7854 DDH the Solidity of its circumſcribing Cylinder. Q. E. D. 

From hence we may alſo raiſe a Theorem for finding the Fru/tum 
S 4 py of the laſt Figure. For © SA being the greateſt Term, 
© þ y the leaſt Term, and Ay the Number of all the Terms or Cit- 
cles included between 4 and y, 


= the Sum 


e- _ 28Axbp , Up 8 
Therefore 1 ö 8A N 3 * x A y 2 the Sum 
of all the Series 28 4. Om 4, gn, U 


1 *3 2 30 S 35x Ay = 32 


2 - Ay 


— — — ho ” 
5 —— . 4. - AS ERR 
- = -— = - _ — - 
\ - — * 


—— 


* * "Sy : = - » 
_— — 8 8 — . — — - 
- > <to_— FA —- 22 * 
— —— he . _—_ - 


n == 


SH — -> LADS 
8 


4 
N 
. 


_ |. _ — 


— 


432 The Arithmetick of nfinites, Part V. 


| pp 32 
2 — Ay | 3 30 S4—28 Axbp+2=—==2- 


5 
But . 4] 0 SA—2SAxhp= Up- Þp, by 6th Step, 
32 


h 
3 — 4|5|2084+I=Z=3-—npy+00 


s + Ke. 620844 0 bp =3- 


Conteg. | 512 © SA+ © py—7 N Ay =, the Sum 
of all the Series of © & A, © ma, © ne, © py, which do 
conſtitute the Solidity of the Fruſtum & A py. Therefore put- 
ting D 2 & A, as before, C=2pr,x 2 h p, and H= Ay, 
it will be 1, 5708 DD 7854 CC—0,31416 xx Xx H the 
Fruſtum $ A py. And if we make L = 2 H. Then 
1,5708 DD + o, 854 CC - 0,31416 axx 4 L = Double of 
thac Fru/lum, being the middle Zone. And by turning theſe Factor: 
into one common Diviſor, as in the Fru/tum of the Conoid at Theo- 
rem 25, Page 430, there will ariſe this following Theorem. 


THEOREM XXVII. 


3,8196) 2 P +CC—ozxxL(= 
the middle Zone of a Parabolick Spindle, 


It may be here expected that I ſhould now proceed to ſhew how 
the Area of any Hyperbola, and the Contents of ſuch Solids as may be 
form'd by the Rotation of that Figure about its Axis, &c. may be 
found; but becauſe thoſe Things cannot be exactly perform'd by 
any certain or ſettled Theorem, as theſe of the Circle, Ellipfis, and 
Parabola have been, I have therefore omitted them, and refer the 
Reader to Dr. Tallis's Algebra, Chap. go, &c. or to the Phileſoph. 
Tranſact. Numb. 34, wherein he may find the Method of forming 
infinite Series relating to the ſquaring of an Hyperbola, &c. which 
are too tedious to be fully explain'd and demonſtrated in this ſmall 
Tra, it being only intended as an Introduction, the which I ſhall 
here conclude, , 
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Praclical Gauging. © 


HE Art of Gauging is that Branch of the Mathematicks 
called Stereometry, or the Meaſuring of Solids, becauſe 
the Capacities or Contents of all Sorts of Veſlels uſed for 
Liquors, &c. are computed as tho” they were really ſolid Bodies; 
which any one that hath made himſelf Maſter of the *foregoing 

Parts of this Treatiſe may eaſily underſtand, without any farther 
Directions. 

However, becauſe *tis not to be ſuppos'd that every one, who 
deſigns to undertake the Office or Employment of a Gauger, hath 
made ſo great a Progreſs in Mathematical Learning, I have there- 
fore preſented the young Gauger with this Appendix, wherein I 
have only inſerted ſuch Rules as are uſeful in Gauging, and have 
been already demonſtrated in this Treatiſe. But herein, I pre- 


ſuppoſe that he hath acquir'd (or if not, 'tis very neceſſary he 


ſhould acquire) a competent Knowledge both in Arithmetick and 
Geometry: That is, | | 
I, In Arithmetick he ſhould underſtand the principal Rules very 


well, eſpecially Multiplication and Diviſion, both in whole Num- 


bers and Decimal Parts, (which may be eaſily learnt out of the 
2d, 3d, and 5th Chapters of Part 1.) that ſo he may be ready at 
computing the Contents of any Veſſel, and caſting up his Gauges 
by the Pen only, viz. without the Help of thoſe Lines of Num- 
bers upon Sliding Rules, ſo much applauded, and but too much 
practis d, which at beſt do but help to gueſs at the Truth; I mean 
ſuch Pocket-Rules as are but nine Inches (or a Foot) long, whoſe 
Radius of the double Line of Numbers is not fix Inches ; and 
therefore the Graduations or Diviſions of thoſe Lines are ſo very 


| cloſe, that they cannot be well diſtinguiſh'd. Tis true, when the 


Rules are made two or three Feet long (I had one of ſix Feet) 
there they may be of ſome Uſe, eſpecially in ſmall Numbers; al- 
tho' even then the Operations may be much better (and almoſt as 
ſoon) done by the Pen: For, indeed, the chief Uſe of Sliding- 
Rules is only in taking of Dimenſions, and for that Purpoſe they 
are very convenient. | | 
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II. In Geometry the Gauger ſhould underſtand not only how to 
take Dimenſions (which is beſt learnt by Practice) but alſo how 
to divide any irregular Figure or Superficies, as Brewers Backs or 
Coolers, Se. into the eaſieſt and feweſt regular Figures they will 
admit of, that ſo their Area's may be truly computed with the 
leaſt Trouble. And this may be learn'd (with a little Care and 
Diligence) out of the 1ſt, 2d, and 5th Chapters of Part III, which 
the Gauger ſhould be well acquainted with. Alſo he ought to have | 
U ſo much Skill in Solids, as to be able, even at fight (but this muſt 
be acquired by Experience) to determine what ſort of Figure any 
Veſſel is of (viz, any Tun or cloſe Caſk) or what Figures it may 
be beſt reduced to, ſo that its Dimenſions may be truly taken, f 
and the Content thereof computed with the leaſt Error. I ſay, | 
with the leaſt Error, becauſe tis very difficult, if not impoſlible, J 
to do it exactly; for there is not any Tun, or cloſe Caſk, &c. ſo - 
regularly made, as by the Rules of Art tis requir'd to be. 4 
III. Befides the aforemention'd, the young Gauger muſt know, ( 
that all Dimenſions uſeful in Gauging are to be taken in Inches, 
and Decimal Parts of an Inch; and if they are taken in any other 
Meafures, as Feet, Yards, &c. thoſe Meaſures muſt be reduced v 
to Inches, (ſee Sect. 4. Page. 42.) becauſe the Contents of all Sorts h 
of Veſſels (taken Notice of in Gauging) are computed by the Stan- 
dard Gallon of its Kind, whoſe Content is known to be a certain 1] 
Number of Cubick Inches : That is, the Beer or Ale Gallon con- / 
tains 282, the Wine 231, and the Corn Gallon 268, 8 Cubick In- C 
C 
C 


ches. [See the five Tables, &c. in Pages 34, 35, 36, which L here 

ſuppoſe the Gauger to have learnt perfectly, by heart.] Conſe- 

quently, if either the ſuperficial or ſolid Content of any Veſſel, as 

Back, Tun, Caſk, c. be once computed in Cubick Inches, *twill 

be eaſy to know how many Gallons, either of Ale, Wine, or 

Corn, that Veſlel will hold. 7 
Note, I have here ſaid, the Superficial Content in Cubick Inches, 

which may ſeem to be very improper, according to the Definition 

given of a Superficies in Page 279 ; but you muſt know, that, in } 

the Buſineſs of Gauging, all Superficies or Area's are always un- l 


derſtood to be one Inch deep, otherwiſe it could not be ſaid (as a 

in the Gauger's Language it is) that the Area of ſuch a Back, or 
of ſuch a Circle, Sc. is ſo many Gallons. C 
( Theſe Things being very well underſtood, the young Gauger its 
| will be fitly prepar'd to underſtand the following Problems, which | 
are ſuch as have (moſt of them) been already propos'd in the fore- Fi 
going Parts of this Treatiſe, and only are here apply'd to Practice; Q 


and therefore I ſhall, for Brevity's Sake, often refer to thoſe Theo- 
| Sect. 


tems and Problems. 


För 


* 
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Sect. 1. To find the Area of any right-lined Superficies in Gallons, 


FROBLEM-I. 


To find the Area of any ſquare Tun, Back, or Cooler, Cc. either 
in Ale, Wine, or Corn Gallons. 


Multiply the given Length or Breadth (being here equal) 
RULE. 


into itſelf, and the Product will be the Area in Inches; 
then divide that Area by 282, or 241, or 268,8 and 
the Quotient will be the Area requir'd, 


Example. Suppoſe the Side of a Square Tun, Back, or Cooler 
be 124,5 Inches, what will its Area be in Gallons ? 


Firſt 124,5X 124,5 = 15500,25 the Area in Inches. 


Then 282 54,96 Cc. Ale Gallons. 
And 231 15500, 25 176, 10 &c. g the Arca in 0 ine Gallons 
Or 268,8 57,66 Cc. Corn Gallons. 


But if any one would rather work by Multiplication than by Di- 
viſion, he may turn or change any Diviſor into a Multiplicator, if 


he divide Unity, or 1, by that Diviſor. (Vide Probl. 3, Pag. 402.) 


Or 268,8 o, 03722 C. Gallons, 
Conſequently 15500, 25 , oo3546 = 54,96 &c. the Area in Ale 


Gallons; as before and ſo on for the reſt. 


Thus 282 0,003546 AleGallons, 
And 231 I, ooo t f the Multipli. for ö W.Gallons. 


PROBLEM II. 


To find the Area of any Tun, Back, or Cooler in the Form of a 
Right-angled Parallelogram in Ale Gallons, &c, 


See the Rule for finding its Area in Inches, at Probl. 1. P. 339, 
then either divide (or multiply) that Area as above, and you will 
have the Area in Gallons. 


Example. Suppoſe the Length of a Brewer's Tun, Back, or 
Cooler be 217, 5 Inches, and its Breadth 85,6 Inches, what wit 
its Area be in Ale or Beer Gallons, Sc? | 


Firſt 217,5x85,6 =18648, Then 282) 18648 (66, 12, Sc. 
Or 18648, oo3546 = 66,12, Sc. the Area requir'd, &c. 
K k K 2 R 0. 
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PROBLEM III. 


To find the Area of any Triangular Tun, Back, er Cooler, in 
Ale Gallons, Oc. 


See the Rule for finding its Area in Inches at Prob. 3, p. 340; 
then divide (or multiply) that Area as before, and you will have 
the Area requir'd. 


Example. If the Length of the Baſe of a Triangular Cooler be 
86,4 Inches, and its Perpendicular Breadth be 57 Inches, what 
will its Area be in Ale Gallons ? 


Firſt, 86, 47 = 2462, 4. Then 282) 2462,4 (8,73 Ec. 
Or 2462, 4 Xx, oo3546 = 8,73 Cc. the Area in Ale Gallons. 

Proceeding thus, you may eaſily find the Area of any Tun, Back, 
or Cooler, whether it be in the Form of a Rhombus, Rhomboides, 
Trapezium, or any other Polygon, either regular or irregular, 
in Ale or Beer Gallons, &c. if you firſt divide it into Triangles, 
and then find the: Area's'of thoſe Triangles ; (as in the 2d, 4th, 
5th, and 6th Problems in Chap. 5, Part III.) the Sum of thoſe 
Area's being divided (or multiply'd) by its proper Diviſor (or Mul- 
tiplicator) as above, will give the Area requir'd. 

Now, the Practical Way of dividing any Polygonous Tun, 
Back, &c. into Triangles, is by help of a chalk'd Line, ſuch as 
the Carpenters uſe, and may be thus perform'd. 

Suppoſe any Brewer's Tun, Back, or Cooler in the Form of the 
annex'd Figure ABCDFG. Let one End of the chalk'd Line 
be faſten'd with a Nail (or otherwiſe) in any Corner or Angle 


of the Back, as at A; then ſtraining C 
it to the Angle at C, ſtrike the Dia- 1 
gonal Line AC, upon the Bottom of 5 3 \ 
the Back; and ſtraining it again to gl 


the Angle D, ſtrike another Diagonal 
Line, as A D, and ſo on for the Dia- 
gonal Line G D, &c, Then having 
mark'd out all the Diagonals, the Perpendiculars may be thus 
tound : Faſten (2s before) one End of the chalk'd Line in the 
Angle B, and then, by moving it to and fro upon the Stretch, 
find out the neareſt Diſtance between the Angle at B and the 
Diagonal Line 40; and there ſtrike a Line, and it will mark out 


the Perpendicular from B to the Line AC, and ſo on for the 


other Perpendiculars : Which being all mark'd out upon the Bot- 
tom of the Back, meaſure them and each Diagonal by a Line of 
7 | Inches, 
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Inches, &c. and then the Area of that Back may be computed, 
as directed above. 

And here, by the Way, it may be obſerved, that the Number 
of Triangles will always be leſs by two, and the Number of the 
Diagonals leſs by three, than the Number of the Sides of any 
Right-lin'd Figure that is ſo divided. | 

Having found (as above) the true Area of any Brewer's Back or 
Cooler (which, according to the Laws of Exciſe, ought always to 
be fix*'d or immoveable) the next Thing will be to find out the true 
dipping or gauging Place in that Back, that fo the true Quantity 
of Worts may be computed or (caſt up) at any Depth; which may 
be thus done. | 

1. When the Bottom of the Back is covered all over (of any 
Depth) either with Worts or Liquor (viz. Water) then dip it in 
eight or ten ſeveral Places (more or leſs according to the Largeneſs 
of the Back) as remote and equally diſtant one from another as 
you well can, noting down the wet Inches and decimal Parts of 
every Dip. | 

2. Divide the Sum of all thoſe Dips or wet Inches by the Num- 
ber of Places you dipp'd in, and the Quotient will be the mean 
Wet of all thoſe Dips. 

3. Laſtly, find out ſuch a Place by the Side of the Back (if you 


'can) that juſt wets the ſame with that mean Dip, and make a 


Notch or Mark there, for the true and conſtant Dipping-place of 
that Back. Then if any Quantity of Worts (which do cover the 
whole Back) be dipp'd or gaug'd at that Place, and the wet Inches 


ſo taken be multiply'd into the Area of the Back in Gallons, the 


Product will ſhew what Quantity (viz. how many Gallons) of 
Worts are in that Back at that Time, provided the Sides of the 
Back do ſtand at Right Angles with its Bottom. 


Se. 2. To find the Area of any Circular and Elliptical 


Superficies in Gallons, 


1. I have demonſtrated in Cap. 6, Part III, and Theorem 3, 5, 
6. Part V. that the Periphery of the Circle whoſe Diameter is 
Unity, or 1, is 3,14159265 Cc. (or for common Uſe 3, 1416) 
and that its Area is o, 785398 16 &c. (or o, 7854 fere.) 

2. Alſo, that the Peripheries of all Circles are in Proportion 
one to another as their Diameters are; and their Area's are in 
Proportion to the Squares of the Diameters. That is, as 
I : 3,1416: : the Diameter of any Circle: to its Periphery, And 
1:0,7854 : : the Square of the Diameter: to the Area. 
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Upon theſe two Proportions depend the Solutions of all the com- 
mon or practical Queſtions about a Circle. [ Sce Page 408, 409.] 


PROBLEM IV. 


The Diameter of any Circle being given in Inches, to find the 
Periphery. 


R. Multiply the given Diameter with 3, 1416, and the Pro- 
TOP? J duct will be the Periphery requir'd. See Prob. 1. p. 408.] 


Example. Suppoſe the Diameter of a Circle be 54,5 Inches, 
and it were requir'd to find its Periphery. Then 54, 53, 1416 
= 171,21, Cc. Inches is the Periphery requir'd. The Converſe 
of this is eaſy, viz, by having the Periphery given, to find the Di- 
ameter. [See Prob. 3. Page 408. ] 


PROBLEM V. 


The Diameter of any Circle being given (in Inches) to find its 
Area in Gallons, 


0,7854, and the Product will be the Area in Inches; 
[Se Probl. 2, P. 408.] that Area being divided by 282, 
or 231, &c. the Quotient will be the Area required. 


Example. Suppoſe the given Diameter be 54,5 Inches as above. 


Firſt, 54,5 & 545 = 2970,25- And 2970,25 X 0,7854 = 
2332,83 the Arca in Inches: 


Then 282 8.2724 Ale or Beer Gallons. 
And 231 5 2332,83 ö 10,0988 {eb Area in . Gallons. 
Or 268,8 8,6788 Corn Gallons. 

But theſe Area's in Gallons may be much eaſier found without 
knowing the Circle's Area in Inches, as above, by having the 
Square of the Diameter of that Circle whoſe Area is one Gallon; 
which may be thus found, by Theorem 6, Page 407. 

o, 785398: 1:: 282: 359,05 the Square of the Diameter of the 
Circle whoſe Area is 282 cubick Inches, viz. one Ale Gallon. 
And from this Proportion will ariſe the following Diviſors ; 
282,000000 (359,05 A. G. 


Multiply the Square of the propos'd Diameter into 
=! 


C. G. 
If 


208, 800000 (342, 24 


. o, 785 398 5 2 31,000C00 (294,12 will be a Diwi/;r for V. G. 


Rt 


— 
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If the Square of the Diameter of any Circle be divided by any 
one of thefe conſtant or fixed Diviſors, the Quotient will ſhew that 
Circle's Area in their reſpective Gallons. As for Inſtance, in the 
laſt Circle, whoſe Square of its Diameter is 2970, 25. 


Then 359,05 8,2725 A. G. 
And 294,12 $2970,254 10,0988 > the Area ing N. G. Las before. 
Or 342,24 8,0788 C. G. 


Naw theſe Diviſors may be turn'd into Multiplicators by divid- 
ing Unity or 1, as in Page 435: Or rather by dividing the Area 
in Inches of that Circle whoſe Diameter is 1. 

That is, 0,785398 by 282. Or by 231, &c. 


Thus 282 0,002785 Ale Gal. 
And 231 $0,7853984 o, oo3 zo þ theMrltiplicator for & Wine Gal. 
Or 268,8 0,002922 Corn Gal. 


Theſe Multiplicators are the reſpective Area's of a Circle whofe 
Diameter is 1; and therefore, if the Square of the Diameter of 
any Circle be multiply'd with any of theſe Numbers, the Product 
will be that Circle's Area in Gallons of the ſame Name: 

Viz. 2970, 25 x0, 02785 = 8, 2725 the Area in A. G. as above. 
And 2970, 25 x0, oo 3399 = 10,0988 the Area in V. Gal. &c. 

Thus you ſee, that if the Diameter of any Circle be given in 
Inches, there are three ſeveral Ways of finding its Area in Gal- 
lons, and all equally true; but that which is perform'd by the con- 
ſtant Diviſors is moſt generally practis'd. 


PROBLEM VI. 


The Tranſverſe (or longeſt Diameter) and the Conjugate (or ſhort- 
teſt Diameter) of any Elliptical Superficies being given, to find its 
Area in Gallons, 


Multiply the two Diameters (viz. the Length and 
Breadth) together, and divide their Product by 359,05 

RULE. J for Ale Gallons, or 294, 12 for Wine Gallons, &c. the 
Quotient will be the Area requir'd. [See Theorem 7, 
Page 412. 


Example, Suppoſe the longeſt Diameter to be 73,5 Inches and 
the ſhorteſt Diameter to be 51,6 Inches; what will the Area be 
in Ale Gallons ? 


Firſt 73, 5 K 51, 6 = 3792,6. Then 359,05) 3792,6 (10, 56 


the Area in Ale Gallons. Or 294,12) 3792, 6 (12, 89 the Arca 
in Wine Gallons, Oc. | 


Note, 


FY 2 
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Note, The two laſt Problems are of a great Uſe in Gauging of 
Worts amongſt Country Victuallers, who generally brew but ſhort 
Lengths of Ale (perhaps between 20 and 60 Gallons at a Brewing) 
and cool their Worts in ſeveral ſmall open Veſſels or Tubs, whoſe 
Baſes or Bottoms are either a Circle, or an Ellipfis, having their 


Sides but low, and are moſt commonly wider at the Top than at 


the Bottom. 
Now a practical Way of computing the Quantity of Worts, 


| that are at any Time in one of thoſe open "Tubs, is briefly thus: 


When the Tub is dry, find the true Area of its Bottom according 
to its Figure (as above) and either mark that Area on the Out- 
fide of the Tub (which was the Way I generally us'd to order, 
becauſe the Victuallers did often lend their cooling Tubs one to 
another) or elſe number the Tub, and enter its Area (and its 
Number) into the Stock-book ; then, when any of thoſe Tubs 
hath Worts in it, take the Diameter of the Surface or Top of the 
Worts, and find that Area, adding it and the bottom Area toge- 
ther. If either the half Sum of thoſe two Area's be multiply'd with 
the Depth of the Worts (taken as near the Middle of the Tub as 

ou well can) or, if the Sum of thoſe two Area's be multiply'd 
with half the Depth (ſo taken) the Product will ſhew the Quantity 
of thoſe Worts very near the Truth. 


PROBLEM VIL 


The Diameter of any Circle, and the verſed Sine, viz. (the Height 
8 any Segment, being given, to find the Area of that Segment in 
allons. 


In the 410th and 412th Pages you have two Ways (and their 
Examples) of finding the Area of any Segment of a Circle in 
Inches; then if that Area in Inches be divided by 282, or 231 Cc.) 
the Quotient will be its Area in Gallons. But becauſe the Area of 
any ſuch Segment may be readily found in Gallons ( without find- 
ing its Area in Inches) by help of a Table of Segments, whoſe 
Conſtruction is laid down in the Problem, Page 411, Cc. I have 
here inſerted a Compendium of ſuch a Table, which will ſerve ve- 
ry well for common Practice, not only to find the Area of any Seg- 
ment of a Circle in Gallons, but alſo to find the Number of Gal- 
lons that are either drawn out, or remaining in any Cylindrick 
Veſſel lying along; or of any cloſe Caſk (being firſt reduced to 


a Cylinder) its Axis lying parallel to the Horizon, uſually call'd 


the Ullage of a Caſk ; as ſhall be ſhew'd farther on. 


A Table 


n 
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Sod A Table of the Segments of a Circle whoſe Area is Unity or 1, 
ng) the Diameter being divided by parallel Chord-Lines into 100 
of equal Parts. 
aps .S. Segment. V. S. Segment. V. S.] Segment. FV. S.] Segment. 
| 10,0017 | 26] 0, 2066 5110, 5127 760, 8155 
rts, 20,0048] | 27[0,2178 520, 525 7710, 8262 
us: 3 Jo, oo87 280, 2292 5310, 5382 780, 8369 
ling 44,1434 290, 240% 540.5509 79,8474 
Jut- 5 10,0187 3010, 2523 55,5635 80 o, 8576 
* 6 o, o245 3110, 2640 560, 3762 810, 8677 
1 7 10,0308 3210, 2759 5710, 5888 8210, 8776 
810,0375 3310, 2878 580, 6014 8310, 8873 
ubs 90,0446 340, 2998 5910, 6140 840, 8968 
the iolo, os 20 3510, 3119 6010, 6265 85 10,9059 
No e- BITE ENTS SS — hs | 
with 1110,0598 360, 3241 610.6389 8610, 9149 
th as 12 [o, 0680 3710, 3364 6210, 6514 870, 9236 
ly'd 13 0,0704 38 o, 3486 63 0,6636 88 0,9320 
nity | 14[0,08;1 390, 3611 64,6759 89 o, 9402 
15 [o, 941 4010, 3735 650.6881 go o, 9480 
1610, 1032 4110, 3860 66] 0,7002 91 | 0,95 54. 
1710. 1127 420, 3986 670,7 122 920, 9625 
eight 1840, 1224 4310, 4112 680, 7241 93 0,992} 
5 19 10,1323 44,4238 690. 7360 94,9755 
200, 1424 45 0,4365 70 o, 7477 95,9813 
; | 2: o, 1526 4610, 4491 7140, 793 96 0, 9866 
their | 22101631] 4710, 4618 7200, 7708 670, 9913 
le in 230.1738 480, 4745 731997822 98 |0,9952 
&c.) | 24191845 49 0,4873 7419»7934 99 | 0,998 3 
ea of 25 [o, 195 5 50 o, o 75 O, 845 100 | 1,0000 
find- mu Rd ore Ks e 2 wa 
vhoſe The Uſe of this Table of Segments depends upon the following 
have Proportion, | 
e ve- As the Diameter of any propos'd Circle: is to 100 (the 
Seg- dix. \ Diameter of the tabular Circle) :: ſo is the Height of any 
Gal- | Segment of the propos' d Circle: toa verſed Sine inthe Table. 
drick Then, if the tabular Segment, which ſtands againſt that verfed 
:ed to Sine, be multiply'd into the Circle's Area (either in Inches or 
call'd Gallons) the Product will be the Area of the Segment requir'd 
[of the ſame Name] viz. If the Circle's Area be Inches, the Seg- 
Table ment will be Inches; if Gallons, the Segment will be Gallons. 


L 1! Example. 
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Example. Let the Diameter of the given Circle be D A 62, 5 
Inches, and the Height of the Segment 
ſought be F A= :0 Inches; What will 
its Area be in Ale Gallons? 

Firſt, the Area of the whole Circle 
will be 10,8793 Ale Gallons (by Pro- 
blem 5.) and the Proportion will ſtand 
thus, 62,5: 100 :: 20: 32 the ver- 
ſed Sine of the Table whole Segment is 
0, 27 50. Then, 10,8720x0,2759 = 3z 
c016 Ale Gallons, being the Area of the Segment BAG F, as 
was requir'd. The like may be done for Wine Gallons, Corn 
Gallons, or Inches. 

And, upon Occaſion, the like Segments of any Ellipſis may be 
eaſily found. Sce the Proportions in the Corollaries to the 7th 
and 8th Theorems, Page 412, &c. to which I here, for Brevity's 
Sake, refer the Reader. 

SeR. 3. Tocompute the Contents of ſuch Veſſels (viz. Tuns, &c.) 
as are in the Form of the following Solids. 

Note, Before the young Gauger proceeds to theſe Computa- 
tions, he ſhould be well acquainted with ſuch Solids as are defin'd 
in P. 402 and 403, and then he may eaſily underſtand what Sort 
of Figures are meant in the following Problems, without the Re- 
petition of many Words, 


PROBLEM VIII. 


To find the Content of any Priſm whoſe Sides are Parallelograms 
what Form ſoever its Baſe is of. 


That is, to compute the Content (in Gallons) of any Tun, &c. 
whoſe Sides are Parallelograms which ſtand upright, or at Right 
Angles with its Bottom. 

Firſt, find its ſolid Content in Inches, by Theorem 9, Page 4143 
then divide that Content by 282, or 231, or by 268,8; the Quo- 
tient will ſhew the Content in their reſpective Gallons, viz. in Ale, 
Wine, or Corn Gallons. | 

Or elſe multiply the Content in Inches with 0,003546, or 
0,004 329, &c. [See the Multiplicators, Page 435] thoſe Products 
will be the Content in their reſpective Gallons. 

Or otherwiſe thus : 

Find the true Area of the Tun's Baſe or Bottom, as directed in 
Se. 1, P. 435; that Area being multiply'd with the Tun's 
Height (viz. Depth within) will produce the Content in Gallons, 
as before. I take 


—_— 


| RuLE. 


—— 
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I take the Work of this Problem to be ſo very ealy, that it 
needs no Example. | 


PROBLEM IX. 


To find the Content of any Pyramid (in Gallons) whoſe Baſe is 
bounded with Right Lines. 


mm. 


— 


Every Pyramid is one Third- part of its circumſcribing Priſm, 
by Theorem 10, Page 415. Therefore, if the Area of the Baſe 
of any Pyramid, in Gallons, be multiply'd in one Third of its 
perpendicular Height; or if one Third of that Area be multiply'd 
with the whole Height, either of thoſe Products will be the Con- 
tent of the Pyramid in Gallons, &c. But the Content of any 
ſquare Pyramid may be eaſily found in Gallons by this Rule: 

Square the Side of its Baſe, and multiply that Square 
with the perpendicular Height; then divide that Pro- 
RuLe. 4 duct by 846 = 282 x 3 for Ale Gallone, or by 693 =231 

X for Wine Gallons, or by 806,4 = 268,8 x 3 for Corn 

Gallons, the Quotient will be the Content requir'd, 

Or, if you multiply the ſaid Product with 0,001182 for 4G. 
or with 0,001443 for V G. or, laſtly, with o, 01241 for C. G. 


the Reſult will be the Content requir'd, as before. 


PROBLEM X. 


To find the Content (in Gallons) of the Fruſtum of any ſquare Pyra- 
mid, cut off” by a Plain parallel to its Baſe. 


Firſt, either by Theorem 15, Page 419, or Theorem 16, P. 420, 
find the propos'd Fruſtum's Solidity in Cubick Inches; then di- 
vide that Content in Cubick Inches by 282 or 231, &c. and the 
Quotient will be the Content of the Fruſtum in their reſpective 
Gallons. 

But, from the foreſaid Theorem 15, there may be eaſily deduced 
the following general Rule for finding the Content of thelike Fru- 
ſtum of any Pyramid, what Form ſocver its Baſes are of (ſuppoſing 
them to be parallel) whether they are alike or unlike, 

Firſt, find the Arca of each Baſe, (viz. the top and bot- 

tom Area's of the propos'd Fruſtum;) then find a Geo- 

metrical Mean between thoſe two Area's (by Lemma 1, 

Page 83;) the Sum of thoſe two Area's and their Mean, 
being multiply'd into one Third of the Fruſtum's Height, 

will produce the Content required, 

| L1lz Example. 
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Example. Suppoſe a Tun in the Form of the lower Fruſtum of 
a Pyramid, whoſe Baſes are Equilateral Triangles: Let the Side 
of the Top be 42 Inches, the Side of the Bottom be 63,4 Inches, 
and its Height [v:z. Depth] be 33 Inches; What will the Content 
of that Tun be in Ale Gallons ? 

Firſt, find the Area of that Baſe in Inches, by Probl. 7, P. 343; 
then find what thoſe Area's are in Ale Gallons, by Probl. 3, P. 436. 
Multiply thoſe two Area's together and the ſquare Root of their 
Product will be the mean Area, &c. as in this Example: 


Top 2,71 
Example. The Bottom Area is ö 6,12 55 Gallons. 
| Mean 4,07 


Their Sum 12, 90 


Then 12, 2141, 9. Or 25433 141,9 the Content 


required. 


— 


| PROBLEM XL 
To find the Content of any right Cylinder in Gallons, 


That is, to compute the Content of any round Tun, &c. whoſe 
Diameters at Top and Eottom are equal, and at Right Angles 
with its Sides. 


The Content of ſuch a Tun may be found by Theorem 11, 


Page 415 3 or otherwiſe by the following Rule. 
Multiply the Square of the Diameter into the Height, 
RuL and divide the Product by 359,05 (or multiply with 
" I ©£,002785) Sc. as in Page 439, that Quotient (or Pro- 
duct) will ve the Content required. 
Exam. Suppoſe the Diameter be 42,5, and the Height 37, 5 Inches. 
Firſt 42,5X 42,5 = 1806, 25. And 1806,25X 31, 5 = 56896, 875. 
Then 359,05) 56896, 875 (158,46 the Content in Ale Gal. &c. 


PROBLEM XII. 
To find the Content of any Cone or round Pyramid in Gallons. 


Becauſe every Cone is one Third of its circumſcribing Cylin- 
der, [See Theorem 13, Page 4.16] therefore its Content may be 
truly found by the following Rule. 
Multiply the Square of the Diameter of its Baſe inta 
the perpendicular Height, then divide their Product 

RULE. 4 by 1077,15 = 359,05 Xx 3 for Ale Gallons, or by 
882,30 = 294,12 X 3 for Wine Gallons, &c. and the 
Quotient will be the Content required. 


Or 


nt 


_—. 
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Or if the ſaid Product be multiply'd with 0,000928 = 2229275» 
3 
or with 0,001133= 222242 thoſe Products will be the Content 


in their reſpective Gallons. | 

Example. Suppoſe the Diameter of the Baſe be 42,5, and the 
perpendicular Height be 31,5 Inches, what will the Content be 
in Ale Gallons? (as before. 
Firſt 42,5X 42, 5 =1806,25. And 1806, 25 K 31, 5 = 56896,87 5 
Then 1077,15) 56896, 875 (52,82. Or 56896,25X 0,000928 
= 5 2, 82 the Content in Ale Gallons. And ſo on for Wine or 


Corn Gallons, 
| PROBLEM XIII. 


To find the Content of the lower Fruſtum of any Cone in Gallons, 


That is, to compute the Content of any round Tun, &c. whoſe 
Diameters at Top and Bottom are parallel, but unequal. 

The Content of ſuch a Tun may be found by the Rule at Pro- 
blem 10; but from Theorem 16, Page 420, *twill be eaſy to de- 
duce this following Rule. 

To the triple Product of the Top and bottom Diameters, 
add the Square of their Difference; multiply that Sum 


RuLE. into the Height (or Depth): then divide the laſt Pro- 


duct by 1077,15 for Ale Gallons, or by 882,36 for Wine 
Gallons ; the Quotient will be the Content requir'd. 
Example, Suppoſe the Diameter at the Top to be 52,4 Inches, 
the Diameter at the Bottom 45,6, and the Height 3o Inches. 
Firſt, 52,4 X 44,0==2337,04 ; and 2337,04X 3=7011,12 Naa 
Alſo, 52,4 — 44,6 = 7, 8; and 7,8 X 7,8 = 60,84 
1 5 8.80 3 X 7071,96=212158,8, 
en 1077,15) 212158,8(196,9 ; 
Or 5 N 5 . 6,96 { the Contentin Ale Gallons, 
And ſo on for either Wine or Corn Gallons, as Occaſion requires. 


But if the Tun (or Veſſel) be not truly circular, that is, if either 


its Top-or Bottom (or both of *em) be Elliptical, whether they are 
alike or unlike, it matters not, the Content of ſuch a Tun may 
be truly found by the general Rule at Problem 10. 


PROBLEM XIV. 


The Axis or Diameter of any Sphere or Glebe being given in Inches to 
find its Content in Gallons. 

Every Sphere is two Thirds of its circumſcribing Cylinder, by 

Theor, 18, Page 423 ; from whence and Theor, 20, Page 426, tis 

| proved, 


=> — cn — 
- — — — * ” 
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proved, that if the Cube of the Axis of any Sphere (taken in 
Inches) be multiply'd into o, 5236, the Product will be the Con- 
tent of that Sphere in Inches. Conſequently, if that Content be 
divided by 282, or by 231, Sc. the Quotient will be the Content 
in Gallons. | 

But thoſe two Works of multiplying with 0,5236, and then 
dividing by 282, or by 231, &c. may be contracted into one. 


Tus 382 | 0,52 39 0,001856 vin be a Multiplicator for ; 4.8. 


And 231 o, 02266 IJ”. G. 
Or o, 5 235 } my : 15775 vin be a Diviſor for 5 


rom hence ariſes this following Rule. 
If the Cube of the Axis of any Sphere be divided by 
538,57; or multiply'd with 0,001856: or divided by 
RULE. 4 441,17; orelſe multiply'd with 0,002266; the Quotient, 
or Product, will be the Sphere's Content in their re- 
ſpective Gallons, | 
Example. Suppoſe the Axis or Diameter of a Sphere or Globe 
be 2 + Inches, how many Ale Gallons may it hold? 
Here 22022 22 = 10648; and 538,57) 10648 (19,76 A. G. 
Or 10648 X o, oc 1856 = 19,76 Ale Gal. the Content required, 
And ſo for either Wine or Corn Gallons, as Occaſion requires. 


PROBLEM XV. 
To find the Content of a Segment of a Sphere in Gallons. 


In the Scholium, P. 424, there are two Theorems for reſolving 
this Problem according to the Data. | 

I. If the Diameter of the Segment's Baſe and its Height are 
given, the Content may be found by the firſt of thoſe Theorems, 
which gives this Rule: | 
To the Triple Square of half the Diameter add the 
Square of the Height; then multiply that Sum into 
the Height, and divide the Product by 538,57 for 
4 G, or by 441,17 for V, &c. as above. 

2. But if the Axis of the Sphere and the Height of the Seg- 
ment are given, the Content may be found by the Second of thoſe 
Theorems, | | 


RuLE I. 


From the triple Product of the Axis into the Height, 
ſubtra& twice the Square of the Height; then mul- 
tiply the Remainder into the Height, and divide that 
Product by 538,57, Sc. as in the laſt Problem. 


RuLE 2. 


2 | Either 


9 
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Either of theſe Rules will produce the Content of the Segment 
in Gallons. 


Example. Suppoſe the Diameter of the Segment's Baſe be 28 


Inches, and its Height be 8 Inches, what may it contain in Ale 
Gallons ? 


Firſt 2) 28 (14. Then (by Rule 1.) 14x 14 3 = 588. 
And 6 x6 == 36. Next 588 + 36= 624. Again 624x6 = 3744. 
Laſtly, 538,57) 3744 (6,95 the Content required. 


Note, This Problem may be of Uſe in Gauging the Crowns of 
Brewers Coppers, &c. 


Se. 4. The Practical Method of Gauging any fix'd Tun or Copper, 


and making a Table to ſhew what it will hold at every Inch deep, 
uſually call'd Inching of a Tun, &c, 


Firſt, you muſt know, that moſt (if not all) Brewers Tuns 
are ſo fix'd as to Jean a little for Conveniency of cleanſing their 
Drink, which is uſually call'd the Drip or Fall of the Tun. Now 
this Drip or Fall of any Tun is the Hoof of ſuch a Solid as that 
Tun is ſuppos'd to repreſent, and under that Conſideration it may 
be found, as in Theor. 16, P. 420: But the practical (and indeed 
the beſt) Way is, to meaſure into the Tun (when *tis dry) ſo much 
Liquor as will juſt cover its Bottom; for by that means you do not 
only find the true Fall, but alſo a true horizontal or level Plain 
over the Bottom of the 'Tun; from which if the Depth of the Tun 
(viz. the neareſt Diſtance from the Top of the Tun to the Surface 
of the Liquor) be ſet off upon every one of its Sides, you will then 
have a true parallel Plain at the Top of the Tun to that of the Li- 
quor. Then, if the Sides of the Tun are ſtreight from the Top to 
the Bottom, take as many Dimenſions in the aforeſaid two Plains 
as are needful to find the true Area of each ; and by thoſe two 
Area's and the foreſaid Depth find ſo much of the Tun's Content 
(by the general Rule at Problem X.) as is betwixt thoſe two 

lains. | 

Next, to inch that Tun, divide the Difference between the Top 
and Bottom Area's by the aforeſaid Depth, and the Quotient will 
be an Addend or fixed Number; which being added to the leſſer 
Area, the Sum will be the Area of the next Inch; and, being add- 


ed to that Area, their Sum will be the Area of the third Inch; 


and ſo on from Inch to Inch, until the Area of every fingle Inch 
be found ; the Sum of thoſe Area's (if the Work be true) will 


amount (or be equal) to the Content found, as above. And if 


the 


—  — 
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the Tun's Drip or Fall be added to the Sum of all thoſe Area's, 
that Sum will be the whole or full Content of that Tun. 

Now, from hence it muſt needs be eaſy to conceive, that if 1, 
2, 3, or any Number of thoſe Area's accounted from the Bot- 
tom, be added to the Fall, that Sum will ſhew the Quantity of 
Liquor or Drink that is in the Tun, to ſuch a Number of wet 
Inches from the Bottom as there were Area's added together. Or, 
if the Sum of any Number of thoſe Area's (being accounted from 
the Top) be ſubtracted from the Tun's whole Content, the Re- 
mainder will ſhew what Quantity of Liquor or Drink is in the 
Tun, when there is ſuch a Number of dry Inches from the Top 
as there were Area's ſubtracted. 

This being well conſider'd, it will be eaſy to make a Table 
either to every wet or dry Inch of any regular Tun (viz. whoſe 
Sides are ſtreight from Top to Bottom) what Form ſoever its Baſes 
are of, and whether it ſtand upon the greater or leſſer Baſe. 

But if the Sides of the Tun are irregular (v:z. not ſtreight from 


its Top to the Bottom) then the beſt and eaſieſt Way will be to di- 


vide or part the Tun into ſeveral Fruſtums, each of ten Inches 
deep; and finding the Content of every ſingle Fruſtum, by taking 
the Diameters in the Middle of every one of thoſe ten Inches 
(that is, the firſt Diameter at 5 Inches from the Top; the ſecond 
Diameter at 15 Inches from the Top, &c.) and multiplying their 
reſpective Area's with 10, (which is done by only removing the 
ſeparating Comma's one Place forward to the right Hand? if the 
Sum of all thoſe Fruſtums be added to the Fall, (as before); that 
Sum will be the whole Content of the Tun. 

Note, If you take the Height of the *foreſaid ten Inch Fruſtums 
in the Side of the Tun, you muſt allow for the Difference between 
the ſlant Height and the Perpendicular Height in every Fruſtum. 


Laſtly, If from the whole Content of the Tun you ſubtraR the 


mean Area of the firſt Fruſtum ten Times, and from the Remain- 
der ſubtract the mean Area of the ſecond Fruſtum ten Times, and 
from the laſt Remainder ſubtract the mean Area of the third Fru- 
ftum, &c. until there remain nothing but the Fall or Hoof of the 
Tun, you will then by that Means have a Table that will ſhew 
what Quantity of Drink is in the Tun to any Number of dry Inches. 
And this is alſo the Method of Gauging and Inching Brewers 
Coppers, vix. by firſt meaſuring into the Copper ſo much Liquor 
as will juſt cover its Crown, and then dividing its perpendicular 
Height into Fruſtums, and its Sides into four equal Parts; that fo 
croſs Diameters may be taken in the Middle of each Fruſtum : 
But 


a . udI 
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but if the Copper be much wider at the Top than at the Bottom, 
and its Sides ſpheroidal or arching, as generally all large Coppers 
are; then, inſtead of taking thoſe mean Diameters in the Middle of 
every ten Inches, as above, you muſt take them in the Middle of 
every ſix Inches, and proceed on as before. 

Now the Quantity of Liquor, that would cover the Crown of 
the Copper, may be found without meaſuring it, as above. In 
order to that, I do ſuppoſe the Crown to be the Segment of a Sphere, 
and the lower Part of the Copper wherein the Crown ariſeth, to 
be the Fruſtum of a parabolick Conoid; then, if the Diameter at 
the Jop of the Crown, and its perpendicular Height are given, 
the Quantity of Liquor may be found by this following Rule : 


From the Area of the Plain at the Top of the Crown 
ſubtract *: of the Area of the Crown's Height; the 

RuLE. <4 Remainder, being multiply'd into half the Height of 
the Crown, will produce the Quantity or Number of 
Gallons that will cover the Crown. 


This Rule is deduced from Scholium, Page 424, and Theorem 
I5. Page 430. 
Sect. 5. To compute the Content of any cloſe Caſk in Gallons, 
v1z, of any Butt, Pipe, Hogſhead, Barrel, &c, 
In order to perform this difficult Part of Gauging, the three 


following Dimenſions of the propoſed Caſk muſt be truly taken in 
Inches, and Decimal Parts of an Inch. 


| The Bulge or Bung Diameter within the Caſk. 
Liz. J Either of the Head Diameters ſuppoſing them both equal. 
And the Length of the Caſk within. 


Note, In taking of theſe Dimenſions, it muſt be carefully obſerved, 


1. That the Bung- hole be in the Middle of the Caſk ; alſo that 
the Bung-ſtaff and the Staff over-againſt the Bung- hole are both 
regular or even within. 


2. That the Heads of the Caſk are equal and truly circular; 
if ſo, the Diſtance between the Inſide of the Chine to the Outſide 
of its oppoſite Staff will be the Head Diameter within the Caik, 
very near. 


2. With a ſliding pair of Calipers (made on purpoſe for that 


'Uſe) take the ſhorteſt Diſtance at Length between the Qutſides 


of the two Heads; (ſuppoſing them even) from that Length 


| ſubtract 11 Inch (more, or leſs, according to the Largeneſs of the 


M m m Caſk) 
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Caſk) for the Thickneſs of the two Heads, the Remainder will be 
the Length of the Caſk within. | 


Now by theſe Dimenſions, one would ſuppoſe the Content of 
the Caſk were perfectly limited; but it will be eaſy to perceive, 
by the following Figure, that the Diameters (aboveſaid) and the 
Length of one Caſk may be equal to thoſe of another, and yet one 
of thoſe Caſks may contain or hold ſeveral Gallons more than the 
other. 


As for Inſtance, ſuppoſe the annex'd Figure 4 B C DGF, to 
repreſent a Caſk; then it is plain, that, 
if the outward and curved Lines A B C 
and F G D are the Bounds or Staves of 
the Caſk, it muſt needs hold more than 
if the inner ſtreight or prick'd Lines 
were its Bounds or Staves; and yet the 
Bung Diameter BG, Head Diameter 
CD and AF, and the Length LV, are 
the ſame in both thoſe Caſks. 


Whence it plainly appears, that no one certain or general Rule 
can be preſcrib'd to find the true Content of all Sorts of Caſks, 
and therefore Gaugers do uſually ſuppoſe every Caſk to be in Form 
of ſome one of theſe following Solids. 


| I. The middle Zone or Fruſtum of a Spheroid. 
Viz II. The middle Zone or Fruſtum of a Parabolick Spindle. 
. J III. The lower Fruſtums of two equa! Parabolick Conoids. 
IV. Thelower Fruſtums of two equal Cones. 


Now the Way of Gueſſing at the Caſk's Form, and computing 
its Content, according to its ſuppos'd Form, I ſhall here ſhew in 
their Order. 


I. If the Staves of the Caſk are very much curved or arching (as 
the outward Lines of the laſt Figure) then the Caſk is ſuppos'd to 
be in the Form of the middle Zone or Fruſtum of a Spheroid, 
whoſe Content may be computed, by Theorem 22. Page 427, 
which gives theſe two Rules. 


To twice the Square of the Bung Diameter add the 
Square of the Head Diameter ; multiply that Sum in- 
RULE f. 4 tothe Length, and divide the Product by 1077,15. 
Viz. 3» 8197x282 for Ale Gallons ; and by 882, 36. 
Viz. 3, 8197X231 for Wine Gallons. Or thus, 


RuLE 


| 
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To twice the Area of the Bung Circle, add the Area 
of the Head Circle ; multiply their Sum into one 
Third of the Length, and the Product will be the 


Content in their reſpective Gallons, 


RULE 2. 


Example 1. Suppoſe a Caſk in the Form of the middle Zone 
of a Spheroid, whoſe Bung Diameter is 31,5, Head Diameter 
24,5, and its Length 4.2 Inches. 


Firſt 31, 531, 55 221984, 5. And 24, 5,4, 5 600, 25 

Again 1984, 5 460, 25 22584, 7 5. And 2584,75 42 2 1085 5%, 5 
Then 107), 15) 1085 59, 50100, 78 the Content in Ale Gallons. 
And 882, 35) 1085 5, 5 (123,03 the Content in Wine Gallons. 


Or thus, by the Second Rule. 
Bung Diameter 31,5 twice its Circle's Area is 5, 5270 
Head Diameter 24,5 its Circle's Area is 1,6718 
The Length 42 divided by 3 is 14. 7,1988 their Sum. 
Then 7, 198814 2 00, 78, the Content in A. Gallons as before. 
And ſo the Content in Wine Gallons may be found. 


II. If the Staves of the Caſk are not quite ſo much curved or 
arching, as was ſuppos'd before, the Caſk is then taken for the 


middle Fruſtum of a parabolick Spindle, and its Content is com- 


puted, as by Theorem 27. Page 432. Which gives this Rule. 


To twice the Square of the Bung Diameter add the 

Square of the Head Diameter ; from their Difference 

Pots ſubtract four Tenths of the Square of the Difference 

＋ E. % of the Diameters; multiply the Remainder into the 

| Length, and divide the Product by 1077, 15, Oc. as 
(above. | 


Example 2. Suppoſe the Dimenſions the ſame as before. Then 
31,5 X 31,5 X 2: + 24,5 x 24,5 = 2584375 And 31,5 — 
24,5= 7. Again 7X7X0,4 = 19,6. And 2584,75 — 19, 6 42 = 
1077 36,3. Then 1077, 15) 1077 36,3 (100,01 the Cont. in A. G. 
Sc. for V. G. 


III. When the Staves of the Caſk are but very little curved or 
arching, then it's ſuppos'd to be in the Form of the Fruſtums of 
two equal parabolick Conoids, abutting or joining together upon 
one common Baſe at the Bulge, and the Content may be found 
by Theorem 25. Page 430. which gives theſe Rules. 


Mamma Rur 
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To the Square of the Bung Diameter add the Square 

of the Head Diameter; multiply their Sum into the 
RULE 1. Length, and divide the Product by 718,08 (vi. 

2,5464282) for Ale Gallons: or by 588, 22 (viz. 

2, 54631) for Wine Gallons. Or thus, 

To the Area of the Bung Circle add the Area of the 
RULE 2. ö Head Circle; multiply the Sum into half the Length, 

and the Product will be the Content required. 


Example. 3. With the ſame Dimenſions as before. Then 


315431, 5 ＋ 24, 5 X 24,5 = 1592,5. And 1592,5X 42 = 66885 
And 718, 08) 66885 (93,1 the Content in Ale Gallons. 
Or 588,22) 66885 (113, the Content in Wine Gallons. 

IV. If the Staves of the Cafk are ſtreight from the Bulge to the 
Head, as the inner prick'd Lines in the laſt Figure (if ſuch a Caſk 
can be made) it is then taken for the lower Fruſtums of two equal 
Cones, abutting or joining together upon one common Baſe at the 
Bulge. And its Content may be computed as at Problem 13. Page 
445. or by Theorem 15. Page 419. Thus, 


To the Sum of the Squares of the Head and Bung Dia- 
meters add their Product; then multiply that Sum into 
the Length, and divide the laſt Product by 1077,15- 
Or by 882, 36. Ihe Quotient will be the Content, &c. 


Example 4. With the ſame Dimenſions as before. 
Firſt 31, 5 Xx 31, 5 + 24, 5 K 24, 5 + 31, 5X 24.5 2364, 25 


And 2364, 25 Xx 42 = 99298, 5. Then 1077,15) 99298, 5 (92, 18 
the Content in Ale Gallons, and ſo on for Wine Gallons. 


RULE. 


Thus you have the Methods of computing the true Contents of 
the four Solids, in whoſe Form all Caſks 


are ſuppos'd to be. And by the Exam- | Ale Gallons. 

ples it appears, that four ſuch Caſks as | I. 100,78 |Differ. 

have their Dimenſions all equal, and the | II. 100,01 | 0,77 
fame with thoſe above-mention'd, their III. 93,01 7,00 
Contents will be as in the Margin, IV. 92,18 0,83 


From. the Diſproportion or Inequality of theſe Differences it 
will be eaſy to conceive, that there may be ſeveral Caſks whoſe 
Contents cannot be truly found, according to the aforeſaid ſup- 
pos'd Forms; and therefore, in order to rectify the ſaid Incquali- 
ties, ſome Authors (that have written upon this Subject) have 
laid down Theorems of their own Invention; and yet call'd them 


by 
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by theſe Names) others have propos'd Tables for the ſame Pur- 
poſe. But fince it is ſo, that we can only gueſs at the Truth, the 
plaineſt and caſieſt Way is to be preſerr'd in Practice; and that is, 
by finding ſuch a mean Diameter as will reduce the propos'd Caſk 
to a Cylinder. 

(Multiply the Difference between the Head and Bung 
Diameters, with 0,7. or with 0,65. or with 0,6. or with 
Thus 0,55- according as the Staves of the Caſk are more or 
: < leſs arcluug; add the Product to the Head Diameter, and 
| the Sum will be the mean Diameter required. Then 

(find the Content, as at Prob. 11, Page 44 4. 

Example. With tae ſame Dimenſions as before. Then the 

Bung Diameter leſs the Head Diam. is 31,5 — 24,5 =7. And 

M D. AG. Cont, Di,. 
7X0,7 = 29, 40 its Area 2,407 3X42=101,10 
70,65 = 29,05 2,2504X42= 938,71 | 2,39 
7*, 6 = 28,70 2, 2941 &42 = 96,35 | 2,36 
7X0,55 = 28,35 2,2385 * 42 = 9402 | 2,32 

From theſe it may be obſerv'd, that the Difference between 
each Caſk's Content is regular, and very near cqual; which plainly 
ſhews, that there is not ſo much Room lett for Error this Way of 
computing their Contents, as was by the aforeſaid Forms. 

Now the firſt of theſe four (viz. with 0,7) is very commonly 
uſed among Gaugers for all Sorts of Caſks; but I did never 
gauge any Caſk that would contain quite fo much as that Rule 
did make it; and the Reaſon doth appear very plain from 
Theorem 22. Page 427. being compai'd with Theorem 19. Page 
426. and the laſt Figure; ig. that no (Caſk being regularly 
made) can hold more than the middle Fuſtrum of a Spheroid. But 
I always found by Experience, that if the ſecond and third of theſe 
Rules (viz. with 0,65 and 0,6) were duly apply'd, they would 
anſwer very near the Truth amongſt the common Sort of Caſks ; 
and the fourth Rule (viz. with 0,55) will come pretty near the 
Truth in computing the Contents of Caſks, whoſe Staves are 
almoſt ſtreight betwixt the Head and Bung, viz. ſuch as Wine 
Pipes, &c. 

Sect. 6. To find what Quantity of Liquor is either drawn forth, 

or remaining in any ſpheroidical Caſk, uſually call'd the Ullage 
of a Caſk; hath two Caſes. 

Caſe 1. To find what Quantity of Liquor is in the Caſk, when its 

Axis is perpendicular tothe Horizon, viz. when it ſtands upright 

upon one of its Heads. | 


24,5 7 
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In order to perform this the eaſieſt Way, it will be convenient 
to know how to calculate the Area of any Circle betwixt the Bung 
and Head, whoſe Diſtance from the Bung or middle of the Caſk 


is given. Now that may be done by this Proportion. 


As the Square of half the Length of the Caſk: is to the 

Difference between the Bung and Head Area's : : ſo is the 
Fiz. < Square of any Circle's Diſtance from the Bung : to the Dif- 
ference between the Bung Area, and the Area of the Circle, 
viz. the Area of the Liquor's Surface. 


Demonſtration. 
ö H= Half the Length of the Caſk 
Let 


- 


D==Half the Bung Diameter. 
d= Half the Head Diameter. 


the Bung 
a=Halt the Diameter of that Circle. 


=the Diſtance of any Circle from 
And 


Then according to the common Property of the Ellipſis, Page 
368, it will be, 
BB: DD:: BB -H H: dd. And BB: DD:: BB—PP: aa, 


D DHH DDPP 


—BB. And 0 
DD —-AA 0 — 43 
DDHH _ DD—aa 


D DDPP- 


This Æquation, being brought out of the Fractions, will 
become DDHH—aa HH=DD P P44dPP, which gives this 
Analogy HH: DD —dd:: PP: DD—aa., Then DD—aa, 
being ſubtracted from DD, will leave aa, But Circles Area's 
are in Proportion to the Squares of their Diameters, by Theorem 6. 
Page 407. Therefore, c. Q. E. D. Then, from the Bung 
Area ſubtra& one third Part of the aforeſaid Difference, viz. be- 
| tween the Bung Area and the Area of the Liquor's Surface; mul- 
tiply the Remainder with the Liquor's Diſtance from the Bung, 
and the Product will ſhew what Quantity of Liquor is either above 
or under half the Content of the Caſk. 


Ergo =B B. 


Conſequently, f 


Example. Let us ſuppoſe a Caſk of the ſame Dimenſions with 
that in the firſt Example, Page 451. and let it be required to 
ſind what Quantity of Liquor is in it (of Ale Meaſure) when 
there is but g Inches wet. Here half the Length of the Caſk is 21 

T Inches, 
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Inches, whoſe Square is 441, and the Liquor's Diſtance from 

the Bung is 21 - 9 = 12. Its Square is 144. The Difference 

between the Bung and Head Area's is 1,0917 (= 2,7635 — 

1,6718.) Then 441: 1,0917 :: 144: 0,3564-. 

And 2,7635 — 0,3564 = 2,4071 the Area of the Liquor's 
Surface. 


Again 3) o, 3564 (o, 1188. And 2,7635 — 0, 1188 = 2,6447 
Then 2, 644% K 12 = 31,7 304, what the Caſk wants of being 
half full, Conſequently 50,39 — 31,73 = 18,66 will be the 
Quantity of Liquor in the Caſk at ꝙ Inches wet in Ale Gallons. 
And if the Caſk had wanted but g Inches of being full; then 


50,39 + 31,73 = 82, 12 would have been the Quantity of Liquor 
in the Caſk, 


Note, becauſe the two firſt Terms (v:z. 441 and 1,c917) in 
the Proportion are fix'd, v:z. continue the ſame for any Diſtance, 
"twill be very eaſy to calculate the Area's of all the Circles betwixt 
the Bung and Head to every Inch, and by that Means to make a 
Table that will ſhew what Quantity of Liquor is either drawn out 
or remaining in the Caſk at any Depth. 


Cafe 2. To find what Quantity of Liquor is in any Caſk, when its 
Axis is parallel to the Horizon, v:z. when it lies along. 
There are Variety of Tables to be found in Books of Gauging 
for this Purpoſe; but I always obſerved, that the following Me- 
thod of computing the Ullage, by a Table of the Segments of a 
Circle, came very near the Truth in all Sorts of Caſks, which is 
thus perform'd : 

1. By the Bung and Head Diameters, find ſuch a mean Diame- 
ter as you judge will reduce the propos'd Caſk to a Cylinder, by 
the Method laid down in Page 453. And then find its full Con- 
tent, as in thoſe Examples. 

2. From the Bung Diameter ſubtract the mean Diameter and 
half the Difference, (v:z. divide it by 2.) 

3. From the wet Inches of the propos'd Ullage, ſubtract the 
ſaid half Difference, and call it x; then obſerve this Proportion, 


As the mean Diameter : is to 100 (the Diameter of the 
Viz. aer Circle): : ſo is the laſt Difference (viz. x) : to a 
verſed Sine in the Table. (Page 441.) 


Then if the tabular Segment, which ſtands againſt that verſed 
Sine, be multiply'd into the Content of the Caſk, the Product will 
ſhew the Ullage, viz. what Quaatity of Liquor is either in the 
Caſk, or. drawn forth. 


E xample 
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Example 1. Let the Caſk be that of the ſecond Sort, in Page 
453. viz, whoſe Bung Diameter is 31,5 Inches, mean Diameter 
29,05, and the Content 98,71 Ale Gallons; and ſuppoſe there 
were 10,5 Inches wet in it, it is required to find the wet and dry 

_ Gallons? 


Here 31,5 — 29, 5 g 2, 453 its halfis 1,12. And 10, 5—1,22==9,28 
Then 29,05 : 100: : 9,28: o, 319 g V. Sine; its Segm. 18 0, 2748 
And 98,7 1X0, 27482 27, 12 the Number of wet Gallons. 


Again 31,5—10,5=21 the dry Inches; and 21—1,22==19,7 
Then 29,05: 100:: 19, 78: o, 68 its Segment is 0,7 241 

And 98,710, 7241 271, 48 the Number of dry Gallons. 

Proof 71,4827, 12298, b the Contents of the Caſk very near; 
which plainly ſhews the Truth of this Method. 


Thus far may ſuffice concerning Gauging of Backs or Coolers, 
Tuns, Coppers, and Caſks, Sc. To which I ſhall only add, that 
as the Contents of all Brewers Utenſils are to be computed by the 
Ale Gallons, ſo the Contents of all Diſtillers Utenfi's (v:z. all 
their Waſh-Backs, Stills, and Caſks, &c.) muſt be computed by 
the Wine Gallon. | 

And in gauging of Malt (upon which there is now a Duty of 
four Shillings per Buſhel) you muſt obſerve, That a Corn or | 
Malt Buſhel doth contain 2150, 42 cubick Inches; (See Page 42.) 
and therefore in gauging of Malt-Ciſterns, or other Veſſels, 
2150, 42 will be a conſtant or fixed Diviſor for finding the Area's 
of right-lin'd Figures in Buſhels at one Inch deep, and 2738 
will be a conſtant or fix d Diviſor for finding the Area's of circular b 
Figures. 
I have omitted the Buſineſs of gauging Maſh- Tuns, and taking 
an Account of the Goods or Grains, in order to eſtimate what 
Quantity of Worts were produc'd from them, Cc. becauſe I 
could never find (by all my Obſervations) any Certainty therein; 
nor is it poſſible there ſhould be any, by Reaſon of the great Dit- 
ference that is in Malt (and its Grinding too) for the beſt Malt 
(well ground) will yield or produce the moſt Worts, and leaſt 
Grains; on the contrary, bad Malt (being ill ground) yields the a 
leaſt Worts and moſt Grains. 
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FAET ACHE 


HE Mathematicks formerly received conſiderable 
Advantages ; firſt, by the Introduction of the In- 
dian Characters, and afterwards by the Invention of 
Decimal Fractious; yet has it ſince reaped at leaſt as 
much from the Invention of Logarithms, as from both the 
other two. The Uſe of theſe, every one knows, is of the 
greateſt Extent, and runs through all Parts of Mathe- 
maticks. By their Means it is that Numbers almoſt 
infinite, and ſuch as are otherwiſe impracticable, are 
managed with Eaſe and Expedition. By their Affiftance 
the Mariner ſteers his V. 15 I, the Geometrician inveſti- 
gates the Nature of the higher Curves, the AMironomer 
determines the Places of the Stars, the Philoſopher ac- 
counts for other Phenomena of Nature; and laſtly, the 
Uſurer computes the Intereſt of his Money. 

The Subje& of the following Treatiſe has been culti- 
vated by Mathematicians of the firſt Rank ; ſome of whom, 
taking in the whole Doctrine, have indied wrote learn- 
edly, but ſcarcely intelligible to any but Maſters. Others, 
gain, accommodating "themſeks es to the Apprebenſion of 
New 1ces, have ſelected out ſome of the moſt eaſy and ob- 
ous Properties of Logarithms, but have left their 
Nature and more intimate Properties untouch'd. My 
Defign tverefore, in the following Tract, is to ſupply 
what ſeemed flill wanting, viz. to diſcover and explain 
the Doctrine of Logarithms, to thoſe who are not yet 

go beyond the Elements of Algebra and Geometry. 


' The 


of Figures. 


joined to them the natural Sines, Tangents, and Secants, 
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The wonderful Invention of Logarithms we owe to the 
Lord Neper, who was the firſt that conitructed and pub- 
liſbed a Canon thereof, at Edinburgh, in the Year 1614. 
This was very graciouſly received by all Mathematicians, 
who were immediately ſenſible of the extreme Uſefulneſs 
thereof. And tha it is uſual to have various Nations 
contending for the Glory of any notable Invention, yet 
Neper 2s unzverſally allume d the Inventor of Logarithms, 
and enjoys the whole Honour thereof without any Rival. 

The ſame Lord Neper afterwards invented another 

and more commodious Form of Legarithms, which he af- 
terwards communicated to Mr, Henry Briggs, Profeſſor 
of Geometry at Oxford, who was hereby introduced as a 
Sharer in the completing thereof: But, the Lord Neper 
dying, the whole Buſineſs remaining was devolved upon 
Mr. Briggs, who, with prodigious Application, and an 
uncommon Dexterity, compaſs d a LogarithmicCanon, a- 
greeable to that new Form for the firjt twenty Chiliads 
of Numbers (or form 1 fo 20000) and for eleven other 
Chihads, viz. from goooolto 101000. For all which 
Numbers he calculated the Logarithms to fourteen Places 
of Figures. This Canon was publiſh'd at London in 
the Year 1624. 

Adrian Vlacq publiſhed again this Canon at Goudæ in 
Holland in the Near 1628, with the intermediate Chi- 
liads before omitted, filled up according to Briggs's Pre- 

ſeriptions; but theſe Tables are not ſo uſeful as Briggs's, 
becauſe the Logarithms are continued but to 10 Places 


Mr. Briggs alſo has calculated the Logarithms of the 
Sines and Tangents of every Degree, and the hundredth 
Parts of Degrees to 1 5 Places of Figures, and has jub- 
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to 15 Places of Figures. The Logarithms of the Sines 
and Tangents are called Artificial Sines and Tangents, 
but the Sines and Tangents themſelves are called natural. 
Theſe Tables, together with their Conſtruction and Uſe, 
were publiſh'd after Briggs's Death, at London, in the 
Year 1633, by Henry Gellibrand, and by him called 
Trigonometria Britannica. 

Since then, there have been publiſhed, in ſeveral Pla- 
ces, compendious Tables, wherein the Sines and Tan- 
gents, and their Logarithms, conſiſt of but ſeven Places 
of Figures, and wherein are only the Logarithms of the 
Numbers from 1 to 100000, which may be ſufficient for 
moſt Uſes. | | 

The beſt Diſpoſition of theſe Tables, in my Opinion, is 


that, firſt thought of by Nathaniel Roe, of Suffolk ; . 
and, with ſome Alterations for the better, followed b : 
Sherwin in his Mathematical Tables publiſhed at London a 
in 1705; wherein are the Logarithms from 1 to 101000 a 
conſiſting of 7 Places of Figures. To which are ſubjoined c 
the Differences and proportional Parts, by Means of 

which may be found eafily the Logarithms of Numbers to Y 


10000000, obſerving at the ſame Time that theſe Lo- 

garithms conſiſt only of 7 Places of Figures. Here are ] 

alſo the Sines, Tangents, and Secants, with the Loga- f 

rithms and Differences for every Degree and Minute of : 
4 
14 


the Quadrant, with ſome other Tables of Uſe in prac- 
tical Mathematicks. 
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HESE moſt excellent and uſeful Numbers were firſt in- 

vented. by the famous and never to be forgotten Lord 

| Neper, Baron of Merchiſton in Scotland, aforeſaid) Ann. 

1614.) who ingeniouſly contriv'd to perform Multiplica- 

tion and Diviſion of Natural Numbers, by only adding or ſub- 

tracting certain Artificial Numbers, which he called Zogarithms, 

and the Extraction of Roots by dividing the Log. by 2 for the 
Square: by 3 for the Cube: by 4 for the Biquadrate, c. 

This Invention of his (no doubt) proceeded froma mature Con- 
ſideratipn of the Coherence that is betwixt Numbers in Geometri- 
cal Proportion and thoſe in Arithmetical Progreſſion. 

As in theſe following: 


. 3 1. 2. 4. 8. 16. 32. 64. 128, &c. Geometrical. 


O. I. 2. 3 . 4 » 5 0 6 . 75 Se. Arithmetical. 
It is very perceptible, that, as the Numbers in the Geometrical 


Proportionals are produced by Multiplication or Diviſion, thoſe in the 


Arithmetical Progreſſion are produced by Addition or Subtraction: 
As doth appear in this Example: 8 

. 4 X 32 = 128 1 128 32 4 Geometr. 

Via. 2 ek = 7 * 7 — : = 2 Arithmet. 
Ale f 1. 10. 100. 1000. 10000. 100000, Cc. Geometr. 

E 3 4. . Sc. Arithmet, 

The ſame Coherence is betwixt theſe latter, as was between the 
two firſt Ranks. 

I000XIO=I0000 I00000=1000=100Geometr, 
dou 3+1= 4 For 5 — 3 = 2 Arithmet. 
Either of theſe Examples do ſufficiently ſhew the Reaſon and very 
Ground of Logarithms. | 

And from the latter of theſe it was, that the prime [I og irithms 
or Chara er tics were firſt aſſigned. 

As 


# 4 4 

? 

s " 

1 »* 
* 19 


— B ————— 8 
e 
— — 4 — 2 8 


462 Conſtruction of Logarithms. 


As in this Table: 
Natural Num. ] Logarithms. 


I | 0,0000000 

Io | 1,9000000 

100 | 2,0000000 
1000 | 3,0000000 
I0000 | 4,0000000 
I00000 | 5,0000000 


Having laid this Foundation, the next Work was to find out 
the Logarithms of the intermediate Numbers ſituated betwixt 1 
and 10, viz. of 2, 3, 4, 5, 6, 7, Cc. and of thoſe betwixt 10 and 
IOO, viz. of 11, 12, 13, 14, 15, Sc. and ſo on for the reſt. This 
was a Work of ſome Difficulty, and very laborious. 

The firſt Step in order thereunto (as I conceive) was to find out 
a Rank of continual Means betwixt 10 and 1, ſo as that the laſt 
(and leaſt thereof) might be a mixed Number leſs than 2, and ſo 
near 1, as to have ſuch a Number of Cyphers before the ſignificant 
Figures thereof, as was intended the Places of Logarithms in the 
Table ſhould conſiſt of, Which Means are to be found, by ex- 
tracting the ſquare Root of 10 (having firſt annexed a competent 
Number of Cyphers thereunto ;) then extracting the Root of that 
Root, and ſo by a continued Extraction of Root out of Root, until 
there be a Root ſo qualify'd as before-mention'd : Which, to make 
a Table to ſeven Places in the Logarithm, will require twenty-five 
ſeveral Extractions, the laſt of which will produce this Number, 
1,000000068622 38. 

The next Step was to find out a Number betwixt (1) and (o) 
in Arithmetical Progreſſion, that might truly correſpond with the 
Mean before found (betwixt 10 and 1) ſuch a Number muſt con- 
ſequently be its Logarithm. And thismay be found by a continual 
biſecting (or halving) of 1, ſo often as was the Number of the fore- 
going Extractions (to wit, twenty-five) the laſt of which Biſecti- 
ons will produce 0,000000029802 322, &c. the true Logarithm of 

1,000000068622 3B. 

For as 1,00000006862238 by twenty-five continued Involutions 
(viz, firſt into itſelf, then that Product into itſelf, and ſo on ſuc- 
ceſſively) will produce 10; ſo will 0,00000002980232, by the 
like Number of Doublings and Redoublings, produce 1. 


This Mean (or Number) and its Logarithm being thus found, it 


will follow by Proportion, As the fignificant Figures of this Mean 
: are to the ſignificant Figures of its Logarithm : : ſo are the 7 5 
0 cant 
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ficant Figures of any Mean, betwixt any given Number and 1 : 


(having ſeven Cyphers before ſuch Figures, as this hath) te the /ig- 
1ficant Figures of its Logaritbm. To which muſt be prefixed ſe- 
ven Cyphers to complete it. After which, being doubled, and re- 
doubled according to the Number of ExtraCtions required to produce 
its correſponding Mean, will at laſt diſcover the true Logarithm 
of the given Number. For the clearing of this, take an Example. 
Suppoſe it were required to find the Logarithm of the Number 2, 
to ſeven Places. Firſt, by a continued Extraction of Root out of 
Root, beginning at 2, find ſuch a Mean, or Root as before, betwixt 
2 and 1, as will have ſeven Cyphers before its ſignificant Figures; 
which, after twenty-three ſeveral Extractions, will-be this Number 
I,00000008262958. Then, according tothe foregoing Proportions, 
it will be 6862238 : 2980232 : : 8262958: 3588557. To 
which prefix ſeven Cyphers, as before dirccted, then will 
I,00000008269958 have for its Logarithm, ,00000003588557 ; 
which being doubled and redoubled, as aboveſaid, will produce 
o, 39102997958658, the true Logarithm of 2; which being con- 
tracted to ſeven Places, according to the firſt Deſign, and agreeable 
to the ſeven Places of Cyphers, then it will become o, 30 10299: But, 
in all the Tables that I have ſeen, the Logarithm of 2 is o, 3010300: 
conceive the Reaſon is, becauſe the remaining Figures 7958658 
come ſo near Unity of the laſt Place in the retained Figures. 
And, by the ſome Method that this Logarithm of 2 is made, may 
the Logarithm of any other Number be found. But when once 
the Logarithms of a few of the prime Numbers, vix. of 3. 7.11. 13. 
Sc. (that is, of ſuch Numbers as cannot be produced by the mul- 
tiplying of two Integer Factors) are obtained, the reſt may be eaſily 
compoſed by Addition and Subtraction only. For as 3X 2 = 
ſo Log. of 3 + Log. of 2 = Log. of 6. And as 10 — 22 5 
ſo Log. of 10 — Log. of 2 = Log of 5. The like of all Numbers 
that have aliquot Parts (that is, ſuch Integer Numbers as may be 
divided by Integers.) And indeed the Logarithms of ſeveral of the 
prime Numbers may alſo be obtained by Addition or Subtraction, as 
might eaſily be ſhewed, and is not difficult to conceive by any 
one, who but duly conſiders the Nature and Deſign of Loga- 


rithms, &c. of which I ſhall forbear ſaying any thing in this 


Place, and keep to my firſt Deſign herein, which was to give a 
brief Account of the ingenious Author's Method, as I conceive it, of 
making the ſame: who undoudtedly found it a very difficult Work, 
by Reaſon there are required ſo many ſeveral Extractions of Roots 
out of Root:, which muſt nceds render it both troubleſome and la- 
borious. Then to propoſe a different Method of raiſing the Loga- 

2 | rithms 
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rithms of ſuch prime Numbers before- mentioned, which require 
the Extraction of Roots to obtain their reſpective Means, with one 
tenth Part of the Trouble and Time required by the foregoing Me- 
thod. And not only ſo, but more exact; for, by our preſent Me- 
thod of converging Series, the Root of any Power, how high ſo- 
ever it be, is eaſily found at one ſingle Extraction: and thereby 
the Errors which would ariſe by extracting a Surd Root out of a 
Surd Root, eſpecially when often repeated, are avoided; and con- 
ſequently ſuch a Mean, as may be required betwixt any Number 
and Unity, is thereby more exactly found. 

Now, how this may be performed, I here intend to ſhew, as 
briefly as I can. In order thereunto, take this as a Model. 

Leta=the Root,or Meanrequired betwixt anyNumber andUnity: 

a* J. „„ 20 = = O) &* 
Then Ja = DO 5. =". = 
EE=DODly% =p mir 

And ſo on ſucceſſively with the Indices in Geometrical Progreſſi- 
on, until the. Power of @ be made equal to ſuch a Term in that 
Progreſſion, as that the Root, or Value of a may have, betwixt U- 
nity and its ſignificant Figures, ſo many Cyphers, as are the in- 


tended Number of Places in the Logarithms. 


For Inſtange, let it be required to find the Mean between 10 and 
1, then the Power of a muſt be @ 3355+43* = 10, this Index 3355443* 
being the 25th Term in Geometrical Pregreſſion, which may be 
thus determined. . 

Let 1, the CharaQteriſtic or Logarithm of 10, be divided by ſuch a 
Term in Geometrical Progreſſion, as will cauſe ſuch a Number of 
Cyphers to be before the ſignificant Figures in the Quotient, as are 
required to be before the Figures of the Root a ; ſuppoſe 7, as before, 
Then 1, + 33554432 = ,000000029802 32, &c. which is the 
true Arithmetical Mean (as before found, by a continual biſecting 
of 1) correſpondent to that ſignify*'d by az and therefore the Value 
of a found by extracting the reſpective Root of 10 = a 355443 will 
be the Mean required; viz. 1,00000026862238 whoſe Log. is 
020000029802 32. Theſe, being found, are the Foundation of the 
reſt, as before. | 

Then ſuppoſe it be required to find the Logarithm of any of the 
prime Numbers ; if you pleaſe, that of two. In order thereunto, 
let a = the Root or Mean ſought betwixt 2 and r, as before; then 
muſt à be continually involved, as by the above Model, until its 


Index be equal to the greateſt Term in Geometrical Progreſſion, 


whoſe Number of Places of Figures are to be equal to the Number 
of required Cyphers before a, to wit 7. According to m_— the 
ower 


3 


Conſtruction of Logarithms. 465 


FEY * 


8 


Power of a will be a 5% 2 (this 8 388608 being the 23d Term 


in Geometrical Progreſſion) conſequently the reſpective Root of 
2 = a will be the Mean requir'd. 


Example. 


Letr Le = a 
Then will ass f 8388608 7933967 g 
＋35 184367894528 75335695 gg — g538%006 — 2 
Suppoſe r =1 
Then 1 + 838860835 1843678945 2862 
That is 8388608 35 184367894528 ee = 1 
Each Part being divided by the Co-efficient found prefixed to &, 
viz. 351843, &c. then it will become | 


»0000002 3e-ee==,0000000000000284 = D 
Conſequently) ED? AIRED = s 


,0000000000000284. = D 


,00000023 248 (,00000008 = Et 
+ e = ,00000008 — 
Diviſor ,00000031 
PRE CE = Is 


+ £ = 400000008 


New r = 1,00000008 


which being duly involved, in the ſame Order as the Model de- 


notes, and multiplied into the reſpective Co-efficients, will then 

produce theſe Numbers, 

Viz. 1,9563638967 + 16411168 ＋688334 16066289 e 2 
Then 16411168 + 688 33416066289 e , 0436361033 
And ,0000002384e-+ ee =,00000000000000063 393 =D 

D f 
Conſequently | pr ves 1-7 
,00000000000000063393 = D 
,0000002 384. 480 (,00000000263 = 8 
4- e = ,0000000026 2 
| hs 15393 
Diviſor ,000000240 14400 


— ——— 


Diviſor ,o0000002410 9330 
| 7230 


— 


Oo 
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Laſt r = 1,00000008 
—+ e = ,00000000263 


*** 


Newr = 1,00000008263 


I take only 1,0000000268 = r; the which being involved, and 
ordered as before, will produce theſe following Numbers, viz. 


1, 999 503684867 -+ 1677 3028e + 703512674.54084 ee =2 


Then 1677 3028e + 70351267454084 ee = ,000496315133 
0000002384 18be + ee = 00000000000@00000705481443= D 


D 
Conjeyuently ,00000023841386 K- r 


+ e = ,0000000000295 + - 


— — — 2286214 
Diviſor ,0000002384 3 2146023 
Diviſor ,000000238447 14019143 
— — 11922405 
Diviſor ,0000002384481® — 
* 209673800 (879 =e 
Here Ideſiſt forming a new 19075848 
| Diviſor and make ule of the — 
4 Abridgement, 891532 
| 16601 36 
1 | | ; 222396 | 
Laſt r =1,0000000826 _ 4590 


Te = ,0000000000295879 — 


a — 1,0000000826295879 


This Value of a = 1,0000000826295879 is the Geometrical 
ean betwixt 2 and 1, as was required; (agreeable to that before 
found; by twenty-three ſeveral Extractions. ] And by this Method 
of proceeding, mzy be found the Mean betwixt 10 and 1, viz. 
1,00000006862238, or betwixt any other of the (before-men- 
tioned) Prime Numbers and Unity, as might eaſily be ſhewed. But 
for Brevity Sake, I thall omit giving more Examples thereof, this 
one being ſufficient (eſpecially to the Tngenious) if well conſidered, 
and but once underſtood, to ſhew the Nature of, and Manner 
how to proceed on the like Occaſion, of finding any propoſed 
ed Mean. 
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Mean. The next Thing will be to find the Logarithm of the 
Number from whence ſuch Mean was produced, which may be 
thus performed : 

Firſt, find its correſponding Arithmetical Mean, or Logarithm, 
By Proportion (as in Page 462.) Then multiply that'correſponding 
Mean, fo found, into the Index Number of ſuch Power as the 
Geometrical Mean was produced from; that Product will be the 
Logarithm of the given Number (without a continued Doubling 
os Redoubling, as before.) For the clearing of this, let it be re- 
quired to complete the Logarithm of 2. 

Having firſt found 1,00000006862238, the proper Geometri- 
cal Mean betwixt 10 and 1; alſo its correſponding Logarithm 
»00000002980232 (as before directed) with them and the Mean 
betwixt 2 and 1, laft found, viz. 1,0000000826295879 ;z make 
uſe of the above-mentioned Proportion (as in Page 463.) viz. 

6802238 : 2980232 : : 826295879 : 353855729 
To which prefix ſeven Cyphers to complete it (as before.) Then 
it will become ,0000000358855729. This Number being mul- 
tiplied into the Power of a (what that is, ſce Page 465.) will pro- 
duce the Logarithm of 2. 

viz. 0000000358855729 x 8388608 = o, 30 103000391352 

But according to the firſt Deſign, it is required to have but ſeven 
Places, wiz. 03013003 Which is the true Logarithm of 2 without 
any Defect. 

Thus I have preſented you with a new and expeditious Method 
of making Logarithms ; which if they were required to fourteen 
or fifteen Places (1 can modettly ſay) they might then be made 
with one twentieth Part of the Time and Trouble required by the 


fu ſt Method. 


O0 2 METHOD 
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— 
A New Table of Logarithms. Compos'd by Mr. Long. 5 
Finding the Logarithm by Diviſion only, and the Natu- N po 
ral Number belonging to a Logarithm, 4% Multiphcation tl 
only. N 
Log. Vat. Num. Log. Nat. Num. 1 
0,9 7943282347 0,00009 1.000207254 - 
0,8 0. 309573445 0,00008 1.000184224 1 
0,7 5. 011872330 flo, ooooy 1. 000161194 
0,6 3-981071706 0,00000 1.0001 38165 t] 
058 3. 162277660 [o0,00005 1. 00115136 tl 
0,4 2.511886432 0,00004, t.000092106 ti 
o, 3 1.995 262315 fo, oo {| 1.000009080 t 
o, 2 1584893193 o, ooo 2 [.00004005 3 C 
O,1 1.25892 $008 0,00001 1.00002 3049 . 
0,09 1.230268771 o, ooo | 1.000020724 t 
| 0,08 1.202264435 0,000008 | 1.000018421 | 1 
9,07 1174897555 0,000007 [.000016118 10 
0,06 1.148153621 o, oo | 1.00001 3816 f 
O, O5 1122018454 ©,000005 1. 000011513 1 
0,04. 1.096478 196 0,000004. [.000009210 t 
©,03 1,.071519305 0,000003 1.000000908 : 
0,02 1.047128548 0,000002 | .00c004605 : 
- | 0,01 1.023292992 ©,000001 1.000002 302 
0,009 1.020939484 o, ooo. | 1.900002072 
0,008 1.018591388 0,0000008 | 1.000001 842 t 
0,007 1016248694 0,9000007 [1.coo001611 4 
0,006 [1.0139113386| fo, ooo | 1.000001381 
0,005 Ll 011579454] 0,0000005 | !1.00000115 1 1 
0,004 1.009252886 0,0000004 | 1.0C0020921 7 
0,003 1.00093 1669 0,0000003 | 1.000000690 x 
0,002 1,004615794 ©,0000002 | 1.000000400 
es 1. 02 305 238 0,0000001 | 1.000200230 | | 

O, Oo 1.00 2074475 ©0,00000009 | 1.000000207 
0,0008 [1.001843766| [0,00000008 | 1.000000184 ] 
0,9007 1. 01613109 o, ooοοõοõ/ | 1.c000C0161 j 
o, oo 1. 001382506 0,00000000 | 1.0000001 38 t 
0,0005 1.001151956 ©0,20000005 | 1.0000CO115 
0,0004 | 1.200921459 0,00000004 | 1.000000C92 | 

| 040003 1. 00691015 £,00000003 | 1.00000c009 
o, co 1. 000460623 0,00000002 | 1.00c0000406 | 
0.9001 1. 0002 30288] [0,00000001 .O οοο,G—j zz { 


. —_—_ . 
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This Table I ſometimes make uſe of for finding the Logarithm 
of any Number propos'd, and vice verſa. Suppoſe I had Occaſion 
to find the Logarithm of 2000. I look in the firſt Claſs of my 
Table (the whole Table conſiſts of 8 Claſſes) for the next leſs to 2, 
which is 1.995262315, and againſt it is 3, which conſequently is 
the firſt Figure of the Logarithm ſought. Again, dividing the 
Number propos'd 2, by 1.995262315 the Number found in the 
Table, the Quotient is 1.002374467 3 which being look'd for in 
the ſecond Claſs of the Table, and finding neither its Equal, nor a 
Lefler, I add o to the Part of the Logarithm before found, and 
look for the ſaid Quotient, 1.002374467 in the third Claſs, where 
the next leſs is 1.002305238, and againſt it is 1, to be added to 
the Part of the Logarithm already found; and dividing the Quo- 
tient 1.002374467, by 1.002305238, laſt found in the Table, 
the Quotient is 1.000069070 ;z which being ſought in the fourth 
Claſs gives o, but being ſought in the fifth Claſs gives 2, to bs 
added to the Part of the Logarithm already found; and dividing 
the laſt Quotient by the Number laſt found in the Table, viz, 
1.00004605 3, the Quotient is 1,00002301 5, which, being ſought 
in the ſixth Claſs, gives ꝙ to the Part of the Logarithm already 
found : And dividing the laſt Quotient by the new Diviſor, viz, 
1.90000207 2, the Quotient is 1.000000219, which being greater 
than 1.000000115 ſhews that the Logarithm already found, viz. 
3-3010299 is leſs than the Truth by more than half an Unit; 
wherefore adding 1, you have Briggs's Logarithm of 2000, viz. 
33010300. | 

f any Logarithm be given, ſuppoſe 3,3010300, throw away 
the Characteriſtic, then overagainſt theſe Figures 3...0..1..0 
- . O, you have in their reſpective Claſſes 1,995262315....,.0..... 
1, 0230523838 O . « + . . I, oO 8... o... o which 
multiply*d continually into one another, the Product is 
2.000000019966, which, by reaſon the Characteriſtic is 3, becomes 
2,000,000019966, c. that is, 2000, the Natural Number deſired. 
I ſhall not mention the Method by which this Table is fram'd, be- 
cauſe you will eaſily ſee that from the Uſe of it. 

[t is obvious to the intelligent Reader, that theſe Claſſes of 
Numbers areno other than ſo many Scales of mean Proportionals: 
in the firſt Claſs, between 1 and 10; ſo that the laſt Number 
thereof, viz. 1,258925412 is the tenth Root of 10, and the reſt in 
order aſcending are the Powers thereof. So in the ſecond Claſs, the 
laſt Number 1,023292992 is the hundreth Root of 10, and the 
reit in the ſame Manner are Powers thereof. So 1.0-23052 38, in 
the third Claſs, is the tenth Root of the laſt of the ſecond, and 
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the reſt its Powers, &c. Or, which is all one, each Number, in 
the preceding Claſs, is the tenth Power of the correſponding Num- 
ber in the next following Claſs: Whence *tis plain, that to con- 
ſtrut theſe Tables requires no more than one Extraction of the 
fifth or ſurſolid Root for each Claſs, the reſt of the Work being 
done by the common Rules of Arithmetick. 


METHOD IV. 


Their Conſtruction, according to the common Rules, given by 
many Extractions of Roots, is tedious ; the beſt Way yet known 
is this which follows. 


To make a Table of Logarithms. 


Firſt, Put for the Logarithm of 1 a Cypher for the Index, and 
a competent Number of Cyphers for the Logarithm, according to 
the Number of Places you would have your Logarithms conſiſt of; 
for 10 and Unit, with the ſame Number of Cyphers; for 100, 2, 
with as many Cyphers; for 1000, 3, with as many Cyphers, &c. 

Secondly, Find the Difference between ſome two Logarithms 
above 1000, or rather above 10000, that differ by Unity ; thus 
multiply the two Numbers together, and that Product you muſt 
multiply again by 43429448190325183896 * which laſt Product 
divided by the Arithmetical Mean between both Numbers, the 
Quotient is the Difference ſought. 

Suppoſe we would find the Difference between the Log. 10900, 
and 10001, the Product of theſe two Numbers is 1.000 10000. which 
multiplied by 4343 produced 4.3434 3433 this divided by 10000.5, 
quotes 4343. Yew if to the Logarithm of looo, which ts 
4.0000000, you add the Difference before found, to wit, 434, the 
Sum 4.00004 is the true Logarithm of 10001 to 7 Places. 

Thirdly, Having thus found the Difference of any two Logarithms 
differing by Unity, and conſcquently ſome of the Logarithms by 
4 dividing the Difference found by the Arithmetical Mean, between 
any two Numbers differing by Unity, you ſhall have the Diffe- 
} rence of the Logarithm of thoſe two Numbers. 

Thus to find the Difference betwixt the Logarithm of 274, and 
275 3 divide 4343, the Difference of the Logarithm of x 0000, and 
10001 by 2745 the Quotient 15821, is the Difference ſought. 

Feurthly, Having by this Means found a few of the prime Lo; 
garithms, the reſt are made by Addition and Subtraction, and hav- 
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ing made the Canon upwards, above 1000 to 10000, by Conſe- 
quence it is made for all inferior Numbers. 

The prime Numbers to which Logarithms muſt be found, in 
the firſt Place are theſe, 2.3- 7.11. 13-17. 19. 23. 29. 31 
37 - 41. 43-47 +53: 59. 61.67 71 73. 79-09-97, &c. or 
the ſame Numbers with Cyphers. 

But fince it was very tedious and laborious, to find the Loga- 
rithms of the prime Numbers, and not eaſy to compute Logarithmg 
by Interpolation, by firſt, ſecond, and third, &c. Differences, 
therefore the great Men, Sir /ſaac Newton, Mercator, Gregory, 
allis, and laſtly, Dr. Halley, have publiſhed infinite converging 
Series, by which the Logarithms of Numbers to any Number of 
Places may be had more expeditiouſly and truer : Concerning 
which Series, Dr. Halley has written a learned Tract, in the Phi- 
leſephical Tranſactions, wherein he has demonſtrated thoſe Series 
after a new Way, and ſhews how to compute the Logarithms by 
them. But I think it may be more proper here to add a new 
Series, by Means of which may be found, eaſily and expeditiouſly, 
the Logarithms of large Numbers, YR * 3 

Let z be an odd n whoſe Logarithm is ſought ; then 
ſhall the Number z — 1 and z -+ 1 be even, and accordingly their 
Logarithms, and the Difference of the Logarithms will be had, 
which let be called y: Therefore, alſo the Logarithm of a Number 
which is a Geometrical Mean between z — 1 and z + 1 will be 
given, viz. equal to the half Sum of the Logarithms. Now the 


. I I 7 181 13 
e + Sc. ſhall 


2423 15120Zz 252002? 
be equal to the Logarithm of the Ratio, which the Geometrical 
Mean between the Numbers z — 1 and z + 1, has to the Arith- 


metical Mean, viz. to the Number z. 


If the Number exceeds 1000, the firſt Term of the Series 2 is 
ſufficient for producing the Logarithm to 13 or 14 Places of Fi- 
gures, and the ſecond Term will give the Logarithm to 20 Places 
of Figures. But if z be greater than 10000, the firſt Term will 
exhibit the Logarithm to 18 Places of Figures; and fo this Series 
is of great Uſe in filling up the Logarithms of the Chiliads omit- 
ted by Briggs. For Example; It is required to find the Logarithm 


of 20001. The Logarithm of 20000 is the ſame as the Logarithm 


of 2, with the Index 4 prefix'd to it; and the Difference of the Lo- 
garithms of 20000 and 20002, is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, viz. 0.00024 34272 
7687. And if this Difference be divided by 4z, or Sooo, the 


Quo- 


— — 


n 


Conſequently, 


1 


Mating of Sines, Cc. 


Quotient 2 ſhall be — —— — d. 00000 0000542814, 
2 


4 

And if the Logarithm or the Geometti- 4. 30105 1709302416 
cal Mean be added to the Quotient, the = — — 
Sum will be the Logarithm of 20001. 4. 30105 1709845 230 
Wherefore it is manifeſt, that to have 

the Logarithm to 14 Places of Figures, there is no Neceſſity of 
continuing out the Quotient beyond 6 Places of Figures. But if 


you have a Mind to have the Logarithm to 10 Places of Figures 


only, as they are in Vlacg's Tables, the two firſt Figures of the 
Quotient are enough. And if the Logarithms of the Numbers 
above 20000 are to be found by this Way, the Labour of doing 
them will moſtly conſiſt in ſetting down the Numbers. Note, This 
Series is eaſily deduced from that found out by Dr. Halley ; and 
thoſe who have a Mind to be inform'd more in this Matter, let 
them conſult his abovenam'd Treatiſe. 


Mr. WAR D's Eaß Method of making the Canon of 
Dines, Tangents, &c. | 


F IRS T, let me premiſe two Things, that the Periphery of a 
Circle, whoſe Radius is Unity or 1, is 6.283185, &c. and 
that the natural Sine of one Minute doth ſo inſenſibly differ from 
the Length of the Arch of one Minute, that it may be taken for 
the ſame. c 


As the Periphery in Minutes : is to the Peri- 
phery in equal Parts of the Radius:: ſo is 
one Minute: to the Parts agreeing to that 
Minute. 


That is, 21600' : 6, 283185: : 17: 0,000290888 = the Na- 
tural Sine of one Minute ; which agrees with the largeſt Table of 
Sines I ever ſaw. 


Having thus got the Sine of one Minute, its Co-ſine may be 
thus found : 


Suppoſe 
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Suppoſe R A = RS the Radius ofany Circle, S N= the Sine of the 
Arch S A. Then RN=CS is the Co- 4 

Sine of that Arch. But N RS — O | 
S N = OX M, conſequently 

That is, From the Square of the C 8 
Radius, ſubtract the Square of the 
Sine of 1”, the ſquare Root of the 
Remainder will be the Co-Sine of | 
17, per Chap. q. Prop. 1. In Num- | 
bers, the Sine of 17 is 000290885, its 
Square is o, ooooooo0846 12; and 1 R NA 
— 0,000000084612 = o, 999999915388, the Square Root there- 
of is 99999995 = the Co-Sine required. 

The Sine and Co-Sine of one Minute being thus obtain'd, all 
the reſt of the Sines in the Quadrant may be gradually calculated 
by Mr. Michael Dary's Sinical Proportions ; which I ſhall here in- 
ſert, to the ſame Effect as they are in his Miſcellanies ; and then 


lain and demonſtrate the Truth of thoſe Proportions. 
If a Rank of Arches be equi - different; 


As the Sine of any Arch in that Rank : is to the Sum of the 
Sines of any two Arches equally remote from it on each Side: : 

Then 5 / is the Sine of any other Arch in the ſaid Rank : to the Sum 
of the Sines of two Arches next it on each Side ; baving the 
ſame common Diftance. 


Immediately aſter theſe Proportions, he lays down the following 
Aquations: | 

Three Arches equi-different being propoſed ; if (faith he) you 
put Z = the Sine of the great Extreme, y = the Sine of the leſſer 
Extreme; MA = the Sine of the Mean; m = the Co-Sine thereof; 
D the Sine of the common Difference; d = the Co-Sine thereof; 
and R = the Radius. 

1. Then Z +5 . Then Z — = 27 


ho Z. Md+mDN. 
3. Then Zy = MM— DD. 4. Then —— ——_— 


From the foregoing it is evident (ſaith he) that if two Thirds, 
diz. either the former or latter 60 Degrees, or the former 30 
Degrees, and the latter 30 Degrees of the Quadrant be completed 
with Sines; the remaining Part of the Quadrant may be completed 
by Addition, or Subtraction only. 


Ppp Thus 
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Thys far is from the ingenious Mr. Dary, concerning theſe er- 
cellent Proportions; the 
Truth whereof I {ſhall 


thus demonſtrate, 


” 5 - 


4 


In the annexed Cir- 
cle DA = da are Dia- 
meters, F h ga Dab —= 
bo, are equal Arches. 


Draw / T parallel to I") 
D 4; then will Ne = ; 
Lf. AndtheAdac, == : 

like the AG fe, being b 77 4. —— 
both right-angled at c 1 

and e, and d / G 
becauſe ſubtended by 
the equal Ar ches ac = 


a. 

. Therefore da: de:: Gf: Ge. 

Conſequently ; da: de:: 5 G f: Ge. But Hh = Gf, whence H 
—=4+ Gf, and ; da = the Radius, dÞ = 4 dc. Therefore it will be, 
Radius: 2% =:: HM =! GF: CM Ne == GNA IL That 
is, as the Radius: is to twice the Sine 4 þ : : fo is the Sine HM: to 
the Sum of the two Sines GM and FL I. Q. E. D. 

I ſhalt now explain theſe Proportions, and ſhew how they may 
be applied in Practice: Having the Sine of. one Minute, and its 
Co-Sine as before; let the Radius be made the mean or middle 
Term between thoſe two Extremes; then the Proportions will run 

| As the Radius: is to the double Co: ſine of one Minute: : ſo is 
. Thus 


"Is wa 


the Sine of one Minute: to the Sine of two Minutes, and of 


oc: and ſo is the Sine of 2 : : to the Sum of the Sines of 3 
and 1' : ; and jo is the Sine of Yy : to the Sum of the 
Sine f and 2. | 

And fo on in a ſucceſſibe Order, from Minute to Minute. 


And then, if from the Sum of the Sines of 3“ and 1” be taken 
the Sine of 17, the Remainder will be the Sine of 3“: And the like, 
if, from the Sum of the Sines of 47 and 27, be taken the Sine of 27 
there will remain the Sine of 4“, Sc. 

Proceeding on by this Method, all the Natural Sines in the Qua- 
drant may be eaſily calculated by Addition, and Subtraction only. 
For the Radius, or Firſt Term in the Proportion, being 1,000000@ 
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or Unity, Divifion is wholly avoided : And becauſe the ſecond 
Term in the Proportion varies not, if a Tariffa, or ſmall Table be 
made thereof, to all the nine Digits, then Multiplication is alſo 
avoided, For, by the Help of that Tariffa, the whole Work may 
be perform'd by Addition and Subtraction, until all the Sines are 
gradually made, | 

Thus you have an eaſy Way of making the Canon of Sines ; 
which being once done, the Tangents and Secants may be found 
by the following 

As the Co fine of any Arch: is tothe Sine of that Arch: : 

fo is the Radius: to the Tangent of the ſame Arch. 
That is, by the firſt Scheme of this Problem, 
RN: S N:: RA: TA. And RN: RS:: RA: RT = the Se- 
cant of that Arch. | 


* 


Proportions 


Plane Trigonometry. 
DEFINITIONS, 


I. Circle is ſuppos'd to be di- 
vided into 360equal Parts, 
calied Degrees ; and each Degree 
into 60 equal Parts, called Mi- 
nutes; and each Minute into 60 
equal Parts, called Seconds, &c, 
Any Portion of whoſe Circumfe- 
rence is called an Arch, and is 
meaſured by the Number of De- 
grees it contains, | 

2. A Chord or Subtenſe is a 
ſtraight Line, connecting the Ex- | 
tremitiesof an Arch; as BE is the — E 

Chord of the Arches BAE, BDE. | 
23. A Sine (or Right: ſine) is a ſtraight Line drawn from one End 
of an Arch perpendicular to that Diameter paſſing thro? the other 
End; or it is half the Chord of twice the Arch; ſo BF is the Sine 
of the Arches BA, BD. And here it is evident, that the Sine of 
go Degrees (which is equal to the Radius or Semi-Diameter of the 
Circle) is the greateſt of all Sines, the Sine of an Arch greater than 
a Quadrant being leſs than the Radius. 

4. The Difference of an Arch from a Quadrant, whether it be 
greater or leſs, is calPd its Complement ; ſo HB is the Complement 
of the Arches BA, BD; BI is the Sine of that Complement, 

; | | Ppp2 and 
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and therefore it is called the Co-ſine, or Sine- Complement of the 
Arches BA, BD. | R 
5. The Secant of an Arch is a ſtraight Line drawn from the Cen- 
ter throFone End of the Arch till it meet with the Tangent, which R 
is a ſtraight Line touching the Circle at the Extremity of that Dia- 
meter which cuts the other End of the Arch; ſo CG is the Secant, : 
2 


and AG the Tangent of the Arches BA, BD: And CK is the Co- 
ſecant, and HK the Co- tangent of the ſaid Arches, 


6. A Verſed Sine is the Segment of the Diameter intercepted be- y 
tween the Arch and its Sine : Thus FA is the Verſed Sine of the 
Arch BA, and FD of the Arch BD. | ly 

7. Whatever Number of Degrees an Arch wants of a Semi- t] 
Circle is called its Supplement. 

8. That Part of the Radius which is betwixt the Center and Sine d 
is equal to the Co- ſine; thus CF is = IB. N 

9. If an Arch be greater or leſs than a Quadrant the Sum or 8 
Difference of the Radius or Co- ſine is equal to the Verſed Sine. 1 

In a Triangle are fix Parts, viz. three Sides and three Angles: 2 
Any three of which being given, except the three Angles of a Plain 
Triangle, the other three may be found either Mechanically, by the a 
Help of a Scale of equal Parts and Line of Chords, or by an Arith- ( 
metical Calculation, if, ſuppoſing the Radius divided into any Num- . 


ber of equal Parts, we know how many of thoſe equal Parts ate in 
the Sine, Tangent, or Secant of any Arch propos d: The Art of 


inferring which is called Trigonametry, and it is either Plane or — 

Spherical. | 

Plane Trigenometry is ſolv'd by the Help of four fundamental 

Propoſitions call'd Axioms, £ 
Axiom J. 


In a Right- angled Triangle ABC, 
if one Leg of the Right - angle, as AB 
or CB, be made the Radius of a Circle, 
then (hall the other Leg CB or AB be 
. the Tangent of the Angle oppoſite to 
it, and the Hypothenuſe AC (or Side 
oppoſite to the Right-angle) its Secant 
(by Definition 5.) 

But if the Hypothenuſe AC be TE” 
made the Radius of a Circle, then A 
will the Legs (or Sides including the 
Right- angle) to wit, CB and AB be | 
the Sines of the Angles oppoſite (by Definition 3.) BY 
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Upon this Axiom depends the Solution of the ſeven Caſes of 
Right-angled Plane Triangles. 


Note, That the three Angles of a Plane Triangle make two 
Right- Angles, or 180 Degrees, by 32. 1 Eucl, 

For the more eaſy making the Proportions for the Solution of 
Right-angled Triangles, obſerve, that as different Sides are made 
Radius, fo the other Sides require different Names, which Names 
are either Sines, Tangents, or Secants, and are to be taken out of 
your Table. 

To find a Side, any Side may be made Radius: Then ſay, as the 
Name of the Side given is to the Name of the Side required; ſo is 
the Side given to the Side required, 

But to find an Angle, one of the given Sides muſt be made Ra- 
dius; then, as the Side made Radius, is to the other Side; fo is the 
Name of the firſt Side (which is Radius) to the Name of the ſecond 


Side; which fourth Proportional muſt be found among the Sines or 


Tangents, Sc. to be determined by the Side made Radius, and 
againſt it is the Angle required. 


The Proportions for the Solution of ſeven Caſes of Plane Right- 


angled Triangles. [Sze the next foregoing Fig.] 
Given. Regd. Proportions, | Rad. Caſe. 
AB Coli. A: Si. A :: AB: BC. AC 
A and | BC R: Tan. A:: AB: BC. AB 1 
C : N AB{BC-- 3 
AB : ee e 
A and] AC R: Sec. A:: AB: AC. AB} 2 
WE Tan. A: Coſe. A:: AB: AC. e 
AB A AB: BC :: R: Tan. A. | AB 
and Complement is C. 
BC = Can RY | (HE R : Tan. C. BC 3 
Complement is A. | Me 
AB AB; BC:: R: Tan. A; then AB] 


3C} AC] Coll A: R:: AB: AC, or AC 
v:DOABFOBC: AC (per 47. 1. 4 


| Eucl. 1 
A A and AC TBC T: R: N Coli A 3 
AC C AB:AC::R : Secant A. AB 
AB "AC: AB :: R : Cohi. A; then A 
AC | BC R: Tan. A: : AB: BC, or AB 6 
V:DAC—OAB: = BC. e 
AC. R: Coſi. A:: AC: AB. AC 
A and] AB | Sec. A: R :: AC: AB. AB] 7 
C Col A: Cor, A:: AC: AB BC| 
Axiom 
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Axiom II. 


In any Triangle the Sides are proportional to the Sines of the 
oppoſite Angles. | 
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Demonſtration. 
<0 BY 
A D . E — © 7 r Ya a 


Produce the leſſer Side of the Triangle ABC, to wit AB to F, 
making AF = BC: Let fall the Perpendiculars BD, FE, upon the 
Side CA produc'd if Need be; then will FE be the Sine of the An- 
gle A, and BD the Sine of the Angle C, to the Radius BC = AF. 
Now the Triangles ABD and AFE, having the / A common 
to them both, and the / D = E = to a Right- Angle, ar mi- 
lar; wherefore (by 4. 6 Eucl. Elem.) AF (BC): AB:: FE: BD; 
ViZ, :: Si. A: Si. C. 2. E. D. Otherwiſe thus; by Ax. I. AB: 
R:: BD : Si. A, and BC: R:: BD : Si. C; therefore AB X Si. 
A (SRX BD) = BCi. C; wherefore AB: BC: : Si. C: Si. 
* BD: 
Axiom III. 
The Sum of the Legs of any Angle of a Plane Triangle is to 
their Difference, as the Tangent of half the Sum of the Angles op- 
poſite to thoſe Legs is to the Tangent of half their Difference. 


Demonſitration. 


In the Triangle ABC 
produc: CB, the lefler A 
Leg of the Angle B, till N. 
BD beco:nes =BA, the 
greater Leg, and then 
biſect CD in E; join A 
D and biſcct it alſo in 
F; draw BF. which (by VT A 
8. 1 Eucl. El.) will be — hen canon ered ooo 0n Ii 
perpen. to AD; and C B E D 
draw EF, which (by 2. 6 Eucl. Elem.) will be parallel to AC, Then 
will the Angle ABF = FBD = + ABD, which external Angle 
ABD is (by 32. 1 Eucl. Elm) = BAC +C, that is to the Sum of 
the oppolite Angles required, | 

Draw then BG parallel to AC, ſo will the Angle GBA be (by 29. 
1 Eucl. Elem.) equal to its Alternate one BAC; and if from _ the 

um 
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Sum of the oppoſite Angles you take the leſſer Angle, 7. e. If from 
Z ABF you take the / GBA, there will remain / GBF = half 
the Difference of the oppoſite Angles : And fo alſo, if from CE half 
the Sum of the Legs, you take CB the leſſer Leg, there will remain 
BE equal to half the Difference of the Legs. And then ſince the 
AABF is Right-angled, if BF be made Radius, AF will be the 
Tangent of Z ABF (i. e. the Tangent of half the Sum of the op- 
polite Angles) ; and in the little A GBF, FG will be the Tangent 
of the / GBF (i. e. the Tangent of half the Difference of the oppolite 
Angles) : But the Segments of the Legs of any Triangle cut by Lines 
parallel to the Baſe, being (by Schol. to 2. 6 Eucl. El.) proportional; 
EC: EB:: FA: FG; that is in Words, half the Sum of the Legs is 
to half their Difference, as the Tangent of half the Sum of the op- 
polite Angles is to the Tangent of half their Difference : But W holes 
are as their Halves; wherefore the Sum of the Legs is to their 
Difference, as the Tangent of half the Sum of the Angles oppoſite is 
to the Tangent of half their Difference. Q: E. D. 


Axiom IV. .. 

The Baſe or greateſt Side of any * 
Plane Triangle is to the Sum of d 
the Legs, as the Difference of the F 7 
Legs is to the Difference of the Seg- B ] 
ments of the Bzſe made by a Per- : ! 
pendicular let fall from the Angle T.......A : £ 
oppolite to the Baſe. | NT D C 

Demontſtrafion. me, l 
From the / B, on the Baſe AC, „ 

of he 1% ASC lee ren 


peadicular BD; on B, as a Center, with the greater Leg BC, as a 
Radius, deſcribe the Circle Bx Cy Z; and produce AB to x and . 
and CA to Z. Then by the 35. 3 Eucl. Elm. Ay x Az is = AC 
XALZ z viz, : BC—BA: Xx: BC + BA; = AC: DC — DA: 
therefore AC: BC + BA :: BC - BA: DC- DA. 2. E. D. 
Otherwiſe, let the Difference of the Squares of the Sides BC and 


AB be taken and divided by the Baſe AC, the Quotient (hall be 


the Difference of the Segments of the Baſe aforeſaid : Or, ſquare 
all the 3 Sides, and deduct the Square of one of the leſs Sides out 
of the Sum of the other two Squares, divide half the Remainder by 
the longeſt Side, the Quotient is the Alternate Segment of the Baſe. 
The Proportions for the Solution of the fix Caſes of Plane obli- 
que Triangles. [ See the la Fig.] 
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480 Plane Trigonometry. 
Given. Regd. | Proportions. | Ax. | Cafe. 
AB 
BCE A AB:BC::$i.C: Si. A. © 1-4 


and C 


N. B. 1ft, If the given Angle be Obtuſe, the other two Angles then are each Acute. 

2dly, If the Side oppoſite to the given Angle is longer than the Side oppoſite to the 
Angle ſought, then is the Angle ſought Acute; but if ſhorter, then is the ſaid Angle 
doubtful, and may be either Acute or Obtuſe, becauſe both the Sine and its Complement 
to two Right-Angles are the ſame : Wherefore to be certain of what Quality the Angle 
oppoſite to the greateſt Side is: Take the Sum and Difference of the greateſt Side and 
Middle (or leaſt) and their Logarithms, if the Half of them be equal to the Logarithm of 
the third Side, the Angle oppoſite to the greateſt Side is a Right-Angle ; but if the Lo- 
garithm of the third Side be greater than the Half, it is Acute, if leſs, it is Obtuſe: Or, 
without Logarithms, multiply the ſaid Sum by the Difference abeveſaid, and extract the 


Square Root, . 
Equa! to Right 
which if j Greater than þ the third Side, then is the greateſt Angle 4 Obtuſe 
Leſs than SY : Acute 
AB AB:BC:: Si. C: Si. A. 


BC} AC | Hence, by Subtraction, the / B will be 2 2 
and C known. 
Si. A: Si. B:: BC: AC. 


A, C . A S C BC 2 

and BC AB * A* CA EE 
B | BC+ AB: BC - AB:: Tan. 5 Sum of 
AB the Js oppoſite : Tan. 1 Difference of 


BC | A and | the /s oppoſite. Then : Sum + + 4 
Difference = greater / A; and x Sum | 3 
— : Difference = leſſer / C. | 


B Firſt, find the Angles by the laſt ; then | 3 Ec 
AB | AC | Si, C: Si. B:: AB: AC. 215 
BC | 8 T2 
AB IA: BC+BA: : BC—BA:DC—DA:] 4 
B C A Then! AC + : DC—Z DA = DC. | 
AC B And Z AC -: DC - DA: = DA. 6 

C Then AB: AB:: R: Coſi. A. 2 
And CB: DC:: R: Coh. C. | I 


| And 180 — /A—/C=/7B 
| Or more readily at one Operation. 

From half the Sum of the Sides ſubduct each particular Side, and let the Sum of the 
Logarithm of the half Sum and Difference of the Side ſubtending the enquired Angle be 
ſubducted from the Sum of the Log. of the other Difference and the double Radius, half 
the Remainder ſhall be the Log. of the Tangent of half the enquired Angle. 


Axreeable to this Axiom in Gellibrand's Trig, Britannica, p. 46. 


As the Reftargle of talf the Sum of the Sides and the Difſerence between that balf Sum 
and the Side oppoſite to the Angle required, is te the Reflangle of the other twwo Remainders; 
fe is the Square of Radius to the Square 'f the Tangent of half the Angle ſorght. ? 

Ex Argulis latera, v ex lateribus Argulss & mixtim in Triargulis tam planis quam 

Sphericis aſligui, Sunma Gloria Math ematici t: Sic enim Cælum & Terras & Ma- 

ra fee. & gdmirando *ulcale meniurat. Fran. V eta; 
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A. 
Page. 


Bſciſſa — 380, 386 
A Abſolute Number 144 
Acute Triangle 288 

— its Properties — 319 
Addition of whole Numbers 8 
— of Weights and Meaſures 
: | 39 

— of Vulgar Fraftions 53 
— of Decimal Fractions 59 
— of Algebraick Integers 
po 147 
— of Algebraick Fractions 
167 

— of Surdls — — 172 
Adfected Equations, their Solu- 


tion — — — 234 


Adjacent Side — — 326 
Affirmative. See Quantity. 
Ale Meaſure — — — 35 
A ebra 2 — 2, 14 
Alden Medial —— 1 75 
— Alternate 112 
— Partial — — 114 
— Total 1152227 
Alternate Segment — 323 
Altitude of a Figure — 289 
Amblygonium — — 288 
Analogies or Proportions 193 


Angle, Right, Obtuſe, Acute 284 


Page. 
Angle, in a Segment — 287 
how biſected — 293 
— at the Center — 306 
—— at the Periphery ibid. 
Annuities. See Penſions. 
Antecedent — — — 78 
Apothecaries Weights — 32 
Arch, how biſeted = 293 
— triſeted — — 349 
Area — — — — 286 
Arithmetick — — — 2 
Aſymptotes of a Hyperbola 365 
——— how drawn 395 
Averdupois Weight —— 32 
Axiom, what — — 291 
Axioms 146, 301 
Axis of a Cone — — 352 
of a Sphere — 403 
—— of a Spheroid — ibid. 

B. | 

Back, its Area gauged 435 
Barrel, how gauged —. 
Bartering Commodities 104 
Baſe of a Triangle — 288 
—— of a Cone = — 362 
—— of a Pyramid — 418 
—— of a Fruſtum — ibid. 
Beer Meaſure — — 35 
Binomial — — — 155 
Biquadrate — — — 124 
Qqq Biquadrate 


— —— 


— — 


449 


F 


Page. 
Piquadrate its Root extracted 
1 2 
Body. See Solid. ot: 
Butt Gauged 8 — 449 
Calipers ſliding 
Carracts of Gold and Silver 118 
Caſk gauged — — 449 
Cathetus — — — 288 
Center of a Circle — 286 
— of an Ellipſis — 304 
id 


common particular ibid. 
Change of Order in Things 82 
Chord of a Circle 287 
Circle — — — 286 
— its Properties — 315 
— how divided — 356 
— — its Area found — 406 
— the ſame gauged 438 
Circumference of a Circle 286 
—— deſcribed through three 

Points 


e ee "9... 

how found -— 347 
Cocfhcient — — 144 
Coin — — — — I 


Common Meaſure 52, 166 
Compaſſes Elliptical — 375 
Cooler, how gauged — 431 
Cone and its Sections 361 
its Content found 417 
— its Curve Superficies ibid. 
its Content gauged 444 
Conjugal Hyperbolas — 394 
Conjugate Diameter — 3064 
Conoid. See Parabolick Conoid. 
Conſequent 78, 187 
Conſtruction of Kquations 324. 
Copper how gauged — 448 
Corn Meaſure — — 36 
Corollary or Conſetary 291 
Cube Arithmetical — 123 
— its Root extracted 131 


Page. 
Cube Geometrical — 402 
its Content found 414 
Cubick. See Equation. 
Cylinder — — — 402 
its Content found 415 


449 —— its curve Superficies 416 
—— its Content gauged 444 


Cypher — — — — 3 


Decagon, how formed 299 


its Area found. 346 
Decimal. See Fractions. 

Decimal Tables — — 70 
Demonſtration — — 291 
Denominator — — 48 
Diagonal of a Tgapezium 290 
— its Property in a Circle 316 


Diameter of a Circle — 286 


—— of an Ellipſis — 363 
Digit 
Dimenſions — — 2, 123 
Direct Rule of Three — 85 
Dividend — — — 21 
Diviſion of Integers — ibid. 
— of Vulgar Fractions 56 
— of Decimals — 65 
—— of Algebraick Integers 153 
— of Algebraick Fractions 
199 
— of Surds  — — 173 
Divifor — — — 21 


Dodecagon, how formed 269 


— 3 


—— inſcribed in a Circle 346 


— its Area, how found 347 
Drip or Fall of a Tun 447 


Ellipſis — 


LT 


— its Properties — 367 
— its Parameter found 369 
— its Focus found — 370 


Ellipſis how deſcribed — 372 
Ellip 5 


inſcribed in a Circle 345 


— 


—— 


— — 


— 
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Page. 
Ellipfis, its Area found 412 
—— the ſame gauged 439 
Elliptical Compaſſes — 375 


Engliſh Corn 
Equation — 
uadratick ſolved 1 
— the ſame conſtructed 324 
Equations, Cubick, — 2 

tick, &c. ſolved 237, 337 
Equations how turned into Ana- 

logies 193 
Equilateral Triangle — 288 
— deſcribed — — 296 
— inſcribed in a Circle 342 
— its Area found — 243 
Evolution, or Extraction 123 
— of Algebraick Integers 


160 

of Fractions — 170 

Exchange of Coins — 105 
Exponent. See Index. 

Extrem — — — 73 

2 

Factors — — 144 

Fellowſhip Single — 99 

— Double — — 101 

Figure in Arithmetick — 3 

in Geometry — 285 


Fraction Vulgar — — 48 


— Decimal — — 57 
— Algebraick — 145 
Freehold or real Eſtate, how 


purchaſed — — 282 
Fruſtum of a Cone found 418 
the ſame gauged 445 

of a Pyramid found 419 
— the ſame gauged 443 
of a Conoid found 429 


the ſame gauged 452 
Fruſtum of a Pyramidoid. See 
Zone. 


Fruſtum of a Sphere, See Seg- 


Page. 
ment. 

8 
Gauging practical — 433 
Geometry — 2 

Globe. See Sphere. 
Golden Rule Single — 85 
Double 94 

H. 

Harmonical Proportion 189 
Heptagon 2:.0 
Hexagonuaoↄͥ — ibid. 


how both are formed 299 
Hogſhead, how gauged — 449 
Hoofs of Pyramids or Cones, 

their Contents found 


Hoofs, how gauged -— 447 
Hyperbola — 
— Its Properties — 386 
— its Parameter found 388 
— its Focus found 389 
—— how deſcribed — 390 
— its Aſymptotes drawn 
3%5 
Hyperbolas conjugal — 394 
Hyperbolick Conoid — 403 
Hypothenuſe —— 2838 
Imperfect Cone 252 
Inching a Tun, &c. — 447 
Inclining Lines — — 284 
their Property — 302 
Indices of Powers — 124 
Infinites, their Arithmetick 
Integer Numeral — 7 
— Algebraick I47 


Intereſt Simple —— 245 
Compound —— 253 
InterſeQing Lines 302 
Inverſe Rule ſingle — — 91 
double 95 
Involution 124 
242 Involution 


— 9 — 


—— —-—ͤ 


4290 . * 


364 


A 


Page. 

Involution of Algebraick Inte- 

gers — 15 5 

of Fractions — 170 

— Of Surds— — 174 

Irrationality | 144 

Iſoſceles Triangle 288 

\ K. 

Kerſey's Enigma ſolved 231 

L 3 


Latus Rectum of an Ellipſis 364 
—— of a Parabola — 365 


—— of a Hyperbola 306 
Leaſes inReverſions — 271 
Lemma 291 
Line Right, &c, — 283 
| how biſected — 29 
— — how any Way divided 
295 
Liquid Meaſure — — 34 
Load of Ore — — 37 
Long Meaſure ——— 33 
M. 
Mathematicks — — 1 
Mean — — — — 73 


Mean proportional Line how 

found — — 313 
Meaſures 
Mixed Numbers — — 
Multiplicand — 14 
Multiplication, of Integers 15 


— — — 


of Vulgar Fractions 55 

— of Decimal — 61 
— of Algebraick Integers 
150 
— of Algebraick Fractions 
168 

— of Surds — — 173 
Multiplier — — 14 
Muſical Proportion — 189 


N. 
Negative. See Quantity, 
Node. See Focus. 


P age. 
Notation or Numeration 6 
Notation of Decimals 7 
of Integral Quantities 144 
—— of Fractional Quantities 


163 
Number — _ 3 
Numerator — — 48 

h O. 

Oblate Spheroid — — 403 
Oblique. See Triangle. | 
Oblique or Scalene Cone 362 
Obtuſe. See Angle. 
Obtuſe Triangle — 288 
— its Property — 319 
Octagon — — 290 
——— how formed — 299 
—— inſcribed in a Circle 344 
— its Area how found 345 
Oppoſite Angle — — 304 
Ordinate — — 364 
Oval 363 
Outward Angle — — 304 
Oxygonium — 288 
Parabola — — 364 
— its Properties — 380 


— its Parameter found 38 
— its Focus found — 


how deſcribed — 384 

a its Area found — 427 

Parabolick Conoid — 403 
- its Content — 429 

— the ſame gauged 452 
Parallel Lines — — 284 
— how drawn — 294 
— their Property — 303 
Parallelograms — — 289 
— how formed — 297 
— their Property — 317 
— Their Areas found 404. 
—— the ſame gauged 435 
Parallelopipedon — — 402. 


Paralle- 


— ” 
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Page. 

— Parallelopipeden its Content 
414 

— bow gauged — 444 
Parameter Right —— 2364 


— — 290 313 
— how formed — 299 —— Fourth how found 314 
——- inſcribed in a Circle 343 Pyramid 403 

— — its Area found — 344 — its Content found 415 
Perimeter of a Triangle 326 —— the ſame gauged 443 - 
— Of a Square — 407 Pyramidoid 403 
Periods of Numbers — — its Content found 430 

of Powers — 5 Pythagorick Theorem 308 
Periphery. See Circumference. 
Perpendicular 285 Quadrangle — 316 
— how let fall — 294 Quadrant — * 
— how raiſed — ibid. Quantity — — — 
— Pipe, how gauged — 449 — Simple and — 
Plane Geometrical — 285 I44 
In Plano, to deſcribe an Ellipſis — Affirmative and "— 
72 
. —— a Parabola — 384 Queſtions limited and aid 
— aHyperbola — 390 176, 227 
Point Gieometrical — 283 Quotient — — — 2 
Points, to deſcribe an Ellipſis by R. 
274 Radius — — — 286 
— a Parabola — 385 Ratio 76 
a Hyperbola — 392 Reciprocal Proportion on 
Polygons regular — 290 Rectangle Arithmetical 187 
— how deſcribed — 299 — Geometrical — 30 

— — their Areas found 341 Reduction Deſcending — 43 
Polygon irregular — 290 Aſcending— — 45 
Powers — — — 123 Reduction of Fractions 51 
Prime Numbers — — 51 223 of Equations 177 
Priſm — 402 iſtring, 3 — — 145 

— = its Content found © 414 Refdual 156 


Penfions in Arrears computed 
at Simple Intereſt — 248 
——— at Compound Intereſt 266 
Penſions their preſent Worth 
computed at Simple Intereſt 
251 

— cat compound Intereſt 258 
Pentagon 


2 


Page. 
Problem — 29 
Product — — 14 


Progreſhon Arithmetical 5 7 
— Geometrical 


Proportion Continued 76 
— Disjunct. See Golden 
Rule. 


Proportion Compound — 94 
— Duplicate and I 


Proportional Line, third how 


found 


= Rev 


— its Area gauged 


8 
Reverſions — — 
Rhombus and Rhomboides 289 
— their Areas found 3 
Right-angled Triangle 233 
— its chief Properties 308, 
310 
Right Cone — — 362 
Right-line — — — 283 


I hov cut into Extream and 


Mean Proportion 320 
Right Parameter. See Latus 
Rectum. 
8. 
Scalenous Triangle — 288 
Scholium — — — 291 


Sector of a Circle — 287 


its Area — — 406 
Segments of a Baſe — 319 
Segment of a Circle — 287 


Segment of a Sphere — 424 
— the ſame gauged 446 
Segment of a Spheroid 427 
Semicircle — — — 286 
— its Property — 307 
Signs Algebraick 4, 5, 144, and 
22 
— Geometrical — 301 
Similar Triangles — — 310 
—— their Properties 318 
Sines Natural, calculated 356 
Sliding Rule — — 433 
Solid 2 
Specifick Gravity — — 117 
Sphere — 403 
— its Superficies — 421 
— its Content — 423 
— its Content gauged 445 
Spheroid—— — — 403 


— — — 


— — its Content — 426 


Spindle Parabolick. See dae 
midoid. 


IN D E. X. 


Page. 
Square Arithmetieal — 12 3 
— its Root extracted 126, 


234 
Square imperfect, compleated 


Square Geometrical — 284 


— how formed — 296 


——— deſcribed about a Circle 
298 
Standard for Gold and Silver 


118 


Sterling Money — — 31 
Steps. See Regiſtring, &c. 

Subtend — 305 
Subtenſe or Chord — 331 


Subſtitution 194 
Subtraction of Integers II 
of Weights and Meaſures 

41 


4444 — of Vulgar Fractions 54 


—— of Decimal Fractions (o 
of Algebraick Integers 


148 
— of Algebraick F — 
. 168 
of Surds — — = 
Subtrahend — — — 
Superficies or Surface — 285 wy 
Sur — 
Firſt Surſolid Root FER > 
135, 236 
Second Surſokid Root extracted 
139 
. 
Tangents Natural den 
35 
Tangent drawn to an Ellipſis 
376 


to a Parabola — 385 
to a Hyperbola — 393 
Tariffa — — =— 19 
Theogsm — — — 291 
Time, 


* 
* 


| | 


Page. 
Time, its Meaſure —— 37 
Tranſverſe Diameter — 34 
Tranſverſe Axis — — 365 


Trapezium — — 290 
— in a Circle $66 
Triangle 287 
—— how formed — 296 

including a Circle 298 


—— the Sum of its Angles 304 
inſcribed in a Circle 316 


— its Area 404 
— its Area gauged 436 
Triangulate — — 341 
Troy Weight — — 31 
Tun, how da ed — 447 
Van Culen's Circle's Circum- 
ferenſertewpyↄpʒ 355 
Variation. See Change. 


IN D E X. 


Piuage. 
Vertex of a Cone — — 362 
Vertical 0 — — 328 


Ullage of a 1 454 
Unciz of Powers, how found 


Unlimited Queſtians — 227 
W. 


Weights — — — zr 
Wine Meaſure y — 34 


J = 37 


Middle Zone of a Sphere 425 
of aSpheroid — 427 
——— this gauged — — 450 
of a Pyramidoid 431 
— the ſame gauged 451 
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I. HE Poſthumous Works of Mr. John Hard, Author of the Young 

| Mathematician's Guide. In two Parts. I. Containing his new 
Method of Navigation by Parallel Parts. By which all Queſtions in 
Sailing may be anſwered with great Expedition and Truth, in a different 
Manner from plain Mercator and great Circle Sailing, by the Solution 
of a plain Triangle only. Alſo Compendiums of Practical and Specu- 
lative Geometry, and of plain Trigonometry. Part II. Containing the 
Doctrine of the Sphere and the Demonſtrations and Calculations of Sphe- 
rical Trigonometry ; in which the Conſtructions of the Figures are new, 


and drawn ſo as to reprefent Solids, price 65. 


II. An Introduction to Geography, Aſtronomy, and Dialling ; Con- 
taining the moſt uſeſul Elements of the ſaid Science, adapted to the 
meaneſt Capacity, by the Deſcription and Uſe of the Celeſtial and Ter- 
reſtrial Globes, with an Introduction to Chronology. The 2d Edition, 
with large Additions. By George Gordon, price 5 5. 

III. Aſtronomical Dialogues between a Gentleman and -a Lady: 
Wherein the Doctrine of the Sphere, Uſe of the Globes, and the Ele- 
ments of Aſtronomy and Geography are explained in a pleafant, eaſy, 


and familrar Way; With a Deſcription of the famous Inſtrument called 


the Orrery. By Jehn Harris, D. D. and F. R. S. price 3 3. 6 4. 
IV. Arithmetick in the plaineſt and moſt conciſe Method hitherto 
extant; with new Improvements ſor Diſpatch of Buſineſs in all the ſe- 


veral Rules; as alſo Fractions, Vulgar, and Decimal, wrought together 


after a new Method that renders both eaſy to be underſtood in their Na- 


ture and Uſe. The whole peruſed and approved of by the moſt eminent 


Accomptants in the ſeveral Offices of the Revenues, wiz. Cuſtoms, Ex- 
Ciſe, &c. as the only Book of its Kind, for Variety of Rules, and Brevity 
of Work. By George Fiſher, Accomptant. The 5th Edition, with large 
Additions and Improvements, 12mo, price 2s. 64. 

V. A Compendious Courſe of Practical Mathematicks ; particularly 
adapted to the Uſe of the Gentlemen of the Army. in 3 Vol. price 9. 

Arithmetick in Epitome; or a Compendium of all its Rules, both 
Vulgar and Decimal, in two Parts. The 4th Edition price 2 s. 64. 

An Eſſay on Book-kecping, according to the true Italian Method of 
Debtor and Creditor, by double Entries, wherein the Theory of that 
excellent Art is laid down in a few plain Rules; and the Practice made 
evident and eaſy by variety of intelligible Examples. The whole in a 
Method new and conciſe. The th Edition corrected, price 1 5. 6d. 

(Theſe three by William Webſter, Vriting-Maſter. 

VI. A Treatife of Algebra, with the Application of it to a Variety of 
Problems in Arithmetick to Geometry, Trigonometry, and Conick Sec- 
tions. With the ſeveral Methods of ſolving and conſtructing Equations 
of the higher Kind, tranflated from the Latin. By Chriſtian Molfius, 


Chief Profeſſor of Mathematicks and Philoſophy in the College of Mag- 


deburgh in Germany, and F. R. 8. price 5 5, 
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